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Abstract 



In 2-dimensional algebra, symmetric 2-groups (symmetric monoidal groupoids in 
which every object has an inverse up to isomorphism) play a similar role to that 
of abelian groups in 1-dimensional algebra. Since abelian categories are defined 
in the image of the category of abelian groups, a 2-dimensional version of the 
notion of abelian category should be a solution to the equation 

abelian categories _ ?? 
abelian groups symmetric 2-groups 

I give two solutions to this equation. 

The first — abelian groupoid enriched categories — is a generalisation of 
ordinary abelian categories. In such a context, we can develop the theory of exact 
sequences and homology in a way close to homology in an abelian category: we 
prove several classical diagram lemmas as well as the existence of the long exact 
sequence of homology corresponding to an extension of chain complexes. This 
generalises known results for symmetric 2-groups [18, 26]. 

The other solution — 2-abelian groupoid enriched categories, which are also 
abelian in the sense of the previous paragraph — mimics the specifically 2- 
dimensional properties of symmetric 2-groups, in particular the existence of two 
factorisation systems: surjective/fuU and faithful, and full and surjective/faithful 
[52]. Moreover, in a 2-abelian groupoid enriched category, the category of dis- 
crete objects is equivalent to that of connected objects, and these categories are 
abelian. This is close to the project of Marco Grandis of "developing homotopical 
algebra as an enriched version of homological algebra" [40] . 

The examples include, in addition to symmetric 2-groups, the "2-modules" 
on a "2-ring", which form a 2-abelian groupoid enriched category. Moreover, 
internal groupoids, internal functors and internal natural transformations in an 
abelian category C (which includes as a special case Baez-Crans 2-vector spaces 
on a field K [4]) form a 2-abelian groupoid-enriched category if and only if the 
axiom of choice holds in C. 
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Introduction 



Symmetric 2-groups 
2-dimensional algebra 

Ordinary algebra (which we call here 1- dimensional algebra) is the study of al- 
gebraic structures on sets, i.e. of sets equipped with certain operations satisfying 
certain equations. For example, we study pointed sets, monoids, commutative 
monoids, groups, abelian groups, rings, modules on a ring, etc. 

This work takes place in the context of 2-dimension algebra, in the sense 
of the study of algebraic structures on groupoids. A groupoid is a category in 
which every arrow is invertible. Groupoids generalise sets, because every set can 
be seen as a groupoid, with one arrow a b if and only if a = b. Since equality 
is symmetric, we do get a groupoid. In a set, there are as many objects as you 
want, but there are at most one arrow between two objects: there is only one 
degree of freedom. On the other hand, in a groupoid, there are as many objects 
as you want and, between two objects A and B, there are as many arrows as you 
want; groupoids are thus objects with two dimensions: the dimension of objects 
and the dimension of arrows between these objects. That is why we speak of 
"2-dimensional algebra" . 

There are two differences between algebraic structures on a groupoid and 
algebraic structures on a set. Firstly, the operations must act not only on the 
objects, but also on the arrows of the groupoid; these are thus functors defined 
on the groupoid. Secondly, these operations must satisfy some axioms, but only 
up to natural isomorphism. These natural isomorphisms are themselves required 
to satisfy some equations. A well-known example of such a functorial operation 
is the tensor product of modules on a commutative ring R, which is associative 
up to natural isomorphism and has a neutral object (the ring R itself) up to 
natural isomorphism. In the following table, we compare 1-dimensional and 2- 
dimensional algebraic structures. 
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set 
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operations 


functions 


functors 


axioms 


equations 
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"2-axioms" 




equations 



2-groups 

The more important 2-dimensional algebraic structure in this work is the notion 
of symmetric 2-group, which plays in dimension 2 the role that the notion of 
abelian group played in dimension 1. A 2-group is a groupoid with a group 
structure or, in other words, a monoidal category where both the objects and 
the arrows are invertible. 

A monoidal category is a category C equipped with a constant / (which is an 
object of C), with a binary operation — (8> — : CxC^C (which is a functor) and 
with natural isomorphisms A®/ — A — / ®A (J is a unit up to isomorphism for 
®) and (A ® 5) ® C ~ A ® (5 ® C) (® is associative up to isomorphism); these 
natural transformations must satisfy certain axioms (diagrams 299 and 300). An 
example of monoidal category is the category of modules on a commutative ring 
R, equipped with the tensor product and the ring itself as unit /. 

A 2-group (Definition 220) is then a monoidal groupoid A where, for each 
object A, there exists an object A* such that A (g) A* ^ J and A* (g) A ~ J (A 
has an inverse A* up to isomorphism). There is an introduction to 2-groups by 
John Baez and Aaron Lauda [3]. See also [19]. 

In dimension 2, there are two levels of commutativity. Firstly, braided 2- 
groups are 2-groups equipped with an isomorphism cab ■ A B ^ B A {(S) is 
commutative up to isomorphism) which must satisfy certain axioms (diagrams 
306 and 307). Secondly, there is a stronger notion of commutativity, the notion 
of symmetric 2-group: this is a braided 2-group where cab o cba = id. We need 
symmetry to recover some properties of abelian groups. For example, the set 
of morphisms between two abelian groups has itself an abelian group structure; 
this is not the case for the set of morphisms between two non-abelian groups. 
In the same way, the groupoid of morphisms between two symmetric 2-groups 
has a symmetric 2-group structure; and this is not the case for 2-groups or even 
for braided 2-groups (see Subsection 5.1.2). Another example is that we need 
symmetry in order that every sub- 2-group be the kernel of its cokernel. For these 
reasons, we can consider that symmetric 2-groups play in dimension 2 the role 
that abelian groups play in dimension 1. The bibliography of [73] contains a 
list of references about symmetric 2-groups. Symmetric 2-groups are also called 
symmetric Cat-groups or Picard categories. 

Here is a few examples of (symmetric) 2-groups. 
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1. If G is a group, we can see G as a 2-group in the following way: we see 
G as a groupoid with a unique arrow a ^ h ii a = and we take for I 
the neutral element of the group and for ® the group operation. In this 
situation, we say that we see G as a discrete 2-group (and we denote this 
2-group by Gdis)- If G is abelian, then Gdis is symmetric. 

2. If y4 is an abelian group, we can see A as a 2-group in another way: this 
time the 2-group has only one object / and the set of arrows / — > / is A; 
the composition (and the action of ® on the arrows) is the group operation; 
the identity on I is the neutral element of the group. We say that we see 
A as a connected (or one-object) 2-group and we denote this 2-group by 

A 

Conversely, if A is a 2-group, we can associate to it two groups corresponding 
to each of the dimensions of A: on the one hand we have 7ro(A), which is the 
group of objects of A up to isomorphism, equipped with ® as the operation and 
with / as the neutral element. If A is symmetric, then 7ro(A) is abelian. On 
the other hand, we have 7ri(A), which is the group A(/, /) of arrows from I to I 
in A, with the composition as the operation; this group is always abelian. For 
any object A of a (connected or not) 2-group A, the abelian group A{A, A) is 
isomorphic to 7ri(A). 

The following examples are cases where one well-known group turns out to 
be the ttq (or the vti) of a 2-group. 

3. If C is a monoidal category, we can extract from it a 2-group by keeping only 
the objects which are invertible up to isomorphisms and the isomorphisms 
between them. We call this 2-group the Picard 2-group of C (and we 
denote it by Pic(C)). If C is a symmetric monoidal category, then Pic(C) 
is symmetric. If C is the category of modules on a commutative ring i?, 
then 7ro(Pic(ModH)) is the ordinary Picard group of R and 7ri(Pic(Modij)) 
is the group of invertible elements of R. The Brauer group of R can also 
be seen as the ttq of a certain 2-group. See [73] for more details. 

4. More generally, if C is a 2-category and G is an objet of C, we can define a 
2-group Aut(G) whose objects are the equivalences from G to G and whose 
arrows are the invertible 2-arrows between them. 

5. If C is an abelian category and A, B are objects of C, then the extensions 
0— i>y4— ^■E'— i>0, with the morphisms of extensions whose first and 
last components are identities, form a symmetric 2-group whose operation 
is the Baer sum. The ttq of this 2-group is the ordinary group of extensions 
Ext (A, 5). See [43, 74]. 
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6. If X is a pointed topological space (with xq as the distinguished point), we 
can define the fundamental 2-group Ili{X)'^, whose objects are the paths 
from xq to Xq and whose arrows are the path homotopies up to 2-homotopy. 
The ttq of this 2-group is the ordinary fundamental group vri(X) and its 
TTi is the abelian group 7r2(X). More generally, we can define Ilk{X) := 
Ui{Q''-^X); then7ro(nfc(X)) is7rfc(X) and 7ri(nfc(X)) is7rfc+i(X). As for the 
homotopy groups, there is a gradual increase of commutativity: ni(X) is a 
2-group, 112 (X) is a braided 2-group and Ilk{X), for > 3, is a symmetric 
2-group [36]. 

7. To each morphism of abelian groups f: A ^ B, corresponds a symmetric 
2-group whose objects are the elements of B and for which an arrow b ^ b' 
is an element a in A such that b = f{a) + b' . The 2-group operation is 
given on objects by the addition of B. Its ttq is Coker / and its tti is Ker /. 
More generally, to each crossed module of groups corresponds a (in general 
non symmetric) 2-group. 

We can also use 2-groups as coefficients for cohomology [72, 24]; and stacks of 
symmetric 2-groups, often called Picard stacks, are used in algebraic geometry 
[27] or in differential geometry [20]. 

Groupoid enriched categories 

Sets equipped with some algebraic structure form a category, with the func- 
tions preserving that structure as arrows. It is a set enriched category (or Set- 
category), because the arrows between two sets with this structure form a set. 
The groupoids equipped with a certain algebraic structure form a groupoid en- 
riched category (or Gpd-category; Definition 1), with the functors preserving 
the structure as arrows and the natural transformations compatible with this 
structure as arrows between arrows (called 2-arrows). 

In a Gpd-category, there are three levels: there are objects (in the case we 
are interested in, these are groupoids with a certain structure), between the 
objects there are arrows (which will be here in general functors preserving the 
structure), and between the arrows there are 2-arrows (which will be here natural 
transformations compatible with the structure). The composition of arrows is 
a functor (which gives a second composition for 2-arrows). A Gpd-category is a 
2-category in which every 2-arrow is invertible. 

The main examples of Gpd-categories we will talk about are: 

1. every Set-category (ordinary category) is a Gpd-category, with exactly one 

^Usually, this 2-group is denoted by 112 (X); so the numbers of the following 2-groups are 
all shifted by 1. 
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2-arrow f ^ g ii and only ii f = g (we will speak of a locally discrete 
Gpd-category); 

2. the Gpd-category of groupoids, which we denote by Gpd: the objects are 
the groupoids, the arrows are the functors and the 2-arrows are the natural 
transformations; 

3. the Gpd-category of pointed groupoids, denoted by Gpd* (Definition 64): 
the objects are the groupoids equipped with a distinguished object /, the 
arrows are the functors preserving / up to isomorphism and the 2-arrows 
are the natural transformations whose component at / is compatible with 
the isomorphisms of the functors; 

4. the Gpd-category of monoidal groupoids (or 2-monoids), denoted by 2-Mon 
(Proposition 210): the objects are the monoidal groupoids, the arrows are 
the monoidal functors, i.e. the functors preserving ® and / up to iso- 
morphism, and the 2-arrows are the monoidal natural transformations, i.e. 
the natural transformations compatible with the isomorphisms of monoidal 
functor; 

5. the Gpd-category of symmetric monoidal groupoids, denoted by 2-SMon 
(Definition 213): the objects are the symmetric monoidal groupoids, the 
arrows are the symmetric monoidal functors (the monoidal functors com- 
patible with the symmetry) and the 2-arrows are the monoidal natural 
t r ansf ormat ions ; 

6. the Gpd-category of 2-groups, denoted by 2-Gp, which is the full sub-Gpd- 
category of 2-Mon whose objects are the 2-groups; 

7. the Gpd-category of symmetric 2-groups, denoted by 2-SGp, which is the 
full sub- Gpd-category of 2-SMon whose objects are the symmetric 2-groups. 

Other examples of Gpd-categories are the Gpd-category of topological spaces, 
with the continuous maps and the homotopies up to 2-homotopy, and the Gpd- 
category of pointed topological spaces, with the continuous maps preserving the 
distinguished point and the homotopies (up to 2-homotopy) which are constant 
on the point. 

Abelian categories (which appeared in the 1950's in a paper by David Buchs- 
baum [21] (with the name "exact categories") and in the famous "Tohoku" paper 
by Alexander Grothendieck [42]) are categories sharing certain properties with 
the category of abelian groups, allowing to develop in them homology theory. 
The categories of modules on a ring and the categories of sheaves of modules are 
abelian. The goal of this work is to define a notion of (2-)abelian Gpd-category 
whose properties mimic those of the Gpd-category of symmetric 2-groups, in such 
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a way that we recover, on the one hand, the usual properties of abehan categories 
and, on the other hand, the specifically 2-dimensional properties of 2-SGp. 
A category is abelian if it satisfies the following properties: 

1. it is additive (enriched in Ab, with finite biproducts); 

2. it is Puppe-exact [37] (every arrow factors as the cokernel of its kernel 
followed by the kernel of its cokernel). 

We will now review each of these properties and their 2-dimensional versions. 

Additivity 
Definition 

In dimension 1, abelian categories are in particular additive categories: they are 
enriched in the category Ab of abelian groups and they have all finite biproducts. 

An Ab-enriched category (or preadditive category) is a category C such that, 
for all objects A, B in C, the set C{A, B) is equipped with an abelian group 
structure and such that, for every morphism / the functions of composition with 
/ (/ o — and —of) are group morphisms (this means that addition of arrows is 
distributive with respect to composition). We know that the category of abelian 
groups itself is enriched in Ab, as well as the categories of modules on a ring. 
On the other hand, as it was recalled above, the set of morphisms between two 
non-abelian groups cannot be, in general, equipped we a natural group structure, 
and the category of groups is not additive. 

In dimension 2, we will study categories enriched in 2-SGp (which we call 
preadditive Gpd-categories; Definition 223): for all objects A, B in C, the groupoid 
C{A, B) is equipped with a symmetric 2-group structure, for every morphism 
/, the functors of composition with / are symmetric monoidal functors and 
the natural transformations of the structures of Gpd-category and symmetric 
monoidal functor are monoidal. As we noticed above, it is necessary here to 
work with symmetric 2-groups in order that the Gpd-category of symmetric 2- 
groups be itself preadditive. 

In a preadditive Gpd-category, the finite products coincide with the finite 
coproducts, if these (co)limits exist (then we speak of hiproduct) (Proposition 
225). We call additive Gpd-category a preadditive Gpd-category with all finite 
biproducts. 

2-rings and 2-modules 

In dimension 1, a one-object preadditive category is in fact a ring. Indeed, to give 
such a category C amounts to give an object * and an abelian group of arrows 
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(C(*, *), +, 0), with a composition C{*, *) x C(*, *) — > C(*, *) which is associative, 
has a neutral element 1*, and is such that addition is distributive with respect 
to composition. Thus i? := C(*, *) is a ring. 

There is a notion of morphism between preadditive categories: an additive 
functor is a functor preserving the abelian group structure at the level of arrows. 
If i? is a ring seen as a one-object preadditive category, an i?-module is nothing 
else than an additive functor from R to Ab (the unique object * is mapped to 
an abelian group M, and each scalar r in i? is mapped to a group morphism 
r ■ — : M — > M, which gives scalar multiplication). 

In the same way, in dimension 2, we can call ^^2-ring" a one-object preadditive 
Gpd-category C. This is another kind of algebraic structure on a groupoid: we 
have, on the groupoid C(*, *), a symmetric 2-group structure (the addition, given 
by the enrichment in 2-SGp) and a monoidal groupoid structure (the multiplica- 
tion, which is the composition of the Gpd-category), and addition is distributive 
up to isomorphism with respect to multiplication. The 2-rings are already well- 
known: they appear in Nguyen Tien Quang [67] or Mamuka Jibladze and Teimu- 
raz Pirashvili [47] in the groupoidal case and it is a special case of categories with 
a semi-ring structure studied by Miguel Laplaza [58] or Mikhail Kapranov and 
Vladimir Voevodsky [51]. 

We can also define a notion of additive Gpd-functor. A Gpd-functor F from 
a Gpd-category C to a Gpd-category V consists, for every object C in C, of an 
object FC in V and, for all objects C, C in C, of a functor Fc^c' from the 
groupoid C(C, C) to the groupoid V{FC, FC) (so it acts on arrows and on 
2-arrows); it must preserve composition and the identities up to isomorphism 
(Definition 2). An additive Gpd-functor between preadditive Gpd-categories is 
a Gpd-functor such that each functor Fc,c' between the symmetric 2-groups of 
arrows is symmetric monoidal (Definition 283). Then we define a 2-module on 
a 2-ring M (seen as a one-object preadditive Gpd-category) as an additive Gpd- 
functor from M to 2-SGp, by analogy with the one-dimensional case. This is thus 
a symmetric 2-group M equipped, for every R in M, with a symmetric monoidal 
functor R-— : M ^ M. The axioms of modules hold, as usual, up to isomorphism. 
The 2-modules on a 2-ring M form an additive Gpd-category 2-Mod]K which will 
be an example of 2-abelian Gpd-category. 

If C is an abelian category, the internal groupoids, internal functors and inter- 
nal natural transformations in C form a Gpd-category Gpd(C), which is equivalent 
to the Gpd-category of arrows in C, commutative squares between them, and 
chain complexes homotopies. If C is Vect^, the category of vector spaces on a 
field K, we get what John Baez and Alissa Crans [4] call ^^2-vector spaces on 
K" . We can also see K as a. discrete 2-ring i^dis? in the usual way. Thus we can 
also study the Gpd-category 2-Modi^^j^ of 2-modules on i^dis- There is actually 
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a Gpd-functor 

(VectK)2 ^ (1) 

which is defined in a way similar to the construction of a symmetric 2-group from 
a morphism of abehan groups (seventh example of symmetric 2-group above). 

On the other hand, Kapranov-Voevodsky 2- vector spaces on K [51] are 2- 
modules, but on the category of ordinary vector spaces on K, which is equipped 
with a semi-ring structure. Thus they do not form a Gpd-category and a fortiori 
they do not form an additive Gpd-category. 

Puppe-exactness 
In dimension 1 

If C has all the kernels and cokernels, we can construct from an arrow / in C, on 
the one hand, the cokernel of the kernel of / and, on the other hand, the kernel 
of the cokernel of /. Then there exists a comparison arrow Wf: Coker(Ker/) 
Ker(Coker/) which makes the following diagram commute. 

Ker/ >A >B >Coker/ 

Cf mf (2) 

Coker(Ker /) > Ker(Coker /) 

A Puppe-exact category is a category with a zero object, all the kernels and 
cokernels, and where, for every arrow f , Wf is an isomorphism. In other words, 
every arrow factors as the cokernel of its kernel followed by the kernel of its 
cokernel. 

In fact, we can deduce the additivity from the Puppe-exactness and the ex- 
istence of finite products and coproducts. 

Kernels and cokernels in dimension 2 

To speak of kernel and cokernel, we need a notion of zero arrow. We work thus 
in a category enriched in pointed groupoids (or Gpd*-category): this is a Gpd- 
category C equipped, for all objects A, B, with an arrow 0: A B which is an 
absorbing (up to isomorphism) element for composition. 

The kernel of an arrow f : A ^ B in a, Gpd*-category consists of an objet 
Ker/, an arrow kf and a 2-arrow Kf, as in the following diagram, satisfying a 
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universal property which characterises it up to equivalence (Definition 87). 








In 2-SGp, the kernel of a symmetric monoidal functor F: A — B is, like for 
abelian groups, given by the objects of A mapped by F to the neutral element 
I oi B. The difference is that this must be the case up to isomorphism. We can 
describe KerF in the following way (see Definition 258): 

• an object consists of an objet A in A and an isomorphism h: FA — ^ J; 

• an arrow from (A, h) to (A', h') consists of an arrow f : A ^ A' m K such 
that h'{Ff) = b; 

• the product of {A, b) and {A', b') is {A ® A' ^ b"), where b" is the composite 
F{A (g) A') ~ FA ® FA' ^ / O / ~ /. 

This construction is similar to the homotopy kernel of a map between pointed 
topological spaces. But the homotopy kernel satisfies a weaker universal property 
than the one we use here. 

Let us compute an example of kernel. Let / : A B he a. morphism of abelian 
groups. This morphism induces a symmetric monoidal functor /con : ^con -Bcon 
between the one-object symmetric 2-groups induced by the abelian groups. By 
the above construction, an object of the kernel of /con consists of an object in 
Aeon (which is necessarily J) and of an arrow b: fcon{I) — * / in i?con, i-e. an 
element b in B. An arrow b ^ b' is an arrow a: / — > / in Aeon (i-e. an element 
of A) such that b' + /(a) = b. The symmetric 2-group Ker/con is thus the 
symmetric 2-group corresponding to the morphism of abelian groups / (see the 
seventh example of symmetric 2-groups given above). 

If we see the same morphism of abelian groups as a symmetric monoidal func- 
tor between discrete 2-groups fdis- ^dis — -Bdis, its kernel is (Ker/)dis. Indeed, 
an object of the kernel of f^is is simply an element a of A together with an arrow 
/(a) ^ in -Bdis; i-e. we have /(a) = in B. It is thus an element of the kernel 
of /. An arrow a — * a' is an arrow a ^ a' in Adis, i.e. we have a = a' in A. 

A last example, which is important for the following, is the symmetric mo- 
noidal functor : — > A from the zero symmetric 2-group (with one object and 
one arrow) to any symmetric 2-group A, which maps the unique object of 
to /. An object of the kernel of this functor consists of an object of (which 
is necessarily /) together with an arrow / — > / in A; this amounts to give an 
element a of 7ri(A). An arrow (/, a) (/, a') in the kernel is an arrow / ^ / in 
(this is necessarily 1/) such that a' o Fl/ = a; so there is an arrow a ^ a' if 
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and only if a = a' in vriA. So the kernel of this functor is the symmetric 2- group 
(7ri(A))dis. We denote it by f2(A). More generally, in a Gpd*-category C with 
zero object (object such that the groupoids C{X, 0) and C(0, X) are equivalent 
to the groupoid 1 for every object X of C), we denote by QA the kernel of the 
arrow 0: ^ A (by analogy with the loop space of a topological space, which is 
constructed in a similar way with the help of the homotopy kernel). 

The cokernel of an arrow in a Gpd*- category is defined by the dual universal 
property. The principle to construct a quotient in dimension 2 is to add arrows 
between the objects we want to identify (in dimension 1, we add "equalities" 
between them). In 2-SGp, the cokernel of F: A — > B will have thus the same 
objects of B and there will be an arrow from B to B' if they are isomorphic up 
to an object of the form FA. This leads to define CokerF in the following way 
(see Definition 259): 

• its objects are those of B; 

• an arrow B ^ B' consists of an object A of A and an arrow g: B ^ 
FA ® B'; 

• two arrows {A,g) and {A',g'): B ^ B' are equal if there exists an arrow 
a: A ^ A' compatible with g and g'] 

• the product of B and B' is their product in B. 

Let us compute an example of cokernel. Let be again a morphism of abelian 
groups f: A B. We consider this time the symmetric monoidal functors 
induced between the discrete symmetric 2-groups corresponding to the abelian 
groups, /dig: ^dis -Bdis- An object of Coker/dis is an object of -Bdis, i-e. an 
element of B. An arrow from h to h' consists of an object of Adis (i.e. an element 
of A) and of an arrow h ^ fa ®h' in -Bdis? which means that we must have 
h = f{a) + b'. Thus we find again the symmetric 2-group corresponding to the 
arrow / from the seventh example above. 

The cokernel of the symmetric monoidal functor 0: A ^ 0, where A is any 
symmetric 2-group, is denoted by SA. Its objects are those of 0, in other words 
there is only one object /. An arrow / — / is an object A of A, with an 
isomorphism I 0{A) ®/ in (this isomorphism is necessarily 1/). Two arrows 
A and A' are equal if there exists an arrow a: A ^ A' in A. In other words, 
EA is (7roA)con- More generally, in a Gpd*-category with zero object, we denote 
by the cokernel of the arrow 0: A ^ 0, by analogy with the suspension of 
a topological space, which is constructed in a similar way using the homotopy 
cokernel. 
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2-Puppe-exactness 

We can now compute the cokernel of the kernel and the kernel of the cokernel of a 
morphism of symmetric 2-groups F. But, as Enrico Vitale and Stefano Kasangian 
have noticed [52], unlike what happens in dimension 1, there is in general no 
comparison functor Coker(KerF) — s> Ker(CokerF). Thus we cannot hope that 
this functor be an equivalence. There is in fact in general no equivalence between 
those two constructions: the cokernel of the kernel of F determines a factorisation 
of F as a surjective (up to isomorphism) functor followed by a full and faithful 
functor, and the kernel of the cokernel of F determines a factorisation of F as a 
full and surjective functor followed by a faithful functor. Here appears a typical 
phenomenon of dimension 2: a symmetric monoidal functor has two images. 

We will nevertheless be able to construct these images both as the quotient 
of a kernel and as the coquotient of a cokernel but, for that, we need to introduce 
new notions of kernel and quotient. 

The new kind of kernel is called "pip" (see Definition 98). The pip of an 
arrow f : A ^ B in a. Gpd*-category is an object Pip/, with a loop vtj: ^ 
0: Pip/ — > A, universal for the property fnf = Iq. In 2-SGp, the pip of an 
arrow F: A — > B is the abelian group 7ri(KerF) seen as a discrete symmetric 
2-group: its objects are the arrows a: J — > J in A such that Fa = Ifi and there 
is one arrow a ^ a' if a = a' in A. For example, ii f : A ^ B is morphism of 
abelian groups, the pip of /dis is (because the only arrow / — / in A^is is 1/) 
and the pip of /con is (Ker /)dis, since the arrows / — / in Aeon mapped by /dis 
to 1/ are the element of the kernel of /. 

There is a notion of quotient corresponding to this new notion of kernel: 
the coroot of a loop it: =>■ 0: A 5 is an object Corootvr and an arrow 
r^^: B ^ Coroot TT universal for the property rT^n = Iq (Definition 100). Dually, 
we define copips and roots. 

Thanks to these new notions, we do have in 2-SGp a coincidence between 
two constructions of the factorisations: by a colimit of a limit and a limit of a 
colimit. But, unlike Puppe-exact categories where it is the dual constructions 
that coincide, we have here a crossed situation: on the one hand, the cokernel 
of the kernel coincides with the root of the copip and, on the other hand, the 
coroot of the pip coincides with the kernel of the cokernel. 

In general, for every arrow / in a Gpd*-category with all kernels and cokernels 
(the (co)pips and (co)roots can be constructed using kernels and cokernels), there 
is a comparison arrow wj between the cokernel of the kernel of / and the root 
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of the copip of /. 





(if { 

Ker / > A > B \ps^ Copip / 



4 



(4) 



Coker kj — - — > Root 



Dually, we can construct the coroot of the pip of / and the kernel of the cokernel 
of / and, again, there is a comparison arrow Wf between them. 



^'-^vi^T^^A >B — > Coker/ 



Coroot VT/ — — Ker g/ 



(5) 



By analogy with the definition of Puppe-exact category, we can thus define a 
2-Puppe-exact Gpd*-category as being a Gpd*-category C with a zero object, all 
kernels and cokernels and where, for every arrow /, the comparison arrows Wf 
and Wf are equivalences (see Proposition 179). If, moreover, C has all finite 
products and coproducts, we say that C is a 2-ahelian Gpd-category. 

One of the main results of this work is the following theorem (Corollary 252), 
whose version for abelian categories is well-known. 

A Theorem. Every 2-ahelian Gpd-category is additive. 

The examples of 2- abelian Gpd-categories known up to now are: 

1. the Gpd-category of symmetric 2-groups (Proposition 281); 

2. the Gpd-categories of 2-modules on a 2-ring and, more generally, the Gpd- 
categories of (additive) Gpd-functors to a 2- abelian Gpd-category (Propo- 
sition 292); 

3. if C is an abelian category, the Gpd-category defined above is 2-abelian 
if and only if C satisfies the axiom of choice (every epimorphism splits) 
(Theorem 306); 

4. if D is a 2-abelian Gpd-category, the full sub-Gpd-category whose objects 
are the "discretely presentable" objects of V is also 2-abelian (Proposition 
308). 



On the other hand, Gpd* and Top* are not 2-abelian Gpd-categories. 
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Epimorphisms and monomorphisms in dimension 2 

A distinctive phenomenon of dimension 2 is that many notions which were unique 
in dimension 1 spht. The additional degree of freedom of groupoids with respect 
to sets allows more gradation in the definition of ordinary categorical notions. 

We have already met this phenomenon in two forms: on the one hand, the 
unique factorisation of abelian groups splits into two non-equivalent factorisa- 
tions in 2- abelian Gpd-categories and, on the other hand, the unique notion of 
kernel splits into kernel and pip (and, consequently, the notion of cokernel (seen 
as the quotient corresponding to the kernel) splits into cokernel and coroot). The 
same phenomenon happens also for monomorphisms and epimorphisms. 

In dimension 1, these two notions are defined using the notion of injectivity for 
sets: an arrow / : A ^ B m & category C is a monomorphism if, for every object 
X in C, the function / o — : C(X, A) — ^ C(X, B) is injective; dually, the arrow / is 
an epimorphism if, for every object Y in C, the function —of : C{B, Y) — > C{A, Y) 
is injective. 

In dimension 2, there are two levels of injectivity for functors: a functor 
F: A (between groupoids or symmetric 2-groups) can be faithful (injective 
at the level of arrows) or fully faithful (bijective at the level of arrows-^). Thus 
we can also define two kinds of monomorphism in a Gpd-category C: an arrow 
f: A-^ B is 

1. faithful if, for every object X in C, the functor / o — : C{X, A) C{X, B) 
is faithful; 

2. fully faithful if, for every object X in C, the functor / o — : C{X,A) — > 
C(X, B) is full and faithful. 

In Gpd or 2-SGp, the faithful arrows are the faithful functors and the fully faithful 
arrows are the full and faithful functors. 

Dually, we can define two notions of epimorphism: the cofaithful arrows 
(when the composition functors — o / are faithful) and the fully cofaithful arrows 
(when they are full and faithful). In Gpd and 2-SGp, the cofaithful functors are 
the surjective (up to isomorphism) functors and the fully cofaithful functors are 
the full and surjective (up to isomorphism) functors. On the other hand, this is 
not the case in the 2-category of categories. 

This splitting of the notions of monomorphism and epimorphism is connected 
to the other splittings already remarked: in the factorisation cokernel of the 
kernel/root of the copip (diagram 4), ej. is cofaithful and is fully faithful; 
and, in the factorisation coroot of the pip/kernel of the cokernel (diagram 5), ej- 
is fully cofaithful and is faithful. In a 2-abelian Gpd-category, every arrow 

^Surjectivity at the level of arrows can also be seen as a kind of injectivity at the level of 
objects; indeed, it implies that, if FA ~ FB. then A ^ B. 
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factors thus, on the one hand, as a cofaithful arrow followed by a fully faithful 
arrow and, on the other hand, as a fully cofaithful arrow followed by a faithful 
arrow. 

Moreover, in a 2-abelian Gpd-category, every faithful arrow is the kernel of 
its cokernel, every fully faithful arrow is the root of its copip, every cofaithful 
arrow is the cokernel of its kernel, and every fully cofaithful arrow is the coroot 
of its pip. 

In a 2-abelian Gpd-category, we can also classify the properties of arrows with 
the help of the different kinds of kernels and cokernels, like in dimension 1: an 
arrow is faithful if and only if its pip is zero, an arrow is fully faithful if and only 
if its kernel is zero, and we also have the dual properties. 

A last important property of 2-abelian Gpd-categories concerning epimor- 
phisms and monomorphisms is regularity: cofaithful and fully cofaithful arrows 
are stable under puUback, and the dual property also hold (Proposition 256). 

We can also generalise the notion of full functor to a Gpd-category (we speak 
then of a full arrow; Subsection 4.3.2) in such a way that, in Gpd and 2-SGp, the 
full arrows are exactly the full functors (but this is not the case in Cat) and that, 
in a 2-abelian Gpd-category, we have: 

1. fully faithful = full + faithful; 

2. fully cofaithful = full + cofaithful; 

3. equivalence = fully faithful + cofaithful = faithful + fully cofaithful = 
faithful + full + cofaithful. 

Discrete and connected objects 

In a Gpd-category C, a discrete object is an object D such that there is at most 
one 2-arrow between two arrows d,d' : X ^ D. In other words, for every object 
X in C, the groupoid C{X, D) is discrete. If C has a zero object, this is equivalent 
to the arrow 0: D — > being faithful. In Gpd, the discrete objects are the sets 
seen as discrete groupoids and, in 2-SGp, the discrete objects are the abelian 
groups seen as discrete symmetric 2-groups. The discrete objects in C form a 
category (because the groupoid of arrows between two objects is in fact a set), 
which we denote by Dis(C). 

The notion of connected object is defined dually. This notion is relevant when 
there is a zero object. Then an object C is connected if the arrow : — > C is co- 
faithful. In 2-SGp, the connected objects are the one-object symmetric 2-groups 
(the abelian groups seen as connected symmetric 2-groups). The connected ob- 
jects in C also form a category, denoted by Con(C). 

An important question is: which is the link between the notion of 2-abelian 
Gpd-category and the notion of abelian Set-category? Every Set-category can be 
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seen as a Gpd-category (with exactly one 2-arrow f g ii f = g) and we could 
ask what are the 2-abelian Set-categories. The answer is that the only 2-abelian 
Set-category is 1. Indeed, in a Set-category, every arrow is faithful (because 
the 2-arrows are all equal), so every object is discrete; dually, every arrow is 
cofaithful, so every object is connected. But, in a 2-abelian Gpd-category, an 
object which is both discrete and connected is necessarily zero. Therefore, in a 
2-abelian Set-category, every object is equivalent to 0. 

On the other hand, we will see that every 2-abelian Gpd-category contains 
two equivalent abelian categories, Dis(C) and Con(C) (they are equivalent as 
categories, but not as full sub-Gpd-categories of C, since their intersection is 
{0}). 

Above we defined QA, the kernel of the arrow : ^ A, which we can think 
of as being A where the arrows have become the objects (in 2-SGp, QA is the 
discrete 2-group whose objects are the elements of vriA). This defines on objects 
a Gpd-functor Q: C — > C. Dually, we defined HA, the cokernel of the arrow 
0: A — >■ 0, which we can think of as being A where the objects have become the 
arrows (in 2-SGp, SA is the one-object 2-group whose arrows are the elements 
of ttqA). This also defines a Gpd-functor E: C — > C These two Gpd-functors are 
adjoint to each other: S H (Subsection 2.2.3). 

In a 2-abelian Gpd-category, the connected objects are exactly the objects 
C such that the counit of this adjunction at C is an equivalence: Sf2C ~ C. 
Dually, the discrete objects are exactly the objects D such that the unit of this 
adjunction is an equivalence: D ~ QTiD. So the adjunction S H f2 restricts to 
an equivalence 

Dis(C) ~ Con(C) (6) 

(Subsection 4.2.1). The sub- Gpd-category Dis(C) is refiective, with refiection 
ttq := f2S, and Con(C) is a corefiective sub- Gpd-category, with corefiection vri := 



C 



C 



(7) 



Con(C) 



^ Dis(C) 



In 2-SGp, we can take Ab with the inclusion (— )dis for Dis(2-SGp) and Ab 
with the inclusion (— )con for Con (2-SGp). 

The link between the notion of 2-abelian Gpd-category and the notion of 
abelian Set-category can now be expressed by the following theorem (Corollary 
192). 
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B Theorem. If C is a 2-ahelian G^id- category, the category Dis(C) ^ Con(C) 
is ahelian. 

With the help of ^2 and S (which are (co)kernels), we can construct the 
(co)pip and the (co)root by using only the kernel and the cokernel. This allows to 
construct the two canonical factorisations of an arrow in a Gpd*-category without 
using pips and coroots. Indeed, the root of the copip of an arrow / coincides 
with the kernel of the ttq of the cokernel of / (see the following diagram). 



Ker/- 



If 



-s- Coker / > ttq Coker / 



Coker k 



f 



Ker(?7g/ 



Dually, the coroot of the pip of / coincides with the cokernel of the tti of the 
kernel of / (see the following diagram). 



TTi Ker / — - — > Ker / ■ 



f 



If 



Coker(A;/£:) Ker g/ 



Coker / 



(9) 



So we can define 2-Puppe-exact Gpd*-categories (and thus also 2-abelian Gpd- 
categories) purely in terms of kernel and cokernel, by asking (in addition to the 
existence of a zero object, all the kernels and cokernels) that the comparison 
arrows Wf and wj oi the previous diagrams be equivalences. 



Homology 

Exact and relative exact sequences 

Another new phenomenon in dimension 2 is that the notion of exact sequence, 
which was unique in dimension 1, splits into two almost disjoint kinds of se- 
quences: the exact sequences and the relative exact sequences. The classical 
examples of exact sequences fall, in dimension 2, in one or the other class. In 
both cases, we consider a sequence of the following shape. 
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We say that this sequence is exact at An if the kernel of is canonically 
equivalent to the kernel of the cokernel of an-i (Proposition 137). Here is a few 
typical examples of exact sequences: 

1. the Puppe exact sequence (Proposition 141), well-known in homotopy the- 

k 

ory, which is the 2-dimensional version of the sequence — > Ker / — > 
A B — ^ Coker / — > (which, in dimension 2, is not exact at Ker / 
and Coker /) : 

— ^ Vi^ f ^ VlA ^ VLB Ker/ A ^ B ^ 

— > Coker / ^ ^ S5 ^ Copip / — ^ 0; (11) 

2. the long exact sequence of homology constructed from an extension of chain 
complexes (which exists in an abelian Gpd-category; see later); 

3. every continuous map between topological spaces f : X -^Y induces a long 
exact sequence [41] 

■ ■ ■ n„+iK/ n„+iX ^ n„+ir ^ li^Kf ^ n„x ^ n„r ■ ■ ■ , (12) 

where Kf is the homotopy kernel of /; this sequence is a sequence of 
symmetric 2- groups when n > 3. 

On the other hand, the notion of relative exact sequence (introduced in [26]) 
applies to a sequence of the form 10 such that the adjacent 2-arrows are compat- 
ible: for every n, the composite andn-i ° o,n+i(y~\ : ^ must be equal to Iq. 
This is the definition of chain complex used for symmetric 2-groups [71, 26]. In 
this case, we say that the sequence is relative exact at An if the relative kernel 
of ttn and a„ is the kernel of the relative cokernel of a„_i and a„_2 (Proposition 
142). The relative kernel of a„ and a„ consists of an arrow k: K ^ An and a 
2-arrow n: an.k =^ compatible with a„, satisfying a universal property similar 
to that of the kernel. 

The typical examples of relative exact sequences are the extensions, i.e. the 
sequences of the form 




where (a, a) = Ker 6 and {b,a) = Coker a. Such a sequence is not exact, but 
relative exact. Moreover, extensions compose to give relative exact sequences. 
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In particular, projective resolutions (for an appropriate notion of projective ob- 
ject) being created by joining extensions, would be relative exact sequences in 
dimension 2. 

Good 2-abelian Gpd-categories 

Between 2-SGp and Ab, the Gpd-functors ttq and tti preserve exact sequences 
(but not relative exact sequences) and we can characterise the different kinds of 
arrows of 2-SGp by properties of their images under ttq and vri [52]: if F is a 
morphism of 2-SGp, then: 

1. F is faithful if and only if niF is injective; 

2. F is full if and only if -KiF is surjective and ttqF is injective; 

3. F is surjective if and only if vto-F is surjective. 

It seems that it is not possible to deduce these properties from the definition 
of 2-abelian Gpd-category. Thus we define a good 2-abelian Gpd-category (see 
Subsection 4.3) as being a 2-abelian Gpd-category C where ttq and tti preserve 
exact sequences. We can deduce from that the characterisation of the properties 
of arrows of C in terms of their (co)reflection in Dis(C) or Con(C). The question 
of the independence of this condition from the others remains open, all known 
examples of 2-abelian Gpd-category being good. 

An important property of good 2-abelian Gpd-categories is that, for every 
arrow /, the 2-arrow fif, equal to the composite 




is exact (i.e. the sequence Ker / ^ ^ Coker /, with the 2 -arrow /xj, is exact at 
0) (Proposition 196). We can deduce from this result that, in a good 2-abelian 
Gpd-category, the Puppe exact sequence and the long exact sequence of homology 
have an additional property: for every n, the composite anan-ioan+iOi~\ : =^ 
of adjacent 2- arrows is exact. If this is the case, we say that the sequence 10 is 
perfectly exact. 

The perfectly exact sequences and the relative exact sequences are totally 
disjoint: in a 2-abelian Gpd-category, a sequence being both perfectly exact and 
relative exact at each point is zero at each point (by Lemma 200). 
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Abelian Gpd-categories and diagram lemmas 

A way of presenting the notion of Puppe-exact category in dimension 1 is to ask 
that, for the exact sequence 

O^K^A^B^Q^O, (15) 

where k is the kernel of / and q is the cokernel of /, the comparison arrow 
between the cokernel of k and the kernel of q be an isomorphism. In dimension 
2, as we have seen, this does not work any more: there is simply no comparison 
arrow between the cokernel of k and the kernel of q, and the above sequence is 
exact only at A and B (to get an exact sequence at each point from /, we must 
take the Puppe sequence). 

The solution we used above to define 2-Puppe-exact Gpd*-categories was to 
compare the cokernel of the kernel with the root of the copip and the kernel of 
the cokernel with the coroot of the pip. But the notion of relative exact sequence 
suggests another possibility: in a Gpd*-category, if we start with a sequence like 
in the following diagram: 



>A — >B — >C — >D >0, (16) 



where (a, a) is the relative kernel of b and /3, and where (c, /?) is the relative 
cokernel of b and a, there always exists a comparison arrow between the cokernel 
of a and the kernel of c. We say that a Gpd*-category is Puppe-exact if, for every 
arrow /, this comparison arrow is an equivalence and if some kinds of arrows are 
stable under composition (Definition 155). 

This is a generalisation of the usual notion of Puppe-exact category, because a 
Set-category is Puppe-exact in the 2-dimensional sense if and only if it is Puppe- 
exact in the 1-dimensional sense. This is why we do not use here the prefix 
"2-". 

In a Puppe-exact Gpd*-category, we recover the usual properties of exact se- 
quences (distributed among exact sequences and relative exact sequences). In 
particular, we can prove in such a Gpd*-category that every relative exact se- 
quence factors into extensions (Proposition 162); the relative exact sequences in 
a Puppe-exact Gpd*-category are thus exactly the sequences we get by combining 
extensions. 

Moreover, in a Puppe-exact Gpd*-category, we can prove that the two dual 
constructions of the homology of a sequence (with compatible 2-arrows or not) 
at a point are equivalent (Proposition 152). This allows to study the (relative) 
exactness of a sequence by computing the homology objects of this sequence. 
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Besides, we can define a property of arrows of a Gpd*-category which gives 
back in the 1- dimensional cases the monomorphisms and, in 2-abehan Gpd- 
categories, the faithful arrows. A monomorphism is an arrow / which is fully 
faithful for the 2-arrows compatible with the canonical 2-arrow Q of its coker- 
nel (Definition 116). In a Puppe-exact Gpd*-category, we can prove that every 
monomorphism is the kernel of its cokernel and, dually, every epimorphism is 
the cokernel of its kernel. 

We say that an additive Gpd-category is abelian if every monomorphism is 
the kernel of its cokernel, every epimorphism is the cokernel of its kernel, and 
if monomorphisms and fully faithful arrows are stable under pushouts and if 
epimorphisms and fully cofaithful arrows are stable under pullbacks (Proposition 
165). Abelian Gpd-categories are Puppe-exact. The usual proofs that Puppe- 
exactness plus the existence of finite products and coproducts imply additivity 
and regularity do not work; the question remains open. That is why we impose 
here additivity in the definition of abelian Gpd-category; in the main text, the 
question is left undecided, and additivity is not incorporated into the definition, 
but it should be there eventually when the open questions will be answered. 

We can generalise to abelian Gpd-categories the known diagram lemmas of 
abelian categories, by replacing "exact sequence" by "exact sequence" or "rela- 
tive exact sequence" , as the case may be. In this way we prove the 3x3 lemma 
(Proposition 167), the short five lemma (Proposition 169), the kernels lemma 
(Proposition 170), the snake lemma (which has here a long form, called "ana- 
conda lemma": Proposition 174). This allows to prove the following theorem (see 
Theorem 177 for a precise formulation) showing that an abelian Gpd-category is 
an adequate context for homology. It has been proved for symmetric 2-groups 
by Aurora Del Rio, Juan Martinez- Moreno and Enrico Vitale [26]. 

C Theorem. In an abelian Gpd-category, every extension of chain complexes 
induces a long exact sequence of homology. 

As for Puppe-exact Gpd*-categories, abelian Gpd-categories generalise ordi- 
nary abelian categories: a Set-category is abelian in the 2-dimensional sense if 
and only if it is abelian in the 1-dimensional sense. This fact, together with the 
following theorem (Corollary 257) shows that the notion of abelian Gpd-category 
is a generalisation both of the notion of ordinary abelian category and of the 
notion of 2-abelian Gpd-category (let us recall that these notions are disjoint). 
The question of the existence of abelian Gpd-categories which are neither Set- 
categories nor 2-abelian remains open. 

D Theorem. Every 2-abelian Gpd-category is abelian. 

The following diagram represents the known implications between the dif- 
ferent notions explained in this introduction. Remark: additivity is included in 
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the definition of abelian Gpd-category, as it was in tliis introduction and unlike 
wfiat is done in tlie main text. Moreover, in tliis diagram appears tlie notion of 
Grandis homological Gpd*-category, wliich did not appear in tlie introduction, 
but is defined in the main text (Definition 150). 

good 2-abelian 
Gpd-cat. 

abehan 2-abehan 
Set-cat. Gpd-cat. 

\ / \ 
abelian 2-Puppe-exact 

Gpd-cat. Gpd*-cat. ^ ^ 

/ \ 
additive Puppe-exact 
Gpd-cat. Gpd*-cat. 

preadditive homological 
Gpd-cat. Gpd*-cat. 



Open questions 

Here are a few open questions. 

1. A first problem is to precise the relations between the different given def- 
initions. For example, are there examples of non-good 2-abelian Gpd- 
categories? Can we deduce additivity and regularity from the definition 
of Puppe-exact Gpd-category and the existence of finite products and co- 
products? What is the link between the condition of Remark 157 and the 
notion of (good) 2-Puppe-exact Gpd-category? 

2. Another question concerns Tierney theorem, according to which a category 
is abelian if and only if it is Barr exact and additive. Can we prove an 
analogue of Tierney theorem for 2-abelian Gpd-categories? The last chapter 
gives the first steps towards an answer. 

3. A third problem is the search of additional examples. Two kinds of Gpd- 
categories could give new examples: on the one hand, stacks of symmetric 
2-groups on a (2-)site (or Picard stacks) and, on the other hand, internal 
symmetric 2-groups in a Gpd-category [36]. We can also mention the Gpd- 
category of internal groupoids, internal anafunctors and internal ananatural 
transformations in an abelian category (see the end of Subsection 6.3.5). 

4. A fourth question is: can we define (2-)-semi- abelian Gpd-categories, which 
would be to (not symmetric in general) 2-groups what semi-abelian cate- 
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gories are to groups? We can also ask a similar question with braided 
2-groups. 

5. A last question concerns the subobjects of an object of a 2-abelian Gpd- 
category. We know that the subobjects of an object of an abelian category 
form a modular lattice. This is already the case for a Puppe-exact Set*- 
category [37]. In a 2-abelian Gpd-category C, we call subobjects of an object 
A the faithful arrows with codomain A. They form a full sub- Gpd-category 
of C/A, denoted by Sub(A), which is in fcLct db CcitG gory, because faithfulness 
implies the unicity of 2-arrows. In the special case where A is a discrete 
object, Sub(y4) is nothing else than the category D'\s{C)/A (where Dis(C) is 
the abelian category of discrete objects in C). 

But Aurelio Carboni [22] introduced the notion of modular category, which 
is a category with finite limits satisfying two conditions, one of them being 
a categorified version of the modularity law for lattices. And he proves that, 
for every additive category C with kernel, the categories C/A, for A: C, are 
modular. Therefore, if C is a 2-abelian Gpd-category and A: Dis(C), the 
category of subobjects of A is modular. The question is thus: is Sub(/1) 
modular for any A: CI 

Warning 

Two remarks about notations and terminology. 

I use here the symbol ": " to introduce variables: "let be x: A" means "let 
X be an object of A\ where A is a set, a category, a groupoid, a 2-category, 
etc.; I use it also in quantifications: "for all x: A" or "there exists x: A". I 
reserve the use of the symbol "g" to express the belonging relation between 
objects of a set and subsets of this set or between objects of a (2-)category and 
full sub (-2-) categories of this (2-)category. This last relation is defined here in 
the following way: an object C of a category C belongs to a full subcategory 
i: V ^ C (i.e. a fully faithful functor i) if there exist an object D : V and an 
isomorphism iD ^ C. Therefore every full subcategory is "replete" by definition 
of the belonging relation. 

The 2-categorical notions will be by default the weakest possible ones (i.e. the 
notions using equality only at the level of 2-arrows). But we will use, when it is 
useful, strictified descriptions of these notions. There is a consequence regarding 
terminology: I won't burden myself with the prefixes "pseudo-" or "bi-". I 
use the same name for the 2-dimensional notions as for the corresponding 1- 
dimensional notion when the 2-dimensional one reduces to the 1-dimensional one 
in a category seen as a locally discrete 2-category (in this case the 2-dimensional 
notion is a generalisation of the 1-dimensional) , and I add the prefix "2-" when 
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the 2- dimensional notion is only an analogue of the 1-dimensional one, but not a 
generalisation: for example, the kernel of an arrow in a category seen as a Gpd- 
category coincides with the ordinary kernel, so I don't use the prefix "2-" ; on the 
other hand, the Set-categories which are 2-abelian when seen as locally discrete 
Gpd-categories are not the ordinary abelian Set-categories, so in this case I use 
the prefix "2-". 



Chapter 1 

Kernel-quotient systems 



In this chapter, after basic definitions about groupoid enriched cate- 
gories, the notions of factorisation system and kernel- quotient system 
are introduced. They provide a general framework for the following 
chapters. We study exactness conditions on a category equipped with 
a kernel- quotient system. 

1.1 Factorisation systems 

1.1.1 Groupoids and groupoid enriched categories 

The 2-order of groupoids, functors and natural transformations will be denoted 
by Gpd. Since each arrow in a groupoid is invertible, the 2-cells in Gpd are all 
invertible. Thus, for any two groupoids A and B, Gpd(A, B) is a groupoid. This 
turns Gpd into a groupoid enriched category in the sense of the following defini- 
tion, i.e. a 2-category whose 2-arrows are invertible. By definition, associativity 
holds only up to isomorphism (it's a weak 2-category or bicategory), but we will 
usually apply the coherence result according to which we can always assume that 
the associativity and neutrality natural transformations are identities. See [9], 
[13], [54] for more details about 2-categories. 

1 Definition. A groupoid enriched category (or, for short, a Gpd-category) C 
is a collection of objects equipped with: 

1. for all A,B: C, a groupoid C{A,B) (an object / of this groupoid will be 
written / : A ^ B, whereas an arrow a from f to g will be written a: f ^ 

9); 

2. for all A: C, a. functor 1 C{A, A), i.e. an identity arrow 1^: A A; 

3. for all A,B,C: C, a functor comp: C{A,B) x C{B,C) C{A,C), which 
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associates to each A ^ B ^ C an arrow g o f : A ^ C, and to a : f ^ f 
and p-. g ^ g' a 2-arrow P * a: gf^ g'f; 

4. for all A, B,C,D: C, a natural transformation 

C{A,B) X C{B,C) X C{C,D)'-^^^C{A,B) x CiB,D) 



comp X 1 



4a 



comp 



C{A,C) X C{C,D) 



comp 



■C{A,D) 



(thus we have, for A B C D, a 2-arrow a /^gj : {hog)of =^ ho{gof)^ 
natural in f,g,h); 

5. for all A,B: C, natural transformations: 

idxl 



1 X C{A, B) C(A A) X C(A B) 




comp 



(19) 



C{A,B) 



Ixid 



C{A, B) X C{B, B) C{A, B) x 1 



comp 



C{A,B) 




(20) 



(thus we have, for A ^ B, two 2-arrows p/ : /ol^ ^ / and A/: Iso/^/, 
natural in /). 

These data must make commute the following diagrams: 

{koh)o{go f) 



Olkoh.g,f 



"fe,/i,9o/ 



{{koh) og)o f 



ko{ho{gof)) (21) 



Oikhgf 



{ko{ho g)) o — >/c o {{h og)of) 



(^ o Is) o / ■ 



Sis/ 



9° f 



■g° (1b o /) 



(22) 
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G 



H 



If we have A— ^>IB— s>C— s^Din the Gpd-category Gpd of groupoids, what are 
the functors {H o G) o F and H o [G o F) ? On the one hand, for each A : A, we 
have 

{{H o G) o F){A) ^ H{G{F{A))) ^ {H o {G o F)){Ay, (23) 
on the other hand, for each a: Aq ^ Ai in A, we have 



{{H oG)o F){a) = H{G{F{a))) = {H o {G o F))(a) 



(24) 



Thus we have {H o G) o F = H o (^G o F), and we take for a the identity. In the 
same way, we take for p and A the identity. 

The Gpd-category Gpd is thus strictly described, in the sense that we have 
[k o h) o g = k o [h o g), / o 1^ = / and 1^0/ = /, and that we have taken for 
a, p and A the identity. 

2 Definition. Let C, V be two Gpd-categories. A Gpd-functor^ F from C to 
T> consists of the following data: 

1. for all A: C, an object FA: V, 

2. for all A,B:C, a functor F: C{A,B) ^ V{FA,FB), 

3. for a\\ A ^ B G, a natural transformation f- Fg o Ff =^ F(g o /) 
(we omit the superscript and subscripts when they can be implied from the 
context), 

4. for all A: C, a 2-arrow ifj^: 1^^ ^ Fl^, 
such that the following diagrams commute. 

{Fh o Fg) o Ff^Fh o {Fg o Ff) 

V>(Ff) / \ {Fh)v 



F{hog)oFf 





FhoF{gof) 



(25) 



F{{hog)of)^F{ho{gof)) 



Ff ol 



FA ■ 



Pfa 



^Ff 



Ifb o Ff ■ 



Fpf fBiFf) 



^Ff 



FXf 



Ff o FU -^jj^ F{f o U) FIb o Ff F{1b o /) 



(26) 



""^or pseudo-functor, or homomorphism of bicatcgories 
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3 Definition. Let F,G: C Vhe two Gpd-functors between Gpd-categories. 
A Gpd-natural transformation fj, from F to G consists of the following data: 

1. for all A: C, an arrow fiA '■ FA GA in P; 

2. for all A ^ B in C, a 2-arrow /ij : Hb ° Ff =^ Gf o /i^, natural in /, 
such that the following equations hold. 

Fg 



Ff 

FA FB 



MA 



GA- 



^FG 



'Ma 



^GB 



G{gf) 



-^GG 




GA 



G(gf) 



^FG 



MC 



GG 
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FA- 



fJ-A 



GA 



FA 



GA 




FA 



l^A 



GA 



GIa 



FA 




MA 



GA 



{2i 



4 Definition. Let /i, z/: F ^ G: C ^ Vhe two Gpd-natural transformations. 

A Gpd-modification 'R: fi ^ u associates to each A: C, a. 2-arrow N^: /i^ ^ 

f 

such that, for all A ^ B, the following equation holds. 



Ff 



FB 



Ms 



GA- 



Gf 



GB 




(29) 



5 Proposition. Let C, T) he two Gp6- categories. The Gpd-functors from C 
to V, Gpd-natural transformations between them and Gpd-modifications between 
them form a Gpd- category [C,V], which is strictly described ifD is. 

For each object A in a Gpd-category C, there is a representable Gpd-functor 
C{A, — ) : C — ^ Gpd, which maps 

• an object B to the groupoid C{A, B); 

• an arrow h: B ^ B' to the functor C{A, h) = bo-: C{A, B) C{A, B'), 
which maps / : A ^ B to bf and ip: f ^ f to bip: bf ^ bf; 
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• a 2-arrow (3: b ^ b' : B ^ B' to the natural transformation C{A, f3) = 
j3^-;ho- ^b'o-: C{A,B) ^C{A,B') which is defined by bf b'f 
at the point / : A ^ B. 

Dually, we define a representable Gpd-functor C{—,B): Gpd for each 

object i? in C. 

6 Definition. Let C be a Gpd-category. The Yoneda Gpd-functor Yq: C ^ 
[C°P, Gpd] is the Gpd-functor which maps an object A: C to the representable 
Gpd-functor C(— , A) : C°p Gpd, an arrow a: A ^ A' to the representable Gpd- 
natural transformation C(— , a) : C(— , A) C(— , A') and a 2-arrow a: a ^ a' to 
the Gpd-modification C(— , a) : C(— , a) ^ C(— , a'). 

7 Proposition. For any Gpd-category C, Yc is fully faithful (in the sense that 
the functors {Yc)a,a' o,re equivalences). 

A well-known consequence (for example, see [59, Theorem 1.5.15]) is that 
any Gpd-category C is equivalent to its full image in [C°p, Gpd] which, as we saw 
before, is strictly described. Thus we can always assume that a Gpd-category is 
strictly described. We will do that in the remaining of this text, except at a few 
places. 

Let us recall the definition of adjunctions (usually called biadjunctions [69]) 
between Gpd-functors. 

8 Definition. Let C and V be Gpd-categories and F: C ^ V and G: V ^ C 
be Gpd-functors. We call F a left adjoint of G and G a right adjoint of F (we 
denote this hj F -\ G) if, for all C : C and D : V, there is an equivalence 

$c,D : V{FG, D) C[G, GD) (30) 

Gpd-natural in G and D. The Gpd-natural transformation t]: Iq ^ GF whose 
component at an object C : C is 

Vc ■■= ^CFci^Fc) (31) 

is called the unit of the adjunction. The Gpd-natural transformation e : FG =^ I-d 
whose component at an object D: T) is 

:= ^gd,d{^gd) (32) 
is called the counit of the adjunction. 

For such an adjunction, there exist modifications (the triangle identities) 

^fI^FGF^F) ^ (F^F) (33) 
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and 



{G ^ GFG ^ G) 



(^G^G). 



(34) 



The following proposition is proved in [11] and can be found in [57] (Lemma 
4.3 of Part 0) for 1-categories. The name "idempotent adjunction" has been 
suggested by Peter Johnstone on the categories list (21 November 2001); it is 
justified by the fact that the monad and the comonad induced by the adjunction 
are idempotent. The name "exact adjunction" is also used [40]. 

9 Proposition. Let F -\ G: V ^ C be an adjunction of Gpd- functors (with 
counit e and unit rj). The following conditions are equivalent. When they hold, 
we call the adjunction F -\ G idempotent. 

1. Ge is an equivalence; 

2. eF is an equivalence; 

3. Ft] is an equivalence; 
4- rjG is an equivalence. 

It is possible to define a notion of limit in groupoid enriched categories. All 
limits will be here "pseudo-bilimits" [13]; they are unique up to equivalence. I 
won't give a general definition of limit, but only the definition of each special 
case of limit that will be used. One of the most useful cases is the puUback. 

10 Definition. Let C be a Gpd-category. Let us consider the solid part of 
the following diagram in C. 



P 
I 
I 

P2 I 

I 

B- 



(35) 



G 



The dashed part (together with tt) is a pullback of f and g if 

1. for all X : C, a: X A, b: X B, and fa => gb, there exist an arrow 
(a, 7, 6) : X ^ P, TTi : a ^ Pi{(^, 7, b) and n^: b ^ ^2(0, 7, b) such that 




7; 



(36) 
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2. for all X : C, X, x' : X ^ P, xi : pix => pix' and X2 ■ P2X =^ P2x' such that 




P 4^ C X ^xi A 




X i^X2 B = P C, 




P S 



there exists a unique x ^ x' such that piX = Xi and P2X = X2- 
In Gpd, the pullback of A — > C < — B can be described in the following way. 

• Objects. An object consists of (yl,7,P) where A: B : M and 7: FA 
GB in C. 

• 74rrciws. An arrow (y4,7,P) — > (y4',7',P') consists of {a,b), where a: A ^ 
A' : A and b: B ^ B' : M are such that Gb o 7 = 7' o Pa. The identities and 
composition are defined pointwise. 

• Equality. Two arrows (a, b) and (a', 6') are equal if a = a' in A and b = b' 
in B. 

A construction of the pullback and the pushout for symmetric 2-groups is given 
in [18]. 

1.1.2 Factorisation systems on a Gpd-category 

If C is a Gpd-category, we will denote by the Gpd-category of arrows in C, 
described in the following way. 

• Objects. An object of consists of two objects A,B: C and an arrow 
A^B. 

• Arrows. A morphism [A, /, B) — > [A', /', B') consists of two arrows 
A A' and B ^ B' and a 2-arrow ip: bf => fa. 

• 2-arrows. A 2-arrow (a, tp, b) =^ {a', ip' , b') : (A, /, B) (A', /', B') consists 
of two 2-arrows a: a ^ a' and (3: b ^ b' such that fa oip = ip' o (3f. 

We denote hy Oq: ^ C the domain Gpd-functor (which maps {A,f,B) to 
A, {a,ip,b) to a and to a), and di: ^ C the codomain Gpd-functor. 

We denote hj 6: do ^ di the Gpd-natural transformation defined by : = 
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f: do{A, f, B) di{A, f, B). We denote by Equ the full sub-Gpd-category of 
whose objects are the equivalences in C. 

We will take as the definition of factorisation system the following one, which 
is a variant of the notion of Eilenberg-Moore factorisation system of Mareli Ko- 
rostenski and Walter Tholen [55]. Their proof that this definition is equivalent to 
the usual definition in terms of orthogonality (see [48] or [52] for the 2-dimensional 
case) will be generalized to dimension 2. 

11 Definition. Let C be a Gpd-category. A factorisation system on C consists 
of {£, M., Im, e, m, where 

• £ and Jvi are full sub-Gpd-categories of C^; 

• Im is a Gpd-functor, e and m are Gpd-natural transformations, and 



^- C^^'^T^C ^ C2— im^C (38) 




Thus every arrow / : C factors in the following way. 

A >B 





/, (39) 



Im/ 



These data must satisfy the following conditions: for all f:C^, 

1. ef G £ and nif G 

2. if / G £, then rrif G Equ; 

3. if / G M, then cj G Equ; 

4. if / G Equ, then ej^nif G Equ. 

By the following proposition, one can replace condition 4 by 
4'. Equ C£nM. 

12 Proposition. If {£,J^,lm,e,m,ip) is a factorisation system on C, 

£ = {f:C^\mf e Equ} and (40) 
M = {f:C^\efe£qu}. (41) 
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Proof. By condition 2, if / G 8^ then mj G Equ. Conversely, if m/ is an 
equivalence, then (1^, Lp'j^, rrif) : e/ — ^ / is an equivalence in and so / ~ e/ G 
by condition 1. The proof for M. is dual. □ 

13 Proposition. To give a factorisation system A^, Im, e, m, (yj) on C is 
equivalent to give (Im, e, m, (f) as in diagram 38 such that, if we set 

£:= {f: C^\mf e Equ} and (42) 
M:={f:C'\efe Equ}, (43) 

we have: 

1. for all f : , Cf E S and rnf E M.; 

2. Equ <Z£r\M. 

Proof. If we start with a factorisation system, it satisfies conditions 1 and 2, 
by Proposition 12. 

Conversely, if we have (Im, e, m, </?) satisfying conditions 1 and 2, then, by 
defining £ and M. as above, we get a factorisation system: condition 1 of factori- 
sation system is condition 1 of this proposition, conditions 2 and 3 follow from 
the definition of £ and M., and condition 4' of factorisation system is condition 
2 of this proposition. □ 

The factorisation systems on C form an order, denoted by Fac(C), and defined 
in the following way. 

• Objects. These are the factorisation systems on C. 

• Order. We will say that (£^, A^, Im, e, m, 99) < {£', M' ,1m' ,e' ,m' ,Lp') if 
the following conditions hold: 

1. £(Z £'■ 

2. M'; 

3. there exists a Gpd-natural transformation d: Im —>■ Im' and modifica- 
tions e: de ^ e' and fi: m ^ m'd such that, for all f ■ C^, 



Im / Im / 




Im' / Im' / 
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Let us now define orthogonality in dimension 2 (see [70], [52] and [29]). Let 
us first remark, by using the construction of pullbacks in Gpd given above, that 
if C is a Gpd-category and A ^ A' ^ B' are arrows in C, the following square 
is a puUback in Gpd. 



proj 



■C{A,A') 



proj 



(45) 



C{B,B')^^C{A,B') 
We will denote by (/, /') : C{B, A') C^{f, /') the functor which maps 
. c:B^ A' to {cf,lf,,f, f'c) : f^f, and 

. ^; C ^ C' to (7/, f'l) : (C/, l/.e/, f'c) (C'f, lf,,,f, f'c'). 

f f 

14 Proposition. Let C he a Gpd-category, A B and A' ^ B' be arrows 
in C. The following conditions are equivalent. When they hold, we say that f is 
orthogonal to /' (and we write f J, f). 

1. The following square is a pullback in Gpd. 

-0/ 



CiB,A') 
C{B,B') 



-0/ 



^C{A,A') 
f'o- 
■C{A,B') 



(46) 



2. The functor (/, /') : C{B, A') C^{f, f) is an equivalence. 

3. (a) For all (a, ip^h): f ^ f, there exist an arrow c and 2-arrows fi and v 

such that 

f ^ . f 



A 



A'' 



B 




^B' 



A- 



A'- 



B 



b . 



(47) 



/' 



■^B' 



(h) For all c,c': B A', a: cf =^ c'f and [3: f'c => f'c' such that 
fa = Pf, there exists a unique ■j: c ^ c' such that a = ■jf and 
P = f'l- 

Proof. Condition 2 is equivalent to condition 1, because the square 45 is a pull- 
back. Condition 3 expresses in elementary terms the fact that (/, g) is surjective 
(a) and fully faithful (b), which is equivalent to condition 2. □ 
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Here is now the (almost") usual definition of orthogonal factorisation system. 

15 Definition. An orthogonal factorisation system on a Gpd-category C con- 
sists of {£,M.), where £ and Jvi are two full sub-Gpd-categories of C^, such that 

1. for all f:C^, there exist arrows Cf & S, nif E Ai and a 2-arrow ipj: f ^ 

2. for all e G £^ and m G Ai, elm. 

Orthogonal factorisation systems possess the following properties (see [52], 
[62]). 

16 Proposition. Let {S,Ai) be an orthogonal factorisation system. Then 
the following properties hold: 

1. f E S if and only if for all m G Ai, f [ m; dually, f E At if and only if 
for all e E £ , e I f; 

2. SnM = Equ; 

3. S and Ai are stable under composition; 

4- for all arrows A ^ B C , if gf,g E Ai, then f E Ai, and if gf, f E £, 
then g E S; 

5. £ is stable under weighted colimits and Ai is stable under weighted limits; 

6. £ is stable under pushout and Ai is stable under pullback. 

Orthogonal factorisation systems on C form an order (denoted by OrthFac(C)) 
described in the following way. 

• Objects. These are the orthogonal factorisation systems on C. 

• Order. We say that {£,Ai) < {£',Ai') ii £ C £' or, equivalently (by 
property 1 of Proposition 16), Ai ^ Ai'. 

■^We do not require here neither the stabihty of arrows of £ and Ai under composition with 
equivalences, nor their stabihty under isomorphism (these conditions amount to require that 
the full sub-Gpd-categories £ and M be "replete"). The reason is that the definition of the 
belonging relation between objects of C and full sub-Gpd-categories Ai ^ C implies that, if 
B: C and B e M, then necessarily A <E A4 {in other words, the full sub-(Gpd)-categories 
are always "replete"). Moreover, we use here only categorical properties (i.e. properties of 
objects of a category stable under isomorphism or properties of objects of a Gpd-category 
stable under equivalence) and so, if an arrow / satisfies the property which defines £ or A4, 
every arrow equivalent to g also satisfies this property. 
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The proof of the following proposition is the 2- dimensional version of the 
proof of Korostenski and Tholen for the 1-dimensional case [55, Theorem A]. 



17 Proposition. Let C he a GpA- category. Then 

Fac(C) ~ OrthFac(C). (48) 



Proof. Definition of^: Fac(C) OrthFac(C). Let {£,M,lm,e,m,(p) be a 
factorisation system. Then {S,Ai) is an orthogonal factorisation system. The 

first condition obviously hold. It remains to prove that, for all arrows A ^ B 
f 

and A' ^ B', ii f e £ and f e M, then / | /'. We check the two parts of 
condition 3 of Proposition 14. 



(a) Let be (a, 6) : / — /' in C^. If we apply Im, e, m and ip to /, /' and 
{a,ip,b), we get the following diagram, whose composite is equal to ip. 



A >lmf 




-(a,i/>,i)) 



(a,i/',6) 



(49) 



A 



'-i-^lmf^—^B' 



By conditions 2 and 3 of the definition of factorisation system, is in- 
vertible (because f E S) and Cf is invertible (because /' G Ai). Thus c : = 
ej^ lm{a,ip,b)mj^ is an arrow B — > A', and we have 2-arrows ji: cf ^ a 
and V. h ^ f'c whose composite is if). 

(b) Let be c, c': B ^ A', a: cf => c'f and f3: f'c ^ f'c' such that fa = /3f. 
Then (a,/3) is a 2-arrow (c/, l/'c/, f'c) =^ {c'f, If c'f, f'c') in C^. Moreover, 
mf and Cf are invertible, as well as Cig, niig, ci^, and rrii^,, by condition 4 
of the definition of factorisation system. We can define 7 as the composite 
of the following diagram. We check that 7/ = a and f'j = (3. Moreover, 
7 is unique because, if we have 7' such that 7'/ = a and /'7' = /5, then 7' 
is equal to the composite of the following diagram and so to 7. 
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It is obvious that the functor $ which maps {S,Ai,lm,e,m,(f) to {S,Ai) pre- 
serves the order. 

$ is surjective. Let {£,A4) be an orthogonal factorisation system. We must 
define Im, e, m and ip. By the first condition of orthogonal factorisation system, 
they are already defined on objects. We extend this definition to arrows and 
2-arrows thanks to orthogonality. So, if (a, ip,b): f ^ f is an arrow in C^, since 
Cf I mj/, there exist an arrow Im(a, '0,6): Im/ ^ Im/' and 2-arrows e{a,ii>,b) 
and 'm{^a4>,b) such that the composite of diagram 49 is equal to if). We check the 
Gpd-functoriality of Im, the Gpd-naturality of e and m, and the fact that </? is a 
modification also by using orthogonality. 

$ is fully faithful. If {£,M., Im, e, m, tp) and Im', e', m', (/?') are two 

factorisation systems such that E ^ E' and M! 3 we define a Gpd-natural 
transformation c? : Im — s> Im' and modifications e and /i thanks to orthogonality: 
e/ e £ C is orthogonal to w!^ G A1', so there exist df, ej and /i/ such that 
equation 44 hold. We establish the Gpd-naturality of d and the fact that e and 
fj, are modifications by using condition 3(b) of Proposition 14. □ 

1.2 Kernel-quotient systems 
1.2.1 One-dimensional examples 

In this subsection, we will follow the same scheme to present some usual one- 
dimensional notions. In each notion of congruence and an adjunction 
between some kind of quotient and some kind of kernel are introduced. Notions 
of monomorphism, regular epimorphism, etc., are then defined in terms of this 
adjunction. This scheme will be generalized later in this section under the name 
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of "kernel-quotient system". The proofs are omitted because the results are 
usually well-known and because they will be given in the general case. 

The first example concerns Set-categories, with equivalence relations as con- 
gruences, the kernel relation (or kernel pair) as kernel, and the usual quotient of 
equivalence relations as quotient. 

18 Definition. Let C be a Set-category. We denote by Equ(C) the category 
defined in the following way. 

• Objects. These are the equivalence relations d^^di: A in C. 

• Arrows. An arrow (i?, A, d^, di) (i?'. A', d'^, d[) consists of two arrows 
g: R ^ R' and / : A —>■ A' such that d'oQ = fdo and d'lg = fdi. 

The kernel of an arrow is its kernel relation (or kernel pair), which is the 
puUback of the arrow / along itself. 

19 Definition. Let A B he a.n arrow in a Set-category. A kernel relation 
of / consists of an object KRel(/) and of two arrows do, d\ : KRel(/) =^ A, such 
that fdo = fdi, and satisfying the universal property for this condition. 

20 Proposition. The kernel relation of an arrow f is an equivalence relation. 

The notion of quotient corresponding to this notion of kernel is the usual 
quotient of equivalence relations, which is the coequalizer of the pair of arrows. 

21 Definition. Let do,di: R ^ A be an equivalence relation in a category 
C. A quotient of this relation consists of an object Quot(-R): C and an arrow 
q: A Quot(i?) such that qdo = qdi, satisfying the universal property for this 
condition. 

When C has all the kernel relations and quotients of equivalence relations, 
KRel and Quot are functors between Equ(C) and which form an adjunction: 

Quot 

Equ(C) , ± ' c'. (51) 

KRel 

We will denote the unit of this adjunction \yy rj^'- R KRel(Quot R) and its 
counit by £/ : Quot(KRel /) f; we can describe the counit in more details: the 
arrow / factors in the following way through the quotient of its kernel relation; 
then Ef = (lAifTif). We call this factorisation the regular factorisation of /. 

KRel A ^ >B 

di 

Quot(KRel/) 
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We can define the monomorphisms in terms of tlie adjunction Quot H KRel. 
Let us remark tliat, for all arrow A ^ B in a. category C, there is a canonical 
arrow (1^, /) : 1^ — / in C^. We will say that / has trivial kernel relation if 
KRel(lA, /) is an isomorphism KRel(lyi) — KRel(/), i.e. if 1^, 1^: ^ =^ ^ is a 
kernel relation of /. 

22 Definition. An arrow / in a category C is a monomorphism if its kernel 
relation exists and is trivial. We denote by Mono(C) the full subcategory of 
whose objects are the monomorphisms. 

The regular epimorphisms corresponding to the adjunction Quot H KRel are 
the ordinary regular epimorphisms; these are the arrows which are canonically 
the quotient of their kernel relation. 

23 Definition. An arrow / in C is called a regular epimorphism if the counit 
Ef-. Quot(KRel/) — > / is an isomorphism (i.e. if nif is an isomorphism). We 
denote by RegEpi(C) the full subcategory of whose objects are the regular 
epimorphisms. 

As Renato Betti, Dietmar Schumacher and Ross Street have observed (see 
[11, 10]), it is possible to define various interesting exactness conditions on a 
category C in terms of the adjunction between quotient and kernel. 

The following equivalences are well-known ([53, Proposition 2.7]). 

24 Proposition. Let C be a category which has all kernel relations and quo- 
tients of equivalence relations. Then the following conditions are equivalent. 
When they hold, we will say that C is KRel-factorisable. 

1. For all f : , mf is a monomorphism. 

2. Regular epimorphisms in C are stable under composition. 

In a KRel-factorisable category, (RegEpi(C), Mono(C)) is a factorisation sys- 
tem. 

25 Definition. A category C is KKel-preexact if r] is an isomorphism (i.e. if 
every equivalence relation in C is canonically the kernel relation of its quotient). 

As every adjunction, the adjunction Quot H KRel induces an equivalence 
between the objects of where the counit is an isomorphisme (i.e. the regular 
epimorphisms) and the objects of Equ(C) where the unit is an isomorphism. So, 
for a KRel-preexact category, we have an equivalence 



Quot 

Equ(C) , ^ ' C' 

KRel 



(53) 
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An important property is that every quotient is an epimorphism and every 
coquotient is a monomorphism. In every category which have all the involved 
limits and colimits, there is a comparison arrow Wf between the quotient of 
the kernel relation of an arrow / and the coquotient of its cokernel corelation 
(denoted by CokRel/). 



KRel / \ A ; i B \ CokRel / 




(54) 



Quot(KRel /) ^ Coquot(CokRel /) 



The following proposition characterises the categories for which this compar- 
ison arrow is always an isomorphism. 

26 Proposition. Let C he a category in which all the kernel relations, coker- 
nel corelations, quotients of equivalence relations and coquotients of coequivalence 
corelations exist. The following conditions are equivalent: 

1. for all f , Wf is an isomorphism; 

2. each arrow factors as a regular epimorphism followed by a regular mono- 
morphism; 

3. every monomorphism is regular and every epimorphism is regular. 
When these conditions hold, we will say that C is KRel- CokRel-per feet. 

In a KRel-CokRel-perfect category, 

(RegEpi(C), RegMono(C)) = (Epi(C), Mono(C)) (55) 

is a factorisation system; KRel-CokRel-perfect categories are both KRel-factori- 
sable and CokRel-factorisable (the dual of KRel-factorisable) . 

The adjunction Quot H KRel is directly connected to the factorisation system 
(Surj, Inj) on the category of sets: we can recover the factorisation (Surj, Inj) from 
the adjunction Quot H KRel. 

27 Proposition. 

1. Inj = Mono(Set); 

2. Surj = RegEpi(Set). 



In particular, Set is KRel-factorisable. The notion of congruence which we 
use can be justified by the fact that Set is KRel-preexact. 
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28 Proposition. For every equivalence relation do,di: R ^ A in Set, the 
unit Tjn of the adjunction Quot H Ker is an isomorphism. 

We can also directly define the monomorphisms in terms of the factorisation 
system (Surj, Inj). 

29 Proposition. An arrow f in a category C is a monomorphism if and only 
if for allX: C, C{XJ) G Inj. 

The notions defined in terms of the dual adjunction, between the cokernel 
corelation and the coquotient, also induce the factorisation system (Surj, Inj). 

30 Proposition. 

1. Surj = Epi(Set); 

2. Inj = RegMono(Set). 

In Set*-categories (categories enriched in the category Set* of pointed sets), 
we can study the same adjunction Quot H KRel as in Set and everything works in 
the same way as for ordinary Set-categories. In the following of this subsection, 
we study the adjunction Coker H Ker between the cokernel and the kernel. 

For this adjunction, the congruences are the monomorphisms. The congru- 
ences in C form thus a category Mono(C), which is a full subcategory of the 
category of the arrows in C. 

f * 

31 Definition. Let A ^ B he an arrow in a Set*-category. A kernel of / 

consists of an object Ker / and of an arrow k: Ker / — > A, such that fk = 0, 
satisfying the universal property for this condition. 

32 Proposition. The kernel of an arrow f is a monomorphism. 

The notion of quotient corresponding to this notion of kernel is the coker- 
nel, which is the dual of the kernel. If C has all kernels and the cokernels of 
monomorphisms, kernels and cokernels form functors Coker H Ker: 

Cokcr 

Mono(C) , ± ' . (56) 

Kcr 

We denote hj rji: i Ker(Cokeri) the unit of this adjunction and its counit by 
Ef-. Coker(Ker/) f. Like for the adjunction Quot H KRel, this adjunction 
gives a factorisation of each arrow, called the Ker -regular factorisation, as in the 
following diagram. Then = (l^,mj). 

kf f 

Ker/ '-^A >B 




Coker (Ker/) 
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We will say that A B has trivial kernel if Ker(l^, /) : Ker(lyi) — > Ker(/) 
is an isomorphism, i.e. if is a kernel of /. This allows us to define a notion of 
monomorphism in terms of the adjunction Coker H Ker. 

33 Definition. An arrow / in a Set*-category C is a 0-monomorphism if its 
kernel exists and is trivial (i.e. if is a kernel of /). We denote by O-Mono(C) 
the full sub-category of whose objects are the 0-monomorphisms. 

The dual notion will be called 0-epimorphism. We can also define a notion 
of regular epimorphism corresponding to the adjunction Coker H Ker. This is an 
arrow which is canonically the cokernel of its kernel. 

34 Definition. An arrow / in C is a normal epimorphism if the counit 
Ef-. Coker(Ker/) ^ / is a isomorphism (i.e. if rrif is a isomorphism). We de- 
note by NormEpi(C) the full subcategory of whose objects are the normal 
epimorphisms. 

The dual notion will be called normal monomorphism. We can now define 
some exactness conditions in terms of this adjunction, in the same way as for 
those defined in terms of the adjunction Quot H KRel. 

35 Proposition. Let C be a Set* -category which has the kernels and the cok- 
ernels. Then the following conditions are equivalent; when they hold, we will say 
that C is Ker-factorisable .' 

1. for all f : , ntf is a 0-monomorphism; 

2. normal epimorphisms in C are stable under composition. 

In a Ker-factorisable Set*-category, (NormEpi(C), O-Mono(C)) is a factorisation 
system. 

36 Definition. A Set*-category C is Ker -preexact if every monomorphism in 
C is canonically the kernel of its cokernel (i.e. if rj is an isomorphism). 

In a Ker-preexact category, the adjunction Coker H Ker restricts to an equiv- 
alence 

Coker 

Mono(C) , ' NormEpi(C) . (58) 

Kcr 

Let us turn to the dual constructions and to the comparison map between 
the factorisations. In this case, there is a special phenomenon: the cokernel and 
the quotient coincide, as well as the coquotient and the kernel. 

We can remark that every cokernel is a 0-epimorphism (even an epimorphism) 
and every kernel is a 0-monomorphism (even a monomorphism). As for the kernel 
relation and the quotient, we can construct a comparison arrow Wf between the 



1.2. Kernel- quotient systems 



43 



cokernel of the kernel of an arrow / and the kernel of its cokernel. We get the 
following diagram. 

Ker/ >A >B >Coker/ 

e) ™/ (59) 

Coker(Ker /) Ker(Coker /) 

As in the case of the adjunction Quot H KRel, we can characterise the Set*- 
categories for which is an isomorphism for all /. This is Theorem 39.17 of 
[45]. Puppe-exact categories appear in Puppe [65] and in the book of Mitchell 
[63] and were studied by Marco Grandis [37]. 

37 Proposition. Let C be a Set* -category in which kernels and cokernels ex- 
ist. The following conditions are equivalent; when they hold, we will say that C 
is Ker-Coker-perfect or Puppe-exact.' 

1. for all f , Wf is a isomorphism; 

2. each arrow factors as a normal epimorphism followed by a normal mono- 
morphism; 

3. every 0-monomorphism is a normal monomorphism and every 0-epimor- 
phism is a normal epimorphism. 

In a Puppe-exact Set*-category, 

(NormEpi, NormMono) = (Epi, Mono) = (0-Epi, 0-Mono) (60) 

is a factorisation system. With this definition, we have almost left the purely 
pointed world since, by adding the existence of products or coproducts (one of 
them suffices), C is abelian and thus an Ab-category. There are few examples of 
non-abelian Puppe-exact categories (see [23] and [17]). 

We could ask that in a Set*-category KRel-regular and Ker-regular factorisa- 
tions exist and coincide. This is the case for semi-abelian categories. 

The adjunction Coker H Ker is closely related to the factorisation system 
(BiJ*, 0-Mono) on Set*, that we will describe now. 

38 Definition. A morphism of pointed sets A ^ B is 0-injective if for all 
a: A, if /(a) = 0, then a = 0. We denote by 0-lnJ the full subcategory of (Set*)^ 
whose objects are the 0-injective morphisms. 

39 Definition. A morphism of pointed sets A ^ B is bijective outside the 
kernel if the following conditions are satisfied: 
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1. / is surjective; 

2. / is injective outside the kernel: for all a, a' : A, if /(a) = f{a'), then either 
/(a) = = /(a')' or a = a'. 

We denote by Bij* the full subcategory of Set*^ whose objects are the morphisms 
bijective outside the kernel. 

40 Proposition. {B\j*,0-\n]) is a factorisation system. 

Proof. The image of A ^ S is Im* / = where a ~ a' if /(a) = = f{a') 

or a = a', with as the distinguished element. We define m/: Im* f ^ B: 
f{a) and e/: A — > Im* f: a ^ a. It is easy to see that mj is 0-injective, that e/ 
is bijective outside the kernel and that this defines a factorisation system. □ 

The following proposition shows that we can get back the factorisation system 
(BiJ*, 0-lnJ) from the adjunction Coker H Ker. 

41 Proposition. 

1. 0-lnJ = 0-Mono(Set*); 

2. BiJ* = NormEpi(Set*). 

Moreover, the following proposition justifies the definition of congruence we 

use. 

42 Proposition. For every monomorphism i in Set* , the unit rji of the ad- 
junction Coker H Ker is an isomorphism (every monomorphism is normal). 

We can also directly define 0-monomorphisms in terms of the factorisation 
system (BiJ*, 0-lnJ). 

43 Proposition. An arrow f in a Set* -category C is a 0-monomorphism if 
and only if for all X: C, C{X, f) G 0-lnJ. 

For the dual theory, there is a difference with the case of the adjunction 
Quot H KRel. The Coker-coregular factorisation in Set* doesn't give back the 
factorisation system (BiJ*, 0-Mono), but the system (SurJ, InJ). 

44 Proposition. 



1. SurJ = 0-Epi(Set*); 

2. InJ = NormMono(Set*). 
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A last example is the category Ab of abelian groups, where the two factorisa- 
tions of Set* merge: 0-injections and injections coincide. Ab is both Ker-Coker- 
perfect and KRel-CokRel-perfect: the factorisation (Surj, Inj) can be constructed 
by the cokernel of the kernel and the kernel of the cokernel as well as by the 
quotient of the kernel relation and the coquotient of the cokernel corelation. 
More generally, in an Ab-category, there is an equivalence between Equ(C) and 
Mono(C), and this equivalence commutes with, on the one hand, Ker and KRel 
and, on the other hand, Coker and Quot. This allows us to translate the notions 
of factorisability, preexactness or perfection in terms of one of the adjunctions 
from these notions in terms of the other adjunction. This is what gives the 
theorem of Tierney. 

1.2.2 Definition of kernel-quotient system 

The definitions and propositions we've just recalled in a parallel way for the ad- 
junction Quot H KRel in Set-categories and for the adjunction Coker H Ker in 
Set*-categories can be developed in a general framework discovered by Renato 
Betti, Dietmar Schumacher and Ross Street ([11], [10]). They present this frame- 
work in a 2-categorical context but, as they remark in their introduction, we can 
develop it in an enriched context (see [30]). 

We start with a symmetric monoidal closed category (or, in dimension 2, 
with a Gpd-category) V, with a factorisation system {£,J^) on V and with W, 
a full subcategory S which generates {S,Ai) (in the orthogonality sense, i.e. for 
all /: V^, / G if and only if, for all w G W, w I f). If the involved limits 
exist, we can define from W, for a V-category C, an adjunction 

Qw 

[>V°P, C] , ± ' C^, (61) 

where [VV°p, C] is the V-category of V-functors VV°p C. The functor i^>v maps 
each arrow /: to its W-kernel, which is a functor VV°p — > C, defined as the 
limit of / : 2 ^ C weighted by the distributor : W ® 2 — V corresponding by 
adjunction to the inclusion W ^ V^. Dually, the functor Qw maps each functor 
H : >V°P ^ C to its W-quotient, which is an arrow in C, defined as the colimit of 
H weighted by 0. 

A functor H : C which becomes a W-kernel in V under the action of 

the representable functors (i.e. such that, for all X : C, C{X, H) : W°p — * V is a 
W-kernel) is called a W-congruence in C. We denote by W-Cong(C) the full sub- 
V-category of [W°p,C] whose objects are the W- congruences. If W contains the 
arrow 1/ (identity on the unit of the tensor product of V), to each W-congruence 
H corresponds an object dH := H{lj)] we say that is a W-congruence on 
dH. 
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W-Cong(C), with unit 77 and 

V (62) 

This adjunction satisfies the following properties: 

1. there exist natural isomorphisms a: d ^ f^oQw and /?: 9o ^ dK\/i/ such 
that /3Qw o Oi = dr] and o a'^Ky^i = doe; 

2. QKl^ =^ 1_ is an isomorphism. 

Such an adjunction on C will be called here a kernel- quotient system on C 

In the case where V is Set, equipped with the factorisation system (Surj, InJ), 
and where the objects of W are the unique arrows 2^1 and 1^1, the W- 
kernel is the kernel relation, the W-quotient is the quotient (coequalizer), and the 
W-congruences are the equivalence relations (because in Set every equivalence 
relation is the kernel relation of its quotient). The functor d maps do,di: R ^ A 
to the object A [R is an equivalence relation on A). We have thus the following 
kernel-quotient system. 

Quot 



Equ(C) , ± ' C' 




In the case where V is Set*, with the factorisation system (Bij*, 0-Mono), and 
where the objects of W are the unique arrow 2 — 1 and the arrow I2: 2 — 2 
(where 2 is the unit of the tensor product of pointed sets, with as distinguished 
element), the W-kernel is the ordinary kernel, the W-quotient is the cokernel, and 
the W-congruences are the monomorphisms (because in Set*, every monomor- 
phism is the kernel of its cokernel). The functor d maps a monomorphism M ^ A 
to the object A [mis a subobject of A). Thus we get the following kernel-quotient 
system. 



Cokcr 




We have thus an adjunction Qw ^ K-^: C 
counit e. 

Qw 

W-Cong(C) ^ 
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From the kernel-quotient system Qw ^ -^w? in parallel to what we did in 
the previous subsection for the systems Quot H KRel and Coker H Ker, we can 
define notions of i^'w'-nionorphism (this is an arrow whose Jr>v-kernel is trivial), 
of i^vv-regular epimorphism (this is an arrow / which is canonically isomorphic to 
QwKy^f), of fCw-factorisability, of i^vv-preexactness, etc. We can characterise 
the i^'w-monomorphisms in terms of the factorisation system {S,Ai): / is a 
iTw'J^oiioi^orphism if and only if, for all X : C, C{X, f) E M.. 

It is always true that 

M = i^w-Mono(V), (65) 
but it is not always the case that 

S = Kn;-RegEpi(V) (66) 

(this is not the case, for example, for pointed groupoids, with the adjunction 
Coker H Ker). This last property hold if and only if W is a dense subcategory 
of 8. In this case, we get back the factorisation system from the adjunction 

If we have two dense subcategories Wi, VV2 which generate the same factori- 
sation system on V, we can prove that the notions of monomorphism, regular 
epimorphism, factorisability, preexactness, etc., defined in terms of Wi and of 
'W2 are equivalent (see [30]). This is the case for Ab where, for the two kernel- 
quotient systems 63 and 64, Surj = Ky\)-RegEp\{/\b) . Since £ is dense in S, we 
can conclude that the notions defined in terms of a dense subcategory W in £^ 
are equivalent to those defined in terms of S itself; thus W play the role of an 
approximation of S, easier to handle since it contains only a few objects. 

In the following chapters, we will define congruences, kernels and quotients 
directly, without starting from a full sub-Gpd-category W. That is the reason 
why we won't study in more details Betti-Schumacher-Street's theory. We will 
merely develop a theory of kernel-quotient systems on Gpd-categories (this theory 
applies in particular to kernel-quotient systems on Set-categories). 

Let us define now kernel-quotient systems on a Gpd-category. 

45 Definition. Let C be a Gpd-category. A kernel- quotient system on C 
consists of: 

1. a Gpd-category Cong(C) (whose objects will be called congruences) together 
with a Gpd-functor d: Cong(C) — > C (we will say that H : Cong(C) is a 
congruence on dH); 

2. an adjunction Q -\ K : C'^ ^ Cong(C), with unit 77: lcong(c) ^ KQ and 
counit e: QK =^ 1^2 (we will call the congruence Kf the kernel of / and 
the arrow QH the quotient of H); 
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3. Gpd-natural transformations a: d ^ doQ and (3: do ^ dK such that SqE 
(3~^ o a~^K and d?] ~ (3Q o a. 

Moreover, £l_ must be an equivalence. 



Q 



cong(c) ; 




(67) 



The definition becomes more symmetrical if we see a kernel-quotient system as an 
adjunction which commutes, on the one hand, with the Gpd-functors "domain" 
d and do to C: we have 

• doQ ~ d (the domain of the quotient of a congruence on A is A) and 

• dK ^ do (the kernel of an arrow is a congruence on the domain of this 
arrow) , 

and, on the other hand, with the Gpd-functors "trivial arrow" 1_ (which maps 
an object A to the "trivial" arrow on A, which is 1a) and "trivial congruence" 
triv := Kl- (which maps an object A on the "trivial" congruence on A, which 
is the kernel of 1a): we have 

• Kl^ ~ triv (the trivial congruence on A is the kernel of 1^), and 

• Qtriv ~ 1_ {eIa- QKIa 1a is an equivalence: the quotient of the trivial 
congruence on A is 1^)- 

In the examples, the system will always be described semi-strictly, in the 
sense that d = doQ (and a is the identity), do = dK (and P is the identity) and 
that 

doe = id and drj = id. (68) 

From now on, we assume that kernel-quotient systems are described strictly, to 
simplify calculations. 

For each arrow A ^ B in C, e f is a.n arrow QKf — > / in C^, whose first 
component is 1^, since we assume that doe is the identity. We introduce the 
following notation: 

A= A 




(69) 
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We call the factorisation of / given by this diagram the K -regular factorisation 



In fact we have a Gpd-functor Im := diQK: — > C, Gpd-natural transforma- 
tions e := 5QK: Oq => Im and m := die: Im =^ di, together with a modification 
me. Thus we are in the situation of diagram 38. But in general this 
does not define a factorisation system. In Subsection 1.2.4 we study under which 
conditions we actually have a factorisation system. 

1.2.3 Monomorphisms and regular epimorphisms 

There is a canonical arrow 1^ — > / in C^. We use it to define 

monomorphisms relative to the kernel-quotient system Q -\ K [11, Definition 
3.3]. 

46 Definition. We say that an arrow A ^ B in C is a K -monomorphism 
if K{1a, If, f): KIa — > Kf is an equivalence (i.e. if the kernel of / is trivial). 
We denote by K-Mono the full sub-Gpd-category of whose objects are the 
/T-monomorphisms. 

In a Set-category, the KRel-monomorphisms are just the ordinary monomor- 
phisms, whereas in a Set*-category, the Ker-monomorphisms are the 0-monomor- 
phisms. We will now prove some properties of i^-monomorphisms, similar to the 
usual properties of monomorphisms. To begin with, the kernels of two arrows 
connected by a ii'- monomorphism are equivalent [11, Remark 3.4 2]. 

47 Proposition. Let A ^ B ^ C and A ^ C he arrows in C and (p: f ^ 
mg be a 2-arrow. If m is a K -monomorphism, then K [1 a, i^'^ , m) : Kg Kf 
is an equivalence. 

Proof. The following cube, where vertical arrows are thought of as objects of 
C^, is a puUback in (because the upper and lower squares are puUbacks in C). 



of/. 



A 



9 



^B 



A 




^B 




a 



m 



(70) 



B 



B 





C 



C 



Now, since K is a right adjoint, it preserves limits. Thus, by applying K to this 
cube, we get the following pullback in Cong(C). As m is a /T-monomorphism, 
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the right side of the square is an equivalence. So, since the square is a pullback, 
the left side is also an equivalence. □ 



Kg > K 1b 



K{lB,lm,m) (71) 



Kf — — Km 

A corollary is that K-monomorphisms are stable under composition and sat- 
isfy the cancellation law [11, Theorem 3.5]. 



48 Corollary. Let A ^ B ^ C be arrows in C. 

1. If m and n are K -monomorphisms, then nm is a K-monomorphism. 

2. If nm and n are K -monomorphisms, then m is a K-monomorphism. 

Proof. By the previous proposition, if n is a i^-monomorphism, the upper 
arrow of the following diagram is an equivalence. Thus m is a i^-monomorphism 
if and only if the left arrow is an equivalence if and only if the right arrow is an 
equivalence if and only if nm is a i^-monomorphism. □ 

K{lA,ln,n,n) 

Km > K [nm] 

\ ^ (72) 

KIa 

A K-regular epimorphism is an arrow which is canonically the quotient of its 
kernel. In general, quotients are not i^-regular epimorphisms, unlike what hap- 
pens in the 1-dimensional examples. This will be the case when the adjunction 
Q -\ K is idempotent (see the following subsection). 

f 

49 Definition. An arrow A ^ B m. C is a, K -regular epimorphism if is 
an equivalence (i.e. if is an equivalence). We denote by K-RegEpi the full 
sub-Gpd-category of whose objects are the i^-regular epimorphism. 

In a Set-category, the KRel-regular epimorphisms are the ordinary regular 
epimorphisms and, in a Set*-category, the Ker-regular epimorphisms are the 
normal epimorphisms. 



50 Proposition. ii'-Mono n fC-RegEpi = Equ. 
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Proof. i^-Mono n Ji -RegEpi C Equ. Let A B he an arrow which is both a 
i^'-monomorphism and a A'-regular epimorphism. Then, in the following square, 
the left arrow is an equivalence by the definition of kernel-quotient system, the 
upper arrow is an equivalence because K{1a, 1/, /) is an equivalence, since / is 
a i^-monomorphism, and the right arrow is an equivalence because / is a ir- 
regular epimorphism. So the upper arrow is an equivalence and, as / ^ 1a, f is 
an equivalence. 



QKl 



QK{lA,lf,f) 



1a 



'4'QKf 



(73) 



Equ C f^-Mono. Let A 5 be an equivalence. Then (1^, Ij,/) is an 
equivalence in and so K{lA,lf,f) is an equivalence in Cong(C) and / is a 
i^'-monomorphism. 

Equ C iC-RegEpi. Let / be an equivalence. In the above diagram, the upper 
and lower arrow are equivalences because / is and the left arrow is an equivalence 
by the definition of kernel-quotient system. So £/ is an equivalence and / is a 
i^-regular epimorphism. □ 

The following proposition is Theorem 4.7 of [11]. 

51 Proposition. For every congruence H and every K -monomorphism A ^ 
B, QH [ m. In particular, for every K -regular epimorphism e and every K- 
monomorphism m, e I m. 

Proof. In the following diagram, the left upper arrow is an equivalence (it 
comes from the adjunction (9i H 1_: C ^ C^), the right upper and right lower 
arrows are equivalences (they come from the adjunction Q H K), and the right 
arrow is an equivalence (since m is a i^-monomorphism) . Thus {QH,m) is an 
equivalence, i.e. QH | m. □ 



C{d^QH,A)^-^^^^^C'{QH,lA) 



(l,4,lm^,m)o- 

C^{QH,m) 



-^Cong{C){H,KlA) 

K{lA,lm,m)o- (74) 



Cong{C){H, Km) 



1.2.4 Exactness conditions 

52 Definition. We say that C is K-idempotent if the adjunction Q -\ K is 
idempotent (Proposition 9). 
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In the 1-dimensional examples, Quot H KRel and Coker H Ker, it is always 
true that the adjunction is idempotent. The reason is that, as the adjunction 
Q -\ K commutes with Oq and 9, it restricts to the fibres of these functors, and 
the adjunction Q -\ K is idempotent if and only if, for all A: C, the adjunction 

Cong(A) , 1 ' A\C, (75) 

K 

between the congruences on A and the arrows of domain A is idempotent. Now, 
in the examples of dimension 1 we talked about, these adjunctions between fi- 
bres are adjunctions between orders, and an adjunction between orders is always 
idempotent. On the other hand, in the examples of dimension 2, the fibre ad- 
junctions are in general adjunctions between proper categories, and so are not 
always idempotent. For example, it happens that a cokernel is not the cokernel 
of its kernel, as shown in Proposition 97. 

When C is i^'-idempotent, the properties of i^T-monomorphisms and i^-regular 
epimorphisms are better. For example the cancellation law hold for i^"-regular 
epimorphisms. 

53 Proposition. Let us assume that C is K -idempotent and let A ^ B C 
be arrows in C. If p and qp are K -regular epimorphisms, then q is a K -regular 
epimorphism. 



Proof. Let us consider the following diagram in C^. The front face is a pushout. 
Moreover, Si^ is an equivalence (by the definition of kernel-quotient system) , and 
Bp and Sqp are equivalences (since p and qp are ii'-regular epimorphisms). So, 
by the universal property of the pushout, there exists t: q QKq such that 



F t ^ ^ 



QKp > QKl B 



eir 



p- 



{lA,lqp,q) 



QK{qp) 



^1 



B 



QK{p 


s- 


(1b, 

J 


i9,g) / 



QK{lB,lg,q) 



QKq 



qp. 



(p,l<jp,lc) 



(76) 



By the idempotence of the adjunction Q -\ K, Ksq is invertible. Thus 
KtKsq - {KeqY^KsqKtKeq ~ {Keq)-^Keq ~ 1. So we have {QKt){QKeq) ~ 
1. Now, in the following diagram, egKq is an equivalence, by idempotence. So 
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tSq ^ 1 and Eq is an equivalence. 



□ 



QKeq ^ QKt „ 

QKcq > QKq > QKCg 



SQKq 



(I 



(77) 



If we apply condition 2 of Proposition 9 to the adjunction Q H i^, we get that 
C is i^-idempotent if and only if every quotient is a /^-regular epimorphism. In 
particular, we get the following proposition. 

54 Proposition. //C is K-idempotent, for all /: C^, Cf is a K -regular epi- 
morphism. 

55 Proposition. IfC is K-idempotent, then A ^ B is a K -monomorphism 
if and only if cj is an equivalence. 

Proof. If / is a ii'-monomorphism, then in the following diagram the upper 
arrow is an equivalence. Morevoer, the right arrow is an equivalence because 
the adjunction Q -\ K is idempotent. We have thus Kcf ~ Kl^- So, by using 
once again the idempotence and the fact that ei^ is an equivalence, we have 
6/ ^ QKcf ^ QKIa — 1a- So 6/ is an equivalence. 



KIa > Kf 

^ / 

_ftr(lA,le^,e/) \ / Kef=K{lA,'fiJ^,mf) 

Kcf 



(78) 



Conversely, let us assume that e/ is an equivalence. Then, in the previous 
diagram, the left and right arrows are equivalences, so the upper one is also an 
equivalence and / is a i^-monomorphism. □ 

Proposition 55 and the definition of i^-regular epimorphism show that, if C is 
/C-idempotent, the full sub-Gpd-categories S and A4 defined as in Proposition 13 
from the i^-regular factorisation are respectively i^-RegEpi and i^'-Mono. More- 
over, condition 2 of that proposition hold, by Proposition 50. And Proposition 
54 above gives the first half of condition 1 of Proposition 13. It remains thus only 
one condition to have a factorisation system: that, for all /: C^, ruf G K-Mono. 



56 Definition. We say that C is K -factorisable if for all / : C^^nif e J'^-Mono. 



57 Proposition. IfC is K -factorisable, then C is K-idempotent. 
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Proof. Let be /: C^. By applying Proposition 47 to ^9/: f => mfCj, since mj 
is a ii'-monomorphism, the arrow Kej = K{lA,y^f,mf) : KQKf Kf is an 
equivalence. So Ke is an equivalence and C is /C-idempotent. □ 

Thus, if C is i^-factorisable, (Ji-RegEpi, J^-Mono, Im, e, m, ip) is a factorisation 
system. 

There is another point of view on factorisation systems, which we won't study 
in detail here: to give a factorisation system amounts to give a coreflexive full 
sub-Gpd-category S "-^ C'^ which is stable under composition and which contains 
all the identities (see [46] for the 1-dimensional version). From this point of 
view, what the regular factorisation is lacking to form a factorisation system 
is the stability under composition of i^'-regular epimorphisms. The following 
proposition shows that we can also use this condition to define i^-factorisability. 



58 Lemma. Let us assume that C is K-idempotent. Let A 
in C and A E a K-regular epimorphism. Then 



ejo-: {A\C){e,ef)^{A\C){e,f) 



B be an arrow 



(79) 



is an equivalence. 



Proof. In the following diagram, the left upper and lower arrows are equiva- 
lences, because e is a /^-regular epimorphisms; the right upper and lower arrows 
are equivalences, by the adjunction Q -\ K; the right arrow is an equivalence by 
idempotence of the adjunction Q H K. So the left arrow is an equivalence. 



e,e/J 



■C\QKe,ef) 



Cong{C){Ke,Kef) 



Kefo- 



-^C'iQKeJ) 



Cong{C){Ke,Kf) 



Then, in the following diagram, the front and back faces are pullbacks, and 
the three edges between the right lower corner of the back face and the right 
lower corner of the front face are equivalences. So the edge from the left upper 
corner is an equivalence. □ 



iA\C)ie,ej) 



-4C2(e,e/) 



efo- 



ejo- 
do 



do 



(81) 
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59 Proposition. The following conditions are equivalent: 

1. C is K-factorisable; 

2. C is K -idempotent and K-regular epimorphisms are stable under composi- 
tion. 

Proof. 1^2. We already know, by Proposition 57, that C is i^-idempotent. 

Then let A — > — > C be /^-regular epimorphisms. Let us consider the 
following diagram. By i^-idempotence, Cp and Cqp are /T-regular epimorphisms 
(by Proposition 54). Thus, by Proposition 53, Im(lA, iqp,q) is a i^-regular epi- 
morphism. Now, since p is a i^-regular epimorphism, nip is an equivalence. So 
qnip ^ g is a ii'-regular epimorphism and, again by Proposition 53, Tflqp IS cl 
i^'-regular epimorphism. As C is i^-factorisable, m^p is also a i^-regular epimor- 
phism. Thus mqp is an equivalence, by Proposition 50, and qp is a i^-regular 
epimorphism. 



A 



A 



> Im p > B 



12) 



2^1. We apply the regular factoristion to m := nif. This gives the following 
diagram where, by idempotence, e/ and Cm are i^'-regular epimorphisms. By 
stability under composition of K-regular epimorphisms, e := e^e/ is also a ir- 
regular epimorphism. 

/ 



^3) 




> Imm 



such that cue 



We apply the previous lemma to / and e. To 
correspond (1a, a, a): e — e/ and u: nifa =^ m„ 
We will prove that a is an inverse for Cm- 

We apply again the previous lemma to / and e/. Then </?~^ ouem'- frifacm =^ 
rrif which is a 2-arrow er^-o (1^, a, aCm) =^ £f°{^A, le^, lim/) : ^ f', since ejo — 
is fully faithful, there exists u' : aCm => 1 such that uJCm. = V^m ° f^' ■ 

We apply once again the previous lemma, but to mf and Cm- We have 
rrim., which is a 2-arrow Em o (lim/, emf^', 6^0) =^ o 
As £m ° ~ is fully faithful, there exists an isomor- 



u o ip^'^a: mmCma 



C'ry 



mi 

m 



phism Cmtt =^ 1. 

So Cm is an equivalence and, by Proposition 55, which we can use thanks to 
the -fC-idempotence, is a /('-monomorphism. □ 
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60 Definition. We say that C is K -preexact if for every congruence H, the 
unit rjH'- H ^ KQH is an equivalence (every congruence is canonically the kernel 
of its quotient). 

If C is /'("-preexact , the adjunction Q -\ K restricts to an equivalence 

Q 

Cong(C) , ^ ' K-RegEpi. (84) 

K 

If we restrict to the fibres in A: C, we have thus an equivalence 

Q 

Cong(A) , A\A'-RegEpi, (85) 

K 

between the congruences on A and the i^'-regular epimorphisms with domain A 
(the quotients of A). 



1.2.5 Duality 

Let us come back to the situation of the beginning of Subsection 1.2.2, where V is 
a symmetric monoidal closed category, {S, A4) is a factorisation system on V, and 
W is a full subcategory of £ generating {£,J\4). We can define, in a V-category, 
not only W-kernels, W-quotients, W-congruences and the corresponding notions 
of monomorphism, regular epimorphism, etc., but also the dual notions: W- 
cokernels -R'vv, W-coquotients Qw) W-cocongruences, i^vv-epimorphisms, Ky\;- 
regular monomorphisms, etc. 

In the case of Set with (Surj, Inj) and W = < i, i j-, there are two remarkable 

properties: 

1. in Set, / is an epimorphism if and only if / is a surjection; 

2. every quotient is an epimorphism; every coquotient is a monomorphism. 

In the case of Set* with (Bij*, 0-lnj) and W = s i, || >, there are two slightly less 
remarkable properties (the first is not an equivalence): 

1. in Set*, if / is a bijection outside the kernel, then / is a 0-epimorphism 
(i.e. a surjection, by Proposition 44); 

2. every cokernel is a 0-epimorphism and every kernel is a 0-monomorphism. 

These properties won't hold in dimension 2. For example for Gpd*-categories, 
the notion of monomorphism corresponding to the adjunction cokernel H kernel 
is the notion of fully 0-faithful arrow, but it is not true that every cokernel is fully 
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0-faithful. But it was the second of these properties that allowed us to define the 
comparison arrow between the quotient of the kernel and the coquotient of the 
cokernel. 

In dimension 2, instead of having one factorisation system which induces 
notions of kernel, quotient, etc., compatible with the dual notions induced by 
the same factorisation system, we have typically crossed situations: the ker- 
nels/quotients of system 1 are compatible with the cokernels/coquotients of sys- 
tem 2 (there is a comparison arrow between the quotient of the kernel 1 and the 
coquotient of the cokernel 2) and, conversely, the kernels/quotients of system 2 
are compatible with the cokernels/coquotients of system 1. 

Let us introduce the following definition [30]. 

61 Definition. Two factorisation systems {Si, Mi) and (£^2,-^^2) on V are 
precoupled if the following implications hold'^: 



We say that the systems are coupled if these implications are equivalences. 

The first property above for (Surj, Inj) on Set can be translated in the following 
way: the factorisation system (Surj, Inj) is self-coupled, whereas the corresponding 
property for (Bij*,0-lnj) on Set* means that (Bij*,0-lnj) is self-precoupled. In the 
2-dimensional examples, we will meet situations where we have two different fac- 
torisation systems which are coupled or precoupled. For examples, for groupoids 
or symmetric 2-groups, the systems (FullSurj, Faith) and (Surj, FullFaith) are cou- 
pled (this is proved, for symmetric 2-groups, at the end of Section 6.1.3 and, 
for groupoids, in [31]). In dimension 3, we should expect to have a chain of 
three factorisation systems, the first and the last ones being (pre) coupled and 
the central one being self- (pre) coupled. 

If {Si, Ail) (with generator Wi) and (£^27-^2) (with generator VV2) are two 
precoupled factorisation systems on V, we can prove the following properties (see 
[30]), which are the second properties we talked about at the beginning of this 
subsection for the 1-dimensional examples: 

1. for every Wi-congruence H, QwiH is a -ft'wj-epimorphism; 

2. for every >V2-cocongruence H, Qw^H is a i^Wj-monomorphism. 

When a kernel-quotient system and a cokernel- coquotient system (dual of kernel- 
quotient system) satisfy these properties, we will say that they are precoupled. In 
such a context we will be able to define the comparison arrow between the regular 

These two conditions are in fact equivalent. 



f eSi ^ for all Y: V, [/, Y] G M2 and 
f eS2 ^ for all Y: V, [/, Y] G Mi. 



(86) 
(87) 
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and coregular factorisations and to develop the theory of perfect categories. For 
a cokernel-coquotient system K2 ~^ Q2, we will call i^'2-epimorphism the dual 
notion of i^-monomorphism. 

62 Definition. A kernel-quotient system Qi H A'l and a cokernel-coquotient 
system K2 ^ Q2 are precoupled if 

1. every quotient QiH is a i^^2-epimorphism; 

2. every coquotient Q2H is a i^i-monomorphism. 



Congi(C); 




Cocong2(C) 



(88) 



For the remaining of this section, let us fix a kernel-quotient system and a 
cokernel-coquotient system which are precoupled. Each arrow factors in two 
ways: i^i-regular factorisation / ~ ''^/C/ fo^' Qi ^ ^^1 and i^2-coregular factori- 
sation / ^ ""^/Cj for K2 H Q2- Thanks to the precoupling, there is a comparison 
arrow between these two factorisations. In fact, ej- is QiKif and is thus a 
i^2-epimorphism, by the precoupling, and m'j is the coquotient (^2^2/', so, by 
Proposition 51, ej- J. m'j. 

We have thus an arrow Wf (which forms a Gpd-natural transformation) and 
2-arrows Ef and fif (which form modifications) such that 



Wf 




A e 




^'/^ B 




Im'f 




A 



ImV 

■/- 




Wf 



^9) 



63 Theorem. The following conditions are equivalent. When they hold, we 
say that C is Ki-K2-peTiect. 

1. For every f : , Wf is an equivalence. 

2. Every arrow factors as a Ki-regular epimorphism followed by K2-'>^egular 
monomorphism. 
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3. Every Ki-monomorphism is a K2-regular monomorphism and every K2- 
epimorphism is a Ki-regular epimorphism. 

Proof. 1^2. For every /: C^, m?j is a i^'i -monomorphism, thanks to the 
precouphng. Now, if Wf is an equivalence, mj. ^ m^, so mj- is also a Ki- 
monomorphism. Thus C is i^i-factorisable. 

Hence, by Proposition 57, C is Ki-idempotent and, by Proposition 54, ej- is 
a /^i-regular epimorphism. Dually, is a i^^2-regular monomorphism. 

2^3. Let / be a A'l-monomorphism. By condition 2, there exist e G 
i^'i-RegEpi and m G Jr2-RegMono C J^i-Mono and a 2-arrow / =^ me. By 
the cancellation property of Ki-monomorphisms (Corollary 48), e is also a Ki- 
monomorphism. Thus, by Proposition 50, e is an equivalence and f c:^ m & 
i^2-RegMono. The other property is proved dually. 

3^1. Condition 3 implies that i^^2-regular monomorphisms are stable 
under composition, because i^i -monomorphisms are (Corollary 48). Dually, Ki- 
regular epimorphisms are stable under composition. 

Then, C is i^i-idempotent because every quotient is a i^2-epiniorphism and 
thus a i^i-regular epimorphism {eq^ : QiKiQi =^ Qi is an equivalence). Dually, 
C is i^'2-idempotent. 

So, by Proposition 59, mj- is a i^i-monomorphism and e'j is a iir2-epimorphism. 
By the cancellation law (Corollary 48), the arrow Wf belongs both to /Ci-Mono C 
X2-RegMono and to fr2-Epi. Thus is an equivalence, by Proposition 50. □ 

If C is i^'i-i^^2-perfect, C is Ji'i-factorisable and i^2-factorisable and 

{K2-Ep\, J-sTi-Mono) = (fCi-RegEpi, ifs-RegMono) (90) 
is a factorisation system. 



Chapter 2 
Kernels and pips 



This chapter introduces the basic notions which we use in the fol- 
lowing chapters. After the definition of pointed groupoid enriched 
categories, we introduce different kinds of arrows and objects, and 
different kinds of limits: (co)kernel, (co)pip and (co)root. 

2.1 Generalities 
2.1.1 Gpd*-categories 

Pointed groupoids play in dimension 2 the role that pointed sets played in di- 
mension 1. Pointed groupoid enriched categories will be the natural context 
where it makes sense to speak of kernel, cokernel and the corresponding notions 
of "monomorphism" and "epimorphism" . 

64 Definition. 

1. A pointed groupoid consists of (A, /), where A is a groupoid and /: A. 

2. A pointed functor (A, /) (B, /) consists of a functor F: A ^ B and an 
arrow ip^: I ^ FI. 

3. A pointed natural transformation (F, ipo) {F', (f'o) : (A, /) (B, J) is a 
natural transformation a: F ^ F' such that a/(/?o = V^o- 

65 Proposition. Pointed groupoids, pointed functors between them and poin- 
ted natural transformations between them form a Gpd-category Gpd*, the compo- 
sition of morphisms being defined by 

(G, ^o) o (F, <^o) = {GF, G^o o ^o) (91) 

and the horizontal and vertical compositions of 2-morphisms being the usual com- 
positions of natural transformations. 
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We will often use the following coherence result. 

66 Proposition. For any pointed functor {F, (^q) : {A, I) {M, I) there exists 
a functor F' : A ^ M isomorphic to F and described in such a way that F'l 
coincides with I and (po is the identity (we say that F' is strictly described^. 

Proof. We define F': A ^ B, on objects by F'l := I and F'A := FA, if A ^ /, 
and on arrows by the following composites (for A, A' ^ I): 

F'jj := A(/, /) ^ 1(FJ, FI) :f^!^I^ B(/, /); (92) 

F'^j := A{A, I) ^ n{FA, FI) ^^^^ M{FA, I); (93) 
F;^, := A(/, A') ^ M{FI, FA') B(J, FA'); (94) 

F^^, := A(A, A') ^ M{FA, FA'). (95) 

We define a pointed natural transformation u : F' ^ F hj uj := ipo and ua '■= 
Ifa, iiA^L □ 

If F,G: (A,/) — s> (B, /) are strictly described pointed functors, a pointed 
natural transformation a: F ^ G is simply a natural transformation such that 
ai = Ij. 

The internal Hom of Gpd* is given by the groupoids [A, B] := Gpd*(A, B) with 
as distinguished object the constant functor : A ^ B, which maps every object 
of A to J and every arrow of A to 1/. 

67 Definition. Let be A,B,Y: Gpd*. A bipointed functor F: A x B ^ Y is 
a functor F : A x B ^ Y with isomorphisms natural in each variable 



^^■.I^F{I,B), 
I F{AJ), 



(96) 



such that the natural transformations (/Pq : ^ -^(-^7 ~) ^-nd : ^ -^(~7 1) 
are pointed (these two conditions are equivalent and mean that 

y,^ = V^?:/^F(/,/)). (97) 

68 Definition. Let be A,B, Y: Gpd*. The pointed groupoid Bipt(A x B,Y) 
is defined in the following way. 

1. Objects. These are the bipointed functors A x B ^ Y. 

2. Arrows. These are the natural transformations a:F^F' :AxB^Y 
such that, for all A: A, a^A-) - {F{A, -),^/'°) =^ {F'{A, -),^/'5) is pointed 
and, for all B : B, a^-,B) - (F(-,5),(p^) ^ (F'(-, fi), (^'(f ) is pointed (we 
say that such an a is a bipointed natural transformation) . 
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3. Point. This is the constant functor 0. 

It is very easy to check the following property, which shows that the bipointed 
functors A x B ^ Y are equivalent to the pointed functors A (g) B ^ Y; in this 
way we avoid the need to define A (g) B. 

69 Proposition. Bipt(A x B, Y) ~ [A, [B, Y]] 
We can now give a definition of Gpd*-categories. 

70 Proposition. Let C he a Gpd-category such that, for all A,B: C, the grou- 
poid C{A,B) is pointed (we write the point 0^; we usually omit the superscript 
and subscripts), and equipped with natural transformations 

n 98 

We say that C is a pointed groupoid enriched category (for short Gpd*-category^ 
if the following equivalent conditions 1 and 2 hold. 

1. (a) For all A,B,C: C, the composition functor C{A,B) x C{B,C) — 

C{A,C), equipped with (/?q and tp^, is bipointed. 

(b) For all A, B, C, D, the associativity natural transformation a ( diagram 
18) is tripointed. 

(c) For all A, B, the neutrality natural transformations p and A (diagrams 
19 and 20) are pointed. 

2. (a) For all A and h: B ^ C m C, the functor h o - : C{A,B) C{A,C), 

equipped with ip^, is pointed. 

(b) For all g: A B and C in C, the functor — o g: C{B, C) C{A, C), 
equipped with ipg, is pointed. 

(c) The transformation ip^ is pointed ( or, equivalently, the transformation 
(/?o is pointed). 

(d) For all g: B C and h: C D, the following natural transforma- 
tion, which expresses a part of the associativity, is pointed. 



hgo- 



(99) 



C{A, B) C{A, C) C{A, D) 
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(e) For all f : A B and h: C ^ D, the following natural transforma- 
tion, which expresses an other part of the associativity, is pointed. 



C{B,C) 



C{A,C) 



ho- 



■C{B,D) 



-of 



(100) 



ho- 



■CiA,D) 



(f) For all f : A ^ B and g: B ^ C , the following natural transforma- 
tion, which expresses the last part of the associativity, is pointed. 



C{C,D 




CiA,D) 



:iov. 



(g) For all A,B: C, the neutrality natural transformations are pointed. 



Iho- 



C{A,B)^^C{A,B) (102) 




71 Proposition. For every Gpd* -category C, we can construct an equivalent 
Gpd*-category C which is strictly described as a Gpd-category (f{gh) = {fg)h, 
flA = f and Isf = f) and where the composition functors are strictly described 
as bipointed functors: 

fO = and Of = 0; (103) 
aO = lo and Oa = Iq. (104) 

Proof. We know that every Gpd-category C is equivalent to a strictly described 
Gpd-category C. The bipointed structure of the composition functors can be 
transferred to C. Then we apply Proposition 66 to replace the composition 
functors by strictly described bipointed functors. This doesn't break the strict- 
ness of associativity and neutrality. □ 

72 Definition. A zero object in a Gpd*-category C is an object such that 
for every arrow f: X ^ 0, there exists a unique ip: f ^ and for every arrow 
g: -^Y, there exists a unique ip: g ^ 0. 

73 Proposition. An object is a zero object if and only z/ Ig ~ 0. 

Usually we write 0^: A ^ instead of 0^ and 0^: ^ i? instead of 0^. In 
the following of this work, unless explicitly stated otherwise, we always assume 
that Gpd*-categories are strictly described. 
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2.1.2 Taxonomy of arrows, objects and loops 

In Gpd-categories, there are two notions of monomorphism (faithful and fully 
faithful) and two notions of epimorphism (cofaithful and fully cofaithful); the 
definitions of the first two notions can be found in [70] ; the last two are dual and 
are studied in [29]. 

t 

74 Definition. Let A ^ i? be an arrow in a Gpd-category C. We say that 

1. / is faithful if, for all X : C, the functor /o- : C{X, A) C(X, B) is faithful 
in Gpd, i.e. if, for all X: C and for all a, a': a ^ a': X — > A, if fa = fa', 
then a = a'] 

2. / is fully faithful if, for all X: C, / o - : C{X,A) C{X,B) is full and 
faithful in Gpd, i.e. if, for all X : C, for all a, a' : X A and for all (3: fa ^ 
fa', there exists a unique a: a ^ a' such that P = fa; 

3. / is cofaithful if, for all F : C, - o / : C{B, Y) C{A, Y) is faithful in Gpd; 

4. / is fully cofaithful if, for aW Y:C, -of: C{B,Y) C{A,Y) is full and 
faithful in Gpd. 

Since all 2- arrows are invertible in a Gpd-category, we can simplify the defi- 
nition of faithful arrow. 

75 Proposition. Let A ^ B be an arrow in a Gpd-category C. Then f is 
faithful if and only if, for all a: a ^ a: X ^ A, if fa = Ija, then a = !„. 

Remark: we say fully faithful and not full and faithful, because the condition 
that, for all X : C, C{X,f) be full is not equivalent in Gpd to / being full. 
Moreover, in Gpd, this condition implies faithfulness. We will define (Definition 
197) a notion of full arrow in a Gpd-category which, in Gpd and 2-SGp, gives 
back the ordinary full functors. 

In Gpd and 2-SGp (see [31] for Gpd and Section 6.1.2 for 2-SGp), the faithful 
arrows are the ordinary faithful functors, the fully faithful arrows are the or- 
dinary fully faithful functors, the cofaithful arrows are the surjective functors, 
and the fully cofaithful arrows are the full and surjective functors (these last two 
properties are not true in the 2-category of categories, as the characterisation of 
cofaithful and fully cofaithful arrows in Cat given by Adamek, El Bashir, Sobral 
and Velebil [1] shows). 

In a Set-category seen as a locally discrete Gpd-category, all arrows are faithful 
(because all 2-arrows between two given arrows are equal) and the fully faithful 
arrows are the monomorphisms. Dually, all arrows are cofaithful and the fully 
cofaithful arrows are the epimorphisms. 

Faithful arrows possess a cancellation property similar to that of monomor- 
phisms. The proof is straightforward. 
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76 Proposition. Let A B C be arrows in a Gpd- category. If gf is 
faithful, then f is faithful. 

In a Gpd*-category, we can define new kinds of morpliisms, specific to the 
pointed case, which are to fully faithful or faithful arrows what 0-monomorphisms 
are to monomorphisms. We will give their definitions first in Gpd*, where we 
assume that pointed functors are strictly described {FI = I). 

77 Proposition. Let F: A be a pointed functor in Gpd*. The following 
conditions are equivalent: 

1. for all a: I ^ I in A, if Fa = Ij, then a = 1/; 

2. for all a,a' : A ^ I in A, if Fa = Fa' , then a = a' ; 

3. for all a,a' : A ^ A' in A, where A' ~ I , if Fa = Fa' , then a = a' . 

We call a functor which satisfies these conditions a 0-faithful functor. 

Proof. Condition 2 is a special case of condition 3 and condition 1 is a special 
case of condition 2. It remains to prove that condition 1 implies condition 3. 

Let he a,a' : A ^ A' in A such that Fa = Fa', with (p: A' ^ L We let a be 
equal to the following composite: 

lf:XA"^A^A'^L (105) 

Then Fa = Ij, so d = 1/, by condition 1, and a = a'. □ 

Faithful functors are 0-faithful, but the converse is not true in general. It 
will be the case in 2-SGp (Proposition 262). Using the representable functors, we 
can now define a notion of 0-faithful arrow in any Gpd*-category. The previous 
proposition gives three equivalent versions of the definition. 

78 Definition. Let C be a Gpd*-category and A ^ i? be an arrow in C. We 
say that / is 0-faithful if, for all X : C, / o - : C(X, A) C{X, B) is 0-faithful in 
Gpd*, i.e. if the following equivalent conditions hold: 

1. for all X : C and for all a : ^ : X ^ A, if fa = 1q, then a = Iq; 

2. for all X : C and for all a, a' : a ^ : X — > A, if fa = fa', then a = a'; 

3. for all X: C and for all a, a': a ^ a' : X ^ A, where a' ~ 0, if fa = fa', 
then a = a'. 

We will denote by 0-Faith the full sub-Gpd-category of whose objects are the 
0-faithful arrows. 
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It is obvious that every faithful arrow is 0-faithful. We will see that, in every 2- 
Puppe-exact Gpd-category, the 0-faithful arrows are precisely the faithful arrows 
(Proposition 180). 

In Gpd*, the 0-faithful arrows are the 0-faithful functors. In a Set*-category 
seen as a locally discrete Gpd*-category, all arrows are 0-faithful. 
The 0-cofaithful arrows are defined dually. 

We define now the fully 0-faithful arrows, first in Gpd* and then in any Gpd*- 
category. The first three conditions of the following proposition correspond to 
the same conditions of Proposition 77. 

79 Proposition. Let F: he a pointed functor in Gpd*. The following 

conditions are equivalent: 

1. (a) for all b: FA ^ I in B, there exists a: A I in A such that b = Fa; 
(b) for all a: I I in A, if Fa = li, then a = Ij (i.e. F is 0-faithful); 

2. for all b: FA —^linM, there exists a unique a: A I in A such that 
b = Fa; 

3. for all b: FA FA' in M, where FA' ~ /, there exists a unique a: A ^ A' 
in A such that b = Fa; 

4. (a) for all A: A, if FA ^ I, then A ^ I; 

(b) for all b: I I in M, there exists a unique a: I ^ I in A such that 
b = Fa. 

When these conditions hold, we say that F is fully 0-faithful. 

Proof. 3^2. Condition 2 is a special case of condition 3. 

2^1. Condition 1(a) is part of condition 2, and condition 1(b) is a special 
case of the unicity part of condition 2. 

1^3. Let be A, A': A and b: FA-^ FA', with : FA' L By condition 
1(a), there exist ip: A ^ I such that Fip = ip ob and ip' : A' ^ I such that 
Fif' = ip. If we set a := (p'~^ o ip, we have b = Fa. The arrow a is unique 
because, if a': A A' is such that Fa' = b, then F{(p' o a' o (p~^) = 1/ and, by 
condition 1(b), ip' o a' o ip~^ = 1^, hence a' = a. 

2^4- Condition 4 follows immediately from condition 2. 

4^2. Let he A: A and b: FA — s> J. By condition 4(a), there exists an arrow 
ip: A ^ L Then, by condition 4(b), there exists a unique a' : I ^ I such that 
Fa' = boFip~^. If we set a := a' oip, we have thus Fa = b. Moreover, a is unique 
because, if we have a" : A ^ I such that Fa" = b, then F{a" o (p~^) = bo Fip~^, 
so a" o ip~^ = a' and a" = a. □ 
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The fully faithful functors are fully 0-faithful, but the converse doesn't hold 
in general. It will be the case in 2-SGp (Proposition 264). 

80 Definition. Let C be a Gpd*-category and A ^ B an arrow in C. We say 
that / is fully 0-faithful if, for all X : C, the pointed functor / o — : C{X,A) 
C{X, B) is fully 0-faithful, i.e. if if the following equivalent conditions hold: 

1. (a) for all X: C, for all a: X A and for all f3: fa => 0, there exists 

a: a ^ such that jS = fa; 

(b) for aWX: C and for all a : ^ 0: X ^ A, ii fa = Iq, then a = Iq {f 
is 0-faithful); 

2. for all X : C, for all a : X — > A and for all (3: fa=>0, there exists a unique 
a: a ^ such that P = fa; 

3. for all X : C, for all a,a' : X A and for all (3: fa ^ fa', where fa' ~ 0, 
there exists a unique a: a ^ a' such that P = fa; 

4. (a) for all X : C, for a\\ a: X ^ A, if fa ~ 0, then a ~ 0; 

(b) for all X : C, for all /9 : ^ : X — > 5, there exists a unique a: ^ 
0: X ^ A such that P = fa. 

We denote by 0-Full Faith the full sub-Gpd*-category of whose objects are the 
fully 0-faithful arrows. 

II is obvious that every fully faithful arrow is fully 0-faithful. We will see 
that in any 2-Puppe-exact Gpd-category the fully 0-faithful arrows are exactly 
the fully faithful arrows (Proposition 180). 

In Gpd*, the fully 0-faithful arrows are the fully 0-faithful functors. In a Set*- 
category seen as a locally discrete Gpd*-category, the fully 0-faithful arrows are 
the 0-monomorphisms. 

The fully 0-cofaithful arrows are defined dually. 

Now let us turn to the properties of objects. First recall the notion of discrete 
(or "bidiscrete" [69]) object and the dual notion of connected object. 

81 Definition. Let C be a Gpd-category and A: C. 

1. We say that A is discrete if, for all X : C, C{X,A) is a set (a discrete 
groupoid); we denote by Dis(C) the full sub-Gpd-category of C of the discrete 
objects. 

2. We say that A is connected if, for all Y : C, C{A, Y) is a set; we denote by 
Con(C) the full sub-Gpd-category of C of the connected objects. 
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Dis(C) and Con(C) are Set-categories, since their Horn are sets. In Gpd, the 
discrete objects are the discrete groupoids, i.e. the sets, and the only connected 
object is the empty groupoid (the notion of connected object connected is relevant 
only in the pointed case). In Gpd*, the discrete objects are the pointed sets seen 
as discrete pointed groupoids and the connected objects are the groups seen as 
one-object groupoids. In 2-Gp, the Gpd-category of 2-groups, the discrete objects 
are the groups seen as discrete 2-groups and the connected objects are the abelian 
groups seen as one-object 2-groups. 

If C has a zero object, we can characterise the properties of an object in terms 
of the properties of the arrow from the object to or from to the object. 

82 Proposition. Let A he an object in a Gpd* -category C with a zero object. 
The following conditions are equivalent: 

1. A is discrete; 

2. for all arrows ai,a2'- X A, there is at most one 2-arrow between ai and 

3. 0^: A^O IS faithful. 

83 Lemma. Let C be a Gpd* -category with a zero object. 

1. If A is discrete, then every arrow f : A ^ B is faithful. 

2. If f : A ^ B is faithful and B is discrete, then A is discrete. 

3. If 0: A ^ B is faithful, then A is discrete. 

Proof. 1. If A is discrete, 0"^ = 0^ o / is faithful and, by Proposition 76, / is 
faithful. 

2. If B is discrete, then 0^ is faithful and so 0"^ = 0^ o / is faithful, because 
faithful arrows are stable under composition. 

3. If = Ob o 0^ : A ^ 5 is faithful, then 0^ is faithful, by Proposition 
76. □ 



We close this subsection by monomorphism- or epimorphism-like properties 
for loops in a Gpd*-category C (i.e. for 2-arrows ^ in C). Marco Grandis [38] 
call the monoloops "monies on morphisms". 

84 Definition. Let C be a Gpd*-category and vr be a loop in C: 




We say that: 
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1. vr is a monoloop if, for all ai, 02 : X A such that vrai = 7ra2, there exists 
a unique 2-arrow ai =^02; 

2. TT is an epiloop if, for all 61, 62 : -B ^ ^ such that hiTi = b2H, there exists a 
unique 2-arrow hi=> h2. 

The monoloops in C form a Gpd-category MonoLoop(C), described in the 
following way. 

• Objects. The objects are the monoloops in C. 

• Arrows. An arrow (A, 7r,i?) {A',7r',B') consists of a: A A' and 
b: B B' such that biv = n'a. 

• 2-arrows. A 2-arrow (a, b) =^ (a', b') : {A, vr, B) {A', vr', S') consists of 
a: a ^ a' and /3 : b ^ b'. 

Dually, we define a Gpd-category EpiLoop(C), whose objects are the epiloops 
in C. 

85 Proposition. In any Gpd* -category C, if n: ^ 0: A B is a mono- 
loop, then A is discrete. 

Proof. If we have a: ai =^ X A, then vrai = 7ia2, because vrai = 
lo o TTOi = (Oa) o (yrai) = (^2) o (Oa) = 7ia2 o Iq = 7ra2. So there exists a unique 
2-arrow ai ^ 02. □ 



2.2 Kernel-quotient systems on a Gpcl*-category 
2.2.1 Coker H Ker 

Let C be a Gpd*-category C (strictly described, as we always assume). Let us 
first introduce convenient terminology. 

86 Definition. Let ip and (3 be 2-arrows in C, as in the following diagram. 
We say that /5 is compatible with ip if the following equation hold. 




(107) 
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In the special case where 02 is 0, this definition becomes simpler: in the 
situation of the following diagram, j3 is compatible with ip if yP = ipa. 












The kernel of an arrow / : appears, with the following universal property, 
in [73]. 

f 

87 Definition. Let he A ^ B in C. We call K, k and k, as in the following 
diagram: 




(109) 







a kernel of / if the following properties hold: 

1. for all X: C, a: X A and f3: fa ^ 0, there exist a' : X ^ K and a 
2-arrow a: a ^ ka' such that 



a 




(110) 







2. for all ai^a2'- X ^ K and for all a: kai =^ ka2 compatible with k, there 
exists a unique a' : ai ^ a2 such that a = ka'. 

We write this property "(-fC, k, k) = Ker /". 

In Gpd* the kernel of a pointed functor F: A ^ M (which we assume to be 
strictly described) can be constructed in the following way (see [35] for a weaker 
universal property and [41]). 

• Objects. An object consists of {A, b), where A: A and b: FA / in B. 

• Arrow. An arrow /: {A,b) {A',b') is an arrow f : A ^ A' in A such 
that b'{Ff) = b. 

• Point. This is (J, 1/). 
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88 Proposition. // {K, k, k) = Ker /, then k is faithful. 

Proof. This is the unicity of condition 2 of the definition of kernel □ 

89 Lemma. Let A D be an arrow in C whose codomain is discrete. If 
{K, k, k) = Ker /, then k is fully faithful. 

Proof. Let be ai,a2'- X ^ K and a: kai =^ ka2. Since D is discrete, all 2- 
arrows with codomain D are equal. In particular, a is necessarily compatible 
with K. Then, by the universal property of the kernel, there exists a unique 
a': ai ^ 02 such that a = ka' . □ 

In dimension 1, the kernel classifies the 0-monomorphisms; in dimension 2, 
it classifies the fully 0-faithful arrows. We won't give a proof of this proposition 
here, because we will prove later a more general version (Proposition 122). 

90 Proposition. Let C he a G\)6* -category with a zero object. In the situation 
of diagram 109 the following conditions are equivalent: 

1. f is fully 0-faithful; 

2. if {K, k, k) = Ker/, then there exists n' : k ^ such that fn' = k; 

3. (0,0^,loJ = Ker/. 

91 Proposition. Let C be a Gpd*- category with a zero object. In the following 
diagram, (0,0^, Iq^) = Kerl^ and {A, 1a, Iqa) — CokerO^i. 








Oa 



Now we prove that, if C has the kernels and cokernels, they extend to Gpd- 
functors Ker and Coker: which form an adjunction. 

92 Proposition. Let C be a Gpd*-category which has the kernels and coker- 
nels. Then the kernels and cokernels extend to Gpd-functors Ker, Coker: 
such that 

Coker H Ker. (112) 

Proof. Preliminary construction. Let be X A y ^ Z, ^ and 

A —>■ B. We define a functor 



^^f'^'y:CHyJ)^C'{x,KeTf) 



(113) 
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in the following way. Let be (a, (p,b): y ^ f m C^. By the universal property of 
the kernel, there exist a: X ^ Ker / and (p: ax ^ kfa such that Kjao f0o ipx = 
bx- We set $j '^'^(a, ip, h) := (d, (p^a): x ^ kf. 








(114) 







Next, let be (a, /3) : (a, ip, h) =^ (a', ip', b'): y ^ f in C. Then 0' oaxo (p~^ ; kjo, ^ 
kfO,' is compatible with Kf and, by the universal property of the kernel, there 
exists a unique a: a ^ a! such that kfaoip = 0'oax. Then we set /3) := 

{a, a). This defines a functor by unicity of a. 
Dually we construct a functor 

: C^if, x) C2(Coker /, y). (115) 

Construction of Ker. The Gpd-functor Ker: is already defined on 

objects by the existence of kernels. If (a, (p,b): f /', we set Ker(a, (p, b) := 
$^{''"^'•'^(0, y?, 6) : kf =^ kf. Moreover, if (a,/5): {a,ip,b) =^ {a',ip',b'), we set 

Ker {a, (3) := $j{''"^'''^(a, /9). We construct the Gpd-functor structure by using 
condition 2 of the definition of kernel and we check that we get a Gpd-functor by 
using the unicity of this condition 2. 

Construction o/Coker. The construction of Coker is dual. 

Adjunction. Let A B and C ^ D he two arrows in C. We have functors 

:= : C2(Coker/,(7) ^ C'if^Kerg) (116) 

and 

^f,g := ^'Z'''^'': C\f,KeTg) ^ (Coker /, ^7). (117) 

By using condition 2 of the definitions of kernel and cokernel, we prove that $ / g 
and f g are inverse to each other and that $ is natural in / and g. □ 

f 

Let he A ^ B. We construct the kernel of /, and then the cokernel of this 
kernel. By the universal property of the cokernel, there exist ej- := Coker kf, 
fri^f : ImJ^Q / := Coker(Ker f) ^ B and ipy. f ^ ^}^} ^^ch that fhfCkf ° ^/^/ = 
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Kf. 








The counit of the adjunction Coker H Ker is then 

Sf ■= (U,(<^})-\m}): Coker(Ker/) (119) 

The unit of the adjunction is defined dually. 

By taking as congruences the faithful arrows (we denote by Faith (C) the full 
sub-Gpd-category of whose objects are the faithful arrows), we get a kernel- 
quotient system. 

93 Proposition. Let C he a GpA* -category in which all kernels and coker- 
nels exist. The faithful arrows in C, together with the Gpd-functor codomain 
di'. Faith(C) C, and the adjunction Coker H Ker form a kernel- quotient sys- 
tem. 



Coker 




(120) 



Proof. The Gpd-functors Ker and Coker were constructed in such a way that 
do Coker = di and di Ker = do- So we can take a and (3 equal to the identity 
in the definition of kernel-quotient system (Definition 45). Morevoer, ei^ is an 
equivalence, by Proposition 91. □ 

We can thus apply the theory of Section 1.2. By Proposition 90, the Ker- 
monomorphisms are the fully 0-faithful arrows and, dually, the Coker-epimor- 
phisms are the fully 0-cofaithful arrows. Moreover, we call the Ker-regular 
epimorphisms normal cofaithful arrows and, dually, we call the Coker-regular 
monomorphisms normal faithful arrows. We denote by NormCofaith the full sub- 
Gpd-category of whose objects are the normal cofaithful arrows and NormPaith 
the full sub-Gpd-category whose objects are the normal faithful arrows. 

We can also define Ker-idempotent Gpd*-categories, which Marco Grandis 
([40]) call h-semistable. 

94 Definition. We say that a Gpd*-category C is Ker-idempotent if the ad- 
junction Coker H Ker is idempotent, i.e. if the following equivalent conditions 
hold: 
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1. if /c is a kernel and (g, C) = Coker/c, then {k,() = Kerg (every kernel is a 
normal faithful arrow); 

2. if g is a cokernel and {k, k) = Kerg, then (g, k) = Coker (every cokernel 
is a normal cofaithful arrow). 

We can express in this context Proposition 59. 

95 Proposition. The following conditions are equivalent (when they hold, we 
say that C is Kei -factoris able) : 

1. for every f : , mjr is fully 0- faithful; 

2. C is Kei -idempotent and normal cofaithful arrows are stable under compo- 



In a Ker-factorisable Gpcl*-category, (NormCofaith, 0-FullFaith) is a factorisa- 
tion system. We can also apply Definition 60. 

96 Definition. We say that C is Ker-preexact if for every faithful arrow m, 
rjm: m ^ Ker(Coker m) is an equivalence (every faithful arrow is normal). 

En dimension 1, the adjunction Coker H Ker gave back in Set* the factorisa- 
tion system (Bij*, 0-Mono). This doesn't work any more in dimension 2: there is 
a factorisation system {£,A4) on Gpd* with Ai = 0-Faith, but it is not true that 
every arrow of S is canonically the cokernel of its kernel; so S ^ NormCofaith. 
Actually the adjunction Coker H Ker is not idempotent in Gpd*, as the following 
example shows. 

97 Proposition. In Gpd*, it doesn't hold that every kernel is canonically the 
kernel of its cokernel. 

Proof. Here is a counter-example: we start with the unique pointed functor 
(^2)0011 (where (^2)0011 is the one-object pointed groupoid whose group of 
arrows is Z2). The objects of its kernel are (/, 0) (which is the distinguished 
object) and (/, 1) (where I is the unique object of (Z2)con) and the only arrows 
are the identities on these objects; so the kernel is equivalent to the set 2. The 
unique object of the cokernel of the kernel of this functor is the unique object 
of 0, and its arrows are generated by 7(/,o), which must be equal to 1/ and by 
7(7,1) (and its inverse), which has no condition to satisfy. So this cokernel is Zcon- 
Finally, the kernel of — *■ Zcon is Zdis (where Zdis is the discrete pointed groupoid 
whose objects are the integers, with distinguished element 0), and not 2. □ 



sition. 




F 



con 



(121) 



'con 
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To give a notion of kernel which works well in Gpd* and in any Gpd*-category, 
we should extend the kernel by adjoining objects and arrows containing the 
missing informations to recover the image from the cokernel of the kernel. The 
problem is similar to the case of Gpd where the ordinary kernel-pair doesn't 
suffice to recover the image by taking the coequalizer; we need to add an object 
to this kernel-pair (see [31]). 

But we would lose the coincidence of the kernel and the coquotient. Moreover, 
our final goal is to work in 2-SGp-categories (see Chapter 5) and, there, the kernel 
works as we want: the full image of every morphism of symmetric 2-groups is 
canonically the cokernel of its kernel. 

In the same way, the notion of congruence we use is not justified by the 
kernels in the basis: it is not true that any faithful functor is the kernel of its 
cokernel in Gpd*, since the adjunction is not idempotent; but it will be the case 
in 2-SGp. 



(Co)pips and (co)roots have been introduced in [29]. 

f 

98 Definition. Let he A B inC. We call an object P: C equipped with a 
loop tt: ^ 0: P ^ A such that /tt = Iq a pip of / if the following conditions 
hold: 

1. for all X: C and for aA\ a: 0: X A such that fa = Iq, there exists 
x: X ^ P such that ttx = a; 

2. vr is a monoloop. 

We write this property "(P, vr) = Pip/". 



We can remove condition 2 and add instead to condition 1: "... and, for any 
other x' : X ^ P such that ttx' = a, there exists a unique 2;' ^ x". As vr is a 
monoloop, the object P is discrete, by Proposition 85. 

We have seen that the kernel classifies the fully 0-faithful arrows. The pip 
classifies the 0-faithful arrows. 

99 Proposition. In the situation of diagram 122, the following conditions 
are equivalent: 



2.2.2 Coroot H Pip 








(122) 







1. f is 0-faithful; 
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2. if (P, tt) = Pip /, then tx = 1q; 

3. (0,lo) = Pip/. 

Proof. 1^3. Let he a: ^ 0: X ^ A such that fa = Iq. As / is 0-faithful, 
a = lo, we have thus 0: X ^ such that IqO = a. Moreover, Iq : 0^0: ^ A 
is obviously a monoloop, since is a zero object. 

3^2. By the universal property of the pip, there exists x: P — such 

that TT = IqX = Iq. 

2^1. Let bea:0^0:X— i>74 such that fa = Iq. By the universal 
property of the pip, there exists x: X ^ P such that a = ttx = Iq. □ 

100 Definition. Let 7r:0^0:y4^Pbea loop in C. We call an object 
R: C equipped with an arrow R ^ A such that nr = Iq a root of tt if the 
following conditions hold: 

1. for aA\ a: X ^ A such that na = Iq, there exists a' : X ^ R and a: a ^ 
ra'] 

2. r is fully faithful. 

We write this property "(P, r) = Rootyr". 
We define coroots dually. 

101 Proposition. In the situation of the following diagram, (0, Iq) = Pip 1a 
and {A, 1a) = Coroot Iq. 



°c^>^ — ^^^^^ 



102 Proposition. Let C be a QpA* -category which has all pips and coroots of 
monoloops. Then the pips form a Gpd-functor Pip: MonoLoop(C) and the 
coroots form a Gpd-functor Coroot: MonoLoop(C) . Moreover, 

Coroot H Pip . (124) 

Proof. Preliminary constructions. We construct first, for all 2-arrow %: ^ 

y f 
: X — > y and arrow Y Z such that yx = lo and for all A ^ P, a functor 

^Y: C\yJ) ^ MonoLoop(C)(x,vr^). (125) 

Let be (a, </:>,&): y ^ / in C^. Since f{ax) = lo? by the universal property of the 
pip, there exists d: X —>■ Pip / such that Hfd = ax- We set $j'^(a, (p, h) := (a, a). 
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Then, let be {a,ip,b) =^ {a' , ip' , b') : y f. Thanks to the existence 

of a, we have ttjcl = ax = cl'x = vr/a'. So, as ttj is a monoloop, there exists 
a unique a: a ^ a'. We set $j'^(q!,/3) := {a, a). Moreover, is a functor 
thanks to the unicity of a. 

We construct next, for all 0^0: X^Y,Y^Z such that yx = lo and, 
for all IT : ^ 0: A B (with coroot Tj^: B ^ Coroot vr) , a functor 

^^'y-. MonoLoop(C)(7r, x) ^ (Coroot vr, y). (126) 

Let {a,b): vr — x be an arrow in MonoLoop(C). Since ybir = Iq, by the universal 
property of the coroot, there exist b: Coroot vr — >• Z and ip: brT, =^ yb. We set 
^^■3'(a,6) := ib,^,b). 

Then, let be (a, /5) : (a, b) =^ (a', 6') : vr ^ x- Since is fully cofaithful, there 
exists a unique $: b ^ b' such that ip' o /5r^ = yPoip. We set \E'^'^(a, /3) := (/3, /3) . 
This is a functor thanks to the unicity of $. 

Construction of Pip. It is already defined on objects by the existence of 
pips. We define it on objects in the following way: 

Pip^,^, := <l>;/'^: C^ifJ') ^ MonoLoop(C)(Pip/,Pip/') (127) 

We get the Gpd-fonctoriality by using the fact that pips are monoloops. 

Construction o/ Coroot. It is already defined on objects by the existence of 
coroots. We define it on arrows in the following way: 

Coroot^,^/ := ^^'''■-': MonoLoop(C) (vr, vr') ^ C2(Coroot vr, Coroot vr'). (128) 

We get the Gpd-fonctoriality by using the fact that coroots are fully cofaithful. 

Adjunction. Let vr:0^0:74^i?bea monoloop and C ^ D. We define 
two functors 

■= ^Y^: C^(Corootvr,/) ^ MonoLoop(C)(vr, Pip /) (129) 

and 

f ■= ^^/'^ : MonoLoop(C)(vr, Pip /) ^ C2(Coroot vr, /). (130) 

By using the fact that pips are monoloops and coroots are fully cofaithful, we 
prove that these two functors are inverse to each other and we prove the Gpd- 
naturality of $ in vr and in /. □ 

Let he A ^ B. We construct the pip of /, then the coroot e^- A ^ Im^ / 
of this pip. By the universal property of the coroot, there exist m\ : Im^ f ^ B 
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and ifY- f ^ "^/^/ 








The counit of the adjunction Coroot H Pip is then 

Ef := (1^, {ip))-\ m)) : Coroot(Pip /) /. (132) 

The unit of the adjunction is defined dually. 

By taking as congruences the monoloops, we get a kernel-quotient system. 

103 Proposition. Let C he a QpA* -category which has all pips and coroots 
of monoloops. The monoloops in C, together with the Gpd-functor codomain 
d: MonoLoop(C) C, which maps vr: ^ 0: A ^ i? to B, and the adjunction 
Coroot H Pip form a kernel- quotient system. 



Coroot 




(133) 



Proof. The Gpd-functors Pip and Coroot have been constructed in such a way 
that 9o Coroot = d and 9 Pip = d^. So we can take the identity for a and (3 
in the definition of kernel-quotient system (Definition 45). Moreover, Si^ is an 
equivalence, by Proposition 101. □ 

So we can apply here the theory of Section 1.2. By Proposition 99, the Pip- 
monomorphisms are the 0-faithful arrows and, dually, the Copip-epimorphisms 
are the 0-cofaithful arrows. Moreover, we call normal fully cofaithful arrows 
the Pip-regular epimorphisms and, dually, we call normal fully faithful arrows 
the Copip- regular monomorphisms. We denote by NormFullCofaith the full sub- 
Gpd-category of of normal fully cofaithful arrows and Norm Full Faith the full 
sub-Gpd-category of normal fully faithful arrows. 

There is a simplification with respect to the kernel-quotient system Coker H 
Ker: every Gpd*-category which has all pips and coroots is Pip-idempotent. So, 
in the Proposition 59 applied to Coroot H Pip, we can omit this condition. 

104 Proposition. The following conditions are equivalent (when they hold, 
we say that C is Pip-factorisable^).' 
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1. for every f : , m^jr is 0- faithful; 

2. normal fully cofaithful arrows are stable under composition. 

In a Pip-factorisable Gpd*-category, (NormFullCofaith, 0-Faith) is a factorisa- 
tion system. We can also apply Definition 60. 

105 Definition. We say that a Gpd*-category C in which all pips and co- 
roots of monoloops exist is Pip-preexact if for every monoloop vr, 77^ : vr — > 
Pip(Coroot tt) is an equivalence (every monoloop is canonically the pip of its 
coroot). 



2.2.3 E^n 

From the adjunction between kernel and cokernel follows an adjunction between 
two functors C ^ C which play the role of the suspension and loop space functors 
in algebraic topology. Gabriel and Zisman [35] define them in general in Gpd*- 
categories for a notion of kernel with a weaker and stricter universal property 
(without unicity at the level of 2-arrows). In the case of the Gpd*-category 
of pointed topological spaces with continuous maps and homotopies up to 2- 
homotopies, they recover the usual suspension and loop space functors. In our 
case, because of the unicity in the universal property of the kernel, we always 
have nnA ~ and SEA ~ 0. 

Marco Grandis have studied this adjunction in a more general context in [40]. 
In the beginning, we follow his presentation, but in Gpd*-categories and with the 
notion of kernel defined above and not with the standard homotopy kernel. 

Let C be a Gpd*-category which has all kernels and cokernels and a zero 
object. The adjunction Coker H Ker induces adjunctions between the fibres at 
the point C : C of the domain and codomain Gpd-functors: 



Coker 



c\c ^ ± . c/c. 

Ker 



(134) 



In particular, for C := 0, we get, since C/0 ~ 0\C ~ C an adjunction SHI] 
between C and C, where SC := Coker 0*" and QC := KerOc. The object QC is 
discrete, since the arrow to is faithful (it is a kernel); dually, EC is connected. 



Coker 



Ker 



■C/0 



(135) 



4— 

c 



c 



2.2. Kernel- quotient systems on a Gpd*-category 



81 



The unit of the adjunction S H is denoted by rjc and its counit by ec- They 
satisfy the equations ojy.cVc = o"c and Sccrnc = ^c- We set ttq := f2E and 
TTi := 




(136) 



The Gpd-functors VL and S allow us to reduce loops to arrows and, in partic- 
ular, to reduce the properties expressed in terms of pip and coroot to properties 
expressed in terms of kernel and cokernel. 

From the following proposition follows the fact that ujc is a monoloop and 
that ac is an epiloop. 

106 Lemma. (fiC, ujc) = Pip 0^ and (EC, ac) = Copip Oc- 

Proof. We will prove the first property; the proof of the second is dual. Let 
be7:0=^0:X^C (which necessarily satisfies 0*^7 = Iq). By the universal 
property of the kernel, there exists x: X ^ QC such that ucx = 7. Moreover, 
uJc is a monoloop since, if we have x,x': X — > QC such that ucx = ucx' , by 
the second part of the universal property of the kernel, there exists a unique 
X: X x' such that 0% = lo- n 

If VLB and exist, the universal properties of the kernel and the cokernel 
give the following equivalences: 

C(Sy4, B) ~ C(A, 5)(0, 0) ~ C(A, VLB). (137) 

Let us make these equivalences explicit: if vr: ^ : A — 5, we have, on the 
one hand, vf : — B such that tt = tt cr^ and, on the other hand, n: A QB 
such that TT = ubtt. The following diagram illustrates the situation. Conversely, 
if /: T,A — > B, we have / := Jcta'- => 0: A B and if g: A ^ QB, we have 
g := uJBg: Q=>Q: A-^ B. 



QB 




82 



Chapter 2. Kernels and pips 



107 Lemma. In the situation of the following diagram, we have 

fa = lo ^ fa- 0. (139) 
(The isomorphism fa is necessarily unique, because T,X is connected.) 






(140) 



Proof. If fa ~ 0, then fa = faax = Oax = lo- Conversely, if fa = Iq, then 
faax = /a = lo = Oax and, since ax is an epiloop, /a ~ 0. □ 

108 Proposition. Let us consider the situation of the following diagram in 
a Gpd* -category. If{K,k,K) = Keif, then {QK,kujK) = Pip/- So, if C has all 
kernels, C has all pips. 





(141) 
QK K — > A > B 



Proof. Let us consider the following diagram. Let a:0 ^ 0:X A he 
such that fa = Iq. By Lemma 107, fa ~ 0. So, by the universal property 
of the kernel, there exists a factorisation a: EX — > K such that ka ~ a. To 
a corresponds under the adjunction S H 1] an arrow a: X ^ QK such that 
aax = ujkcl. Therefore kuxa = kaax = aax = a. 








(142) 



It remains to prove that kux is a monoloop. Let x,x' : X — > QK be such that 
kuxx = kujKx' . Since k is faithful (because it is a kernel), we have ujkx = ojkx' . 
And since ujk is a monoloop, there exists a unique 2-arrow x ^ x' . □ 

In a Gpd*-category which has all kernels and cokernels, we will define the pip 
and the copip in the following way: 

Pip/:=fiKer/, (143) 
Copip/ := SCoker/, (144) 

equipped with, respectively, vr/ := kfUiKcif and p/ := crcoker/5'/- 
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109 Proposition. In the situation of diagram I40, f is the coroot of a if and 
only if f is the cokernel of a. Therefore, ifC has all cokernels, C has all coroots. 

Proof. Lemma 107 says that a coroot-candidate of a is the same as a cokernel- 
candidate of a. □ 

If C has all kernels and cokernels, we will define the coroot of a 2-arrow vr by 
Coroot TT := CokerTT and its root by Rootvr := Kervf. To sum up, if C has all 
kernels and cokernels, C also has all pips, copips, roots and coroots. 

110 Remark. By joining the las two propositions, we get a new construction 
of the Pip-regular factorisation of an arrow /, which is normally constructed by 
taking the coroot of the pip of /. By Proposition 108, kfUxf is a pip of / and 
the coroot of this pip can be constructed, by Proposition 109, as the cokernel of 

kfEKf- TTlKf A. 



VLKf Kf ■ 




(145) 



mxf 



So, in particular, an arrow is normal fully cofaithful (in other words a Pip-regular 
epimorphism) if and only if is is canonically the cokernel of the tti of its kernel. 



We can also give characterisations of the 0-faithful and fully 0-faithful ar- 
rows without using loops 0^0. The following proposition is an immediate 
consequence of Lemma 107. 

f 

111 Proposition. Let A ^ B be an arrow in C which has all Ss. The 
following conditions are equivalent: 

1. f is 0-faithful; 

2. for all X: C and for all a: SX A, if fa ~ 0, then a ^ 0. 

We deduce from this proposition that, if S exists, in condition 1 of the defi- 
nition of fully 0-faithful arrows (80), we can remove point (b), i.e. 0-faithfulness, 
because it follows from point (a). 

f 

112 Proposition. If C has all Ss, then an arrow A ^ B in C is fully 0- 
faithful if and only if, for all X : C, for all a: X ^ A and for all f3: fa => 0, 
there exists a: a ^ such that (3 = fa. 
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Proof. Point (b) of characterisation 1 of the definition 80, which is 0-faithful- 
ness, follows from point (a), if we apply the previous proposition: if /a ~ 
(where the domain of a is SX), then there exists a: a ^ 0. □ 

f 

113 Proposition. Let be A ^ B and vr: ^ 0: QA B in C such that 
7T = fuJA- If 'n: is a monoloop, then f is 0-faithful. 

Proof. Let he a: ^ 0: X ^ A such that fa = Iq- By the equivalences 
137, to a corresponds an arrow a: X QA (such that a = uJA<y)- Then 
na = fiOAOL = /a = Iq and, since vr is a monoloop, a ^ 0. Therefore a = ujao. = 
luaO = lo. □ 



Chapter 3 

Abelian Gpd-categories and homology 



In this chapter, after basic definitions and lemmas, we introduce 
Puppe-exact Gpd* -categories, which form a context in which we can 
study exact and relative exact sequences as well as their homology. 
Next, in the context of abelian Gpd-categories, we prove several clas- 
sical diagram lemmas and the existence of the long exact sequence of 
homology corresponding to an extension of chain complexes (Theorem 
177). 

3.1 Relative kernel and relative pullback 

For this section we fix a Gpd*-category C, which has all kernels, cokernels and a 
zero object. 

3.1.1 Relative fully faithful arrows 

The notion of fully faithfulness relative to a 2- arrow was introduced in [26]. 

114 Definition. Let us consider the following diagram in C. We say that / is 
ip-fully faithful if, for every X : C, for all Oi, 02 : X A and for all /5 : fai =^ fa2 
compatible with ip, there exists a unique a: ai ^ a2 such that fa = (3. 




(146) 







The second part of the universal property of the kernel of an arrow / (Defi- 
nition 87) says precisely that kj is Kj-fuUy faithful. 

For a given arrow A ^ i?, we can apply this definition to two canonical 2- 
arrows on the one hand, Iq^ : 0^/ ^ 0"^ and, on the other hand, the canonical 
2-arrow of the cokernel of /. 
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115 Proposition. Let A ^ B he an arrow in C. Then f is iQA-fully faithful 
if and only if f is fully faithful. 

Proof. Every 2-arrow j3 is trivially compatible with Iqa. □ 

116 Definition. An arrow A ^ 5 in C is called a monomorphism if it is 
C/-fully faithful (where (f-. qjf ^ is the canonical arrow of the cokernel of /). 

As the following proposition shows, these two canonical cases are the extreme 
cases. 

117 Proposition. Let f he an arrow and ip he a 2-arrow as in diagram 146. 
We have the following implications: 

f is fully faithful =^ f is (p-fully faithful =^ f is a monomorphism =^ 
f is faithful. 

Proof. The first and last implications are obvious. It remains to prove that, 
if / is (/9-fully faithful, then / is (f-fuWj faithful. By the universal property of 
the cokernel, there exists an arrow y' : Qf Y and a 2-arrow l: y ^ y'qf such 
that yXf o if = (p. Therefore, if (3: fai =^ fa2 is compatible with (f, it is also 
compatible with if and, as / is y^-fully faithful, there exists a unique a such that 
(3 = fa. □ 








(147) 



In a Set*-category seen as a locally discrete Gpd*-category, all 2-arrows are 
equal and so several of these notions merge: / is fully faithful if and only if / 
is a monomorphism (in the sense of the above definition), if and only if / is a 
monomorphism (in the usual sense). Moreover, all arrows are faithful. It is thus 
in general not true that all faithful arrows are monomorphisms. 

On the other hand. Lemma 5.1 of [52] says precisely that the monomorphisms 
in 2-SGp are the faithful arrows. More generally, if in C all faithful arrows are 
canonically the kernel of their cokernel (i.e. if C is Ker-exact, in particular if C 
is 2-Puppe-exact), the monomorphisms are the faithful arrows. The interest of 
this notion of monomorphisms is thus that it is relevant both in dimension 1 and 
in dimension 2. 

We can also define a relative version of the notion of fully 0-faithful arrow. 
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118 Definition. Let /, y and (p be as in diagram 146. We say that / is y?- 
fully 0-faithful if for every 2-arrow f3: fa ^ 0: X ^ B compatible with (p, there 
exists a unique a: a ^ such that fa = jS. We say that / is a 0-monomorphism 
if / is C/-fully 0-faithfuL 

If / is 93-fully faithful, / is also yp-fuUy 0-faithful, and / is lo-fuUy 0-faithful 
if and only if / is fully 0-faithful. Moreover, the implications corresponding to 
those of Proposition 117 hold. 

3.1.2 Relative kernel 

The notion of relative kernel have been introduced in [26] for symmetric 2-groups. 
The difference with the usual kernel is that we ask that Hf he compatible with a 
given 2-arrow if. 

119 Definition. Let /, y and 9? be as in the following diagram. 












We call an object K, equipped with an arrow k and a 2-arrow k compatible with 
ip a relative kernel of /, y, ip if the following conditions hold: 

1. for all X : C, a: X A, (3 : fa^O such that (3 is compatible with ip, there 
exist an arrow a' : X ^ K and a 2-arrow a: a ^ ka' such that (3 = na'ofa: 




(149) 



2. k is K-fuUy faithful. 

We write [K, k, k) = Ker(/, ip) the fact that {K, k, k) is a kernel of / relative to 
ip (we often omit the object K). 

We can construct the kernel of / relative to ip from the kernel of /, by a root. 
So C has all relative kernels, since it has all kernels (and so all roots, by the dual 
of Proposition 109). 
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120 Proposition. Let be A ^ B and ip: yf => Q in C. Let us denote by it 
the composite ynf o ip~^kf and r: RootTr Kf the root o/vr. Then 

(Root 71, k f r, Kfr) = KeT{f,(p). (150) 

We denote by (Ker(/, yj), /c/^^, k/^^) this particular construction of the relative 
kernel. 







Root vr 




(151) 







Proof. To give X A and (3: fa ^ compatible with (p amounts to give 
X Kf such that na' = Iq. □ 

We recover as a special case of the relative kernel the usual kernel, the root 
and the pip; these are the cases where, respectively, Y, B and A are in diagram 
146. 

121 Proposition. Let be A ^ B in C. 

1. In the situation of the following diagram, {K, k, k) = Ker / if and only if 
{K,k,K) = KeT{f, V). 








(152) 







2. In the situation of the following diagram, (P, n) = Pip / if and only if 
(P,0^,7r) = Ker(0^,loJ. 








(153) 







Letben: 0^0: A ^ B. 
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3. In the situation of the following diagram, {R, r) = Root vr if and only if 
{R,r, V) = Ker(0^,7r). 








(154) 







The kernel classifies the fully 0-faithful arrows; the relative kernel classifies 
the relative fully 0-faithful arrows. 

122 Proposition. In the situation of diagram 148 the following conditions 
are equivalent: 

1. f is (p-fully 0-faithful; 

2. if {K, k, K,) = Ker(/, ip), then there exists n' : k ^ such that fn' = n; 

3. (0,OA,loJ = Ker(/,(^). 

Proof. 1^3. For the first part of the universal property of the kernel, let be 
X : a: X ^ A and jS: fa ^ compatible with ip. As / is yp-fully 0-faithful, 
there exists a unique a: a ^ such that /3 = fa. We have thus 0^ : X ^ and 
a: = 0^0^ such that IqbO^ o fa = (3. 

It remains to prove that 0^ is lo^-fully faithful. Let be xi,X2'. X ^ and 
a: OaXi =^ 0^X2'- X ^ A compatible with Iq^, i.e. such that fa = 1q. As / 
is 0-faithful, a = Iq. So, if x is the unique 2-arrow Xi ^ X2 (0 is terminal), 
a = OaX- 

3^2. By the universal property of the kernel, there exist k' : K ^ and 
k' : k Oy^k' such that k, = fn'. 

2 => 1. We use Proposition 112. Let be a: X — ^ A and 13: fa =^ 
compatible with ip. By the universal property of the kernel, there exist a' : X ^ 
K and a: ka' such that na' o fa = jS. So /3 = f{K'a' o a). □ 

This proposition contains as special cases the already known facts that the 
ordinary kernel classifies the fully 0-faithful arrows and that the pip classifies the 
0-faithful arrows; another special case is that the root classifies the 0-monoloops 
(the loops IT : 0: A B such that, if na = Iq, then there is a unique 2-arrow 
a 0): 



1. / is fully 0-faithful ^ / is loA-fuUy 0-faithful ^ = Ker(/, Iqa) ^ = 
Ker/; 



90 



Chapter 3. Abelian Gpd- categories and homology 



2. / is 0-faithful ^ 0^ is los-fully 0-faithful ^ = Ker(OA, lo^) ^ = Pip /; 

3. TT is a 0-monoloop <^ 0^ is vr-fuUy 0-faithful = Ker(0^, tt) ^ = 

Root TT. 

In dimension 1, the kernel of the kernel of an arrow / is always 0. As Lemma 
140 shows, this is not true any more in dimension 2: the kernel of the kernel of 
/ : A ^ B is VLB. But if we take the kernel of the kernel relative to the canonical 
2-arrow of the kernel, we get 0. 

123 Corollary. //, in the situation of the following diagram, {K,k,K,) = 
Ker(/, then (0,0/^, Iq^) =Ker(fc, k). 








(155) 







Proof. This is a direct application of the previous proposition, since k is K-fuUy 
faithful. □ 

3.1.3 Relative pullback 

The relative pullback is a generalisation of the pullback, which we recover by 
taking for y in the following definition. 

124 Definition. Let us consider the solid part of the following diagram. 




(156) 



The dashed part is a pullback of f and g relative to tp and tp if the composite of 
the diagram is Iq^ and if 

1. for all X : C, a: X A, b: X ^ B, and 7 : fa^gb compatible with ip and 
ip, there exist (a, 7, 6) : X — * P, tti : a ^ Pi (0.7 7? b) and 712'. b ^ ^2(^7 7? b) 

^i.c. if ipp2 o j/vr o ip^^pi = Ig; wc say then that tt is compatible with ip and ip 
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such that 



X 




= 7; 



(157) 



/ 



B 



a 



2. condition 2 of Definition 10 hold. 

The pullback-candidates of / and g relative to (p and ip form a Gpd-category 
PBCand(/, (p,ip) (if Y is 0, we write simply PBCand(/, (?)): 

• objects: an object consists of X: C, a: X ^ A, b: X ^ B and 7: fa gb 
compatible with ip and ip; 

• arrows: an arrow (X, a, 6, 7) — (X', a', 6', 7') consists of x: X — ^ X', 

a ^ a'x and C,'- b b'x such that (^^"^ o 7'x o /C = 7! the compo- 
sition and identities are defined in an obvious way; 

• 2-arrows: a 2-arrow (x, C,0 ^ {^'X'^O consists of x- ^ ^ such that 
(' = a'x o C and ^' = 6'x o ^ ; the compositions and identities are defined as 



125 Proposition. A pullback of f and g relative to (p and i/j is a terminal 
object in PBCand(/, g; ip, tp) . 

The relative kernel can be expressed in terms of relative pullback, in the same 
way as the kernel is expressed pullback. 

126 Proposition. Let us consider the situation of the following diagram. 
Then {K, k, k) = Ker(/, ip) if and only if k, is a pullback relative to (p and 1q. 



in C. 



K 



k 



^A 












(158) 



Let us prove now the cube lemma, which generalises the cancellation property 
of puUbacks and from which follow all the diagram lemmas of the following 
section. 
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127 Proposition (Cube lemma). Let us consider the following diagram. 



A, ^ >A2 




(159) 



The six faces of the cube contain each a 2-arrow, and these 2-arrows satisfy the 
equation 

Ai > A2 Ai > A2 




(160) 



D, >D2 D, >D2 

If V is a pullback relative to (f and ip and if ^ is a pullback, then the following 
conditions are equivalent: 

1. n is a pullback relative to ipl2 o yu!2 and ipnii o y^; 

2. X is a pullback. 

Proof. Set ip' := ^9/2 o yuJ2 and ip' := ipnii o y^i. We define a Gpd-functor 

^ : PBCand(A;2, /; <^', tp') PBCand(/2, g). (161) 

Objects. Let {X, 02, bi, P2) be an object of PBCand(/c2, /; f', i^') (we have thus 
X : C, a2: X ^ A2, 61 : X — i?i and f32'- ^2*22 =^ fbi compatible with (/?' and 
ip'). By the universal property of relative pullback for u, there exist Ci : X ^ Ci, 
72: 120,2 =^ gci and 61: niibi =^ uiCi (see diagram 166) such that 

h5i O jjhi O 7712/32 = O 77272 O 1^202- (162) 

We set ^(X,a2,6i,/32) := (X, 02, Ci, 72). 
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Arrows. Let be {^yCL2,bi, P2) — > ,CL2^b[^ P2) (i-^- x: X ^ X', 

(: a2 ^ a'2X and hi => h'^x). By the universal property of z/, there exists a 
unique 6: Ci ^ c[x such that 

ni9~^ o S[x o rrii^ = 61, (163) 



^rio7^xo/2C = 72. (164) 

We set \l/(x, C, C.) '■= {x, C, 6*), which is a morphism in PBCand(/2, g), by this last 
equation. 

2-arrows. Let be {xX,0 ^ i^'X'^^')- We set \E'(x) := X- We check that 
it is a 2-arrow of PBCand(/2, (?) by testing it with g and rii, which are jointly 
faithful by the universal property of u. 

Next, we prove that is an equivalence. 

Surjective. Let be {X, 02, Ci, 72) : PBCand(/2, g)- By the universal property of 
pullback of /i, there exist 61 : X — > /52 : k2a2 =^ fbi and 61 : mi 61 ^ riiCi (see 
diagram 166) such that equation 162 hold. If we apply the above construction 
of to {X, a2, bi, P2), we get c[: X ^ Ci, 73 : /2a2 =^ gc'i and 6[ : niibi =^ nic[ 
satisfying the same equation. Then, by the universal property of relative pullback 
of u, there exists a 2-arrow 71 : Ci ^ c'l which gives us an isomorphism 

(Ix, laa, 7i) : (X, 02, Ci, 72) (X, 02, c[, 73) = ^(X, 02, &l, /32)- (165) 

Full. Let (X, 02, bi, P2) and (X', a'g, b[, P2) be objects in PBCand(/c2, /; V^', "^O 
and let (x, C, ^) be an arrow between their images by in PBCand(/2, g)- Then, 
by the universal property of /i, there exists ^: bi ^ b[x satisfying equation 163. 
If we apply \E' to (x, ^,0? ^ unique 9' satisfying equations 163 and 164. 

As 6 also satisfies these equations, 9' = 9 and 1^ is a isomorphism between 
(x,C,^') = ^(^,C,0 and (x,C,^). 

Faithful. If x: ^'(x,C,0 ^ *(a;',C',^') is a 2-arrow in PBCand(/2, 5-), then x 
is also a 2-arrow (x, C, ^ (^^'j O- can check it by testing with / and mi, 
which are jointly faithful since is a pullback. 

Finally, since \E'(74i, e, fci, k) ~ (74i,e,/i,A) (we are in the situation of the 
proof of the surjectivity of \&) and since \& is an equivalence, (Ai, e, /ci, k) is an 
initial object if and only if (Ai, e, /i. A) is an initial object, in other words k is a 



94 Chapter 3. Abelian Gpd- categories and homology 

relative puUback if and only if A is a pullback. □ 




(166) 



3.1.4 Small diagram lemmas 

128 Lemma. Let be the following diagram in C, where 

If = if'b o yu and n = n'a o g'fi o uf. (167) 








// (/', k') = KeT{g', Lf'), then the following conditions are equivalent: 

1. 11 is a pullback; 

2. (/,«)=Ker ((?,(/;). 

Proof. We apply the cube lemma (Proposition 127) to the situation of the 
following diagram. The front face is obviously a pullback. The bottom face of the 
cube is a pullback relative to ip' and Iq, by the hypothesis (/', k') = Ker^g', ip'). 
Thus K is a pullback relative to ip'b o yu{= (p) and Iq (i.e. (/, k) = Ker^g, (p)) if 
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and only if /i is a pullback. 



□ 




(169) 



129 Lemma. Let us consider the situation of the following diagram, where 
k' := ak and where k' := bn o fik. 



K 



(170) 



K > A' > B' 




If H is a pullback, then the following conditions are equivalet: 

1. {k,K) = KeTf; 

2. {k',K') = Kerf. 

Proof. We apply the cube lemma to the situation of the following diagram. 
The front face is obviously a pullback, whereas the bottom face is a pullback by 
hypothesis. Therefore k is a pullback if and only if k' is a pullback. □ 




(171) 
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130 Corollary. Let fi: fa =^ bf be a pullback, where f and f are normal 
cofaithful arrows. Then fi is also a pushout. 



A- 



A' — jr^B' 



(172) 



Proof. Let us consider diagram 170, where {K, k, k) is the kernel of /. As 
11 is a. pullback, by Lemma 129, (/c', k') (where k' := ak and k' := bn o ^k) is 
a kernel of /'. Then, since / and /' are normal cofaithful, (/, k) = Coker k 
and (/', k') = Coker /c'. So, by the dual of Lemma 128 (with Y := 0), is a 
pushout. □ 

Let us prove now a lemma from which will follow the cancellation property 
of kernels and the restricted kernel lemma. 

131 Lemma. Let be the situation of the following diagram, where n'a o g' ^ = 
CKO vf . 




(173) 



// c is ip-fully 0-faithful and (/', k') 
equivalent: 



'Kei g' , then the following conditions are 



1. fi is a pullback relative to (pg o yi/ and yn' ; 



2. {f,K) =Keig. 



Proof. We apply the cube lemma (Proposition 127) to the situation of the 
following diagram. The front face is a pullback, by the hypothesis (/', k') = 
Keig'; since c is yj-fuUy 0-faithful, the bottom face is a relative pullback, by 
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Proposition 122. So conditions 1 and 2 are equivalent. 



□ 




(174) 



We know that in dimension 1, if / = mf, where m is a 0-monomorphism, 
then Ker / = Ker /'. Here is the corresponding property for relative kernels. 

132 Corollary. Let us consider the following situation, where (p = ip'f'oyfi, 
K = mn' o fj,k, and where m is ip' -fully 0-faithful. 




(175) 



Then the following conditions are equivalent: 

1. (fc, k) = Ker(/,v9); 

2. {k,K') = Kerf. 

Proof. It suffices to apply the previous lemma to the situation of the following 
diagram. □ 




(176) 
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A corollary of this corollary is that relative kernels are kernels. 

133 Corollary. Let f , y, ip he as in the following diagram and f : A —* Ky 
be the induced arrow to the kernel of y. Then {K,k,K) = Ker(/, (yj) if and only 
if {K, k, K,') = Ker /'. Therefore f is (f -fully 0-faithful if and only if f is fully 
0-faithful. 








(177) 



Here is a last lemma concerning the relative kernel and pullback; it will be 
used to prove the 3x3 lemma (Proposition 167). 

134 Lemma. Let be the following diagram in C, where n is compatible with ip 
and n'a o g'fi = no vf . 




If{f',K') = Ker g' , then the following properties are equivalent: 

1. fi is a pullback relative to (p o yu and yn' ; 

2. (/,«:)= Ker ((7, v;). 

Proof. Let us consider the following diagram. We construct the kernel of y. 
There is an induced arrow g: B ^ Ky and a 2-arrow 0: g ^ kyCj such that 
Kyg o yip = ip. We sei V := (p o V . There is also an induced 2-arrow k: gf ^ 
such that kyk o Of = n'a o g' ^. Then, by Lemma 131, since (/', n') = Ker g' and 
ky is Ky-iu\lj faithful (by the universal property of the kernel), /i is a pullback 
relative to HyCj o yC'{= ip o yv) and yn' if and only if (/, k) = Ker^. By the 
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previous corollary, this last property is equivalent to (/, k) = Kei^g, ip). 



□ 




(179) 



3.1.5 Restricted kernels lemma 

To complete this collection of lemmas always true in a Gpd*-category with kernels, 
here is the restricted kernels lemma and the relative kernels lemma. Let us first 
introduce the following terminology: we say that a diagram of the shape of 
diagram 184 commutes if the following equations hold: 



/aai o (^2^1 o &2<yfi = A/i; 
g3pio^2bi oc2ipi = 7ifi'i; 
r]2ai og2ipioip^f^ = ci?7i; 

?73a2 05(3^92 0^2/2 = C2?72- 



:i80) 
:i81) 
:i82) 
:i83) 




^ C2 ^ 



p3 



:i84) 



135 Proposition (Restricted kernels lemma). Let us consider the sit- 
uation of diagram 184- Let us assume that the diagram commutes and that the 
following conditions hold: 
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1. (ai, ai) = Ker 02; 

2. (61, A) = Ker 62; 

3. Ci is 'ji-fully 0- faithful; 

4- (/2,?72) = Ker 5(2; 

5- fs is Tj-i,- fully 0- faithful. 

Then {fi,rii) = Ker gi and ipi is a pullback relative to 'jigi o C2ipi^ and C2T]2- 

Proof. By Lemma 131, conditions 1, 2 and 5 imply that ipi is a pullback relative 
to g^Pi and 77302 o g^ip2. Thanks to the isomorphism 1^2, is also a pullback 
relative to 71(71 o C24'i'^ '^2V2 and, by Lemma 131, conditions 3 and 4 imply 
that (/i,?7i) = Ker 5(1. □ 

136 Corollary (Relative kernels lemma). Let be the following dia- 
gram, where the lower two thirds and the upper two thirds commute. 












Let us assume that the following conditions hold: 

1. (ai, tti) = Ker(a2, 02); 

2. (6i,A) =Ker(62,/32); 

3. (ci,7i) = Ker(c2,72); 
4- (/2,?72) = Ker 5(2; 
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5- {f3,V3) = Ker^ig; 
6. (/4,?74) = Ker5(4. 
Then (/i,?7i) = Ker^ii. 

Proof. We decompose the diagram in two parts to wich we apply the kernels 
lemma. We factor 02 by taking the kernel of a^, which gives the following dia- 
gram, where a"ai o aai = cti and a2a' o 030; = 02. 








We do the same for the other two columns, which gives respectively b', b", Pi, 
/3, and c', c", 71, 72, 7, satisfying the corresponding conditions. By the universal 
property of kernels, these constructions induce /, ip' and ip" (see the following 
diagrams) which make commute the left half of diagram 189 and such that 

<^Vo6V°/5/2 = /3«o<^2, (187) 

as well as (7, ip' and ip" , which make commute the right half of this diagram, and 
such that 

ocV 07(72 = (73/5 oV^2. (188) 

Finally, the universal property of the kernel of C3 induces a 2-arrow rj: gf ^ 
such that rj^a" o g^(p" oi(j" f = c"r]. Therefore the restricted kernels lemma applies 
to the following diagram, and {f,r]) = Keig. 
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Finally, by Corollary 133 applied to diagram 186 and to the corresponding dia- 
grams for the other two columns, (ai, di) = Ker a', {hi, Pi) = Kerb' and (ci, 71) = 
Ker c'. So the restricted kernels lemma applies to the following diagram (which 
commutes, thanks to the faithfulness of b" and c") and (/i,?7i) = Ker^fi. □ 








(190) 







3.2 Exact sequences and Puppe-exact Gpcl*-categories 
3.2.1 Exact sequences 

The notion of exact sequence for symmetric 2-groups appears in [73], in the form 
of conditions 3 and 4 of Proposition 154. Marco Grandis also defined a notion 
of (homotopical) exactness in a more general context [40]. 

In order that the two dual definitions of exact sequence be equivalent in 
dimension 2, we must assume that in C the adjunction Coker H Ker is idempotent 
(as Marco Grandis [40] shows), i.e. that C be Ker-idempotent (Marco Grandis 
uses the term semistable for a Ker-idempotent h-category). As we noticed at the 
beginning of Subsection 1.2.5, this adjunction is always idempotent in dimension 
1, but this is not the case any more in dimension 2. 

137 Proposition. Let us assume that C is Ker-idempotent. Let us consider 
the following diagram, where we have constructed {k, k) = Ker b and (g, () = 
Coker a; this induces arrows a' and b' and 2-arrows fi and v such that na' ob^ = 
a = b'C o va. 






(191) 



Kb Qa 



3.2. Exact sequences and Puppe-exact Gpd* -categories 



103 



The following conditions are equivalent; when they hold, we say that the sequence 
{a,a,b) is exact (at B). 

1. There exists uj: qk ^ such that {k,uj) = Kerg, ua'oq^ = ( andh'ujovk = 

2. There exists u: qk => such that (g, uj) = Coker k, uja' o qfi = C o.^'^d 
h'uj o vk = K. 

Proof. Condition 1 implies condition 2 because, if {k.,uj) = Kerg, as g is a 
cokernel, (g, u) = Coker k, by Ker-idempotence. Dually, condition 2 implies 
condition 1. □ 

The first condition means that the kernel of b is the (faithful) image of a (the 
kernel of the cokernel of a). The second condition means that the cokernel of a 
is the full image of b (the cokernel of the kernel of b) . 

The special case where i? is gives an exactness notion for loops. 

138 Definition. We say that a loop n: ^ 0: A ^ B is exact if the se- 
quence 

(192) 




is exact. 

As in dimension 1, if the first arrow of the sequence is the kernel of the second, 
then the sequence is exact. 

139 Proposition. Let us assume that C is Kei-idempotent. In the situation 
of diagram 191, if {a, a) = Kerb, then the sequence {a,a,b) is exact. In partic- 
ular, the loop uja'- 0^0: QA ^ A is exact. 

Proof. In this case, a' is an equivalence. Now, by Ker-idempotence, (a, C) = 
Ker g. So there is a 2-arrow a; satisfying the required conditions such that {k, u) = 
Ker g. □ 

On the other hand, if we start with an arrow /, we don't get an exact sequence 
O^Ker/AAAEA Coker / ^ any more. This sequence is exact at A 
and B but not at Ker / nor at Coker/, because the kernel of the kernel of / is 
not in general (since Kerfc is if and only if k is fully 0-faithful). 

140 Lemma. Let be f: A ^ B. If{K,k,K) is a kernel of f , then there exist 
d: VLB — > K and 6: kd => such that 

ujB = f5oK-^d. (193) 
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Moreover, for all d, 5 satisfying the previous equation, {QB, d, 6) is a kernel of 
k. 








(194) 







Proof. First, the universal property of {k, k) = Ker / induces an arrow d and a 
2-arrow 6 satisfying 193. Then, by Lemma 128 apphed to the following diagram, 
5 is a puUback, since (0^, cu^i) = Ker Ob and {k, k) = Ker /. □ 




(195) 







The 2-dimensionnel equivalent of the 1-dimensional exact sequence 
Ker/ A A A S A Coker/ ^ is the sequence of the following proposi- 
tion. It is a truncated version (because we always have QQA ~ and EE^ ~ 0) 
of the Puppe exact sequence in homotopy theory. It was studied in the context 
of Gpd*-categories with a weaker notion of kernel by Gabriel and Zisman [35, 
Chapter 5] and, in a more general context, for the standard homotopy kernel, 
by Marco Grandis [37, 38, 39]. The Puppe sequence for symmetric 2-groups is 
described by Dominique Bourn and Enrico Vitale [18, Proposition 2.6]. Let us 
recall that we construct the pip of / as Pip / := QKei f and, dually, the copip 
of / as Copip / := E Coker/. In the following proposition, we abbreviate Pip/ 
by Pf, Ker / by Kf, Coker / by Q/ and Copip / by Rf, and we denote by /i/ 
the composite (k o qK,~^. 

141 Proposition (Puppe long exact sequence). Let f: A ^ B be in 
C, that we assume to be Ker -idempotent. Then there exist d, 6, s and d' , 5' , e' 
such that the following sequence is exact. Each arrow to the left of f , with the 
adjacent 2-arrow to 0, is the kernel of the following arrow; dually, each arrow 
to the right of f , with the adjacent 2-arrow to 0, is the cokernel of the previous 
arrow. Moreover, the following equalities hold: 
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1. eVtk o dVtK ^ = ujj/p- 



2. Snf o fe-i = loa; 
4. CkoqK"^ =: jif, 



5. 5'foofC~' = a^\- 



6. e'q o = ae; 

7. {T.C)ofo{T.q)e'-' = aQ). 




(196) 




Proof. Let us deal with the left half; the argument for the right half is dual. 
We will prove that each morphism of the sequence is the kernel of the following 
morphism; the exactness will follow by Proposition 139. 

First, (A;, n) = Ker /, by definition. Then, by the previous lemma, there exist 
d and 6 such that {d, 6) = Ker and ub = fS o K,~^d. 

Next, cu^^ oSflf: kdflf ^ is compatible with k, because ujB^f = f^A- So, 
by the universal property of the kernel of /, there exists a unique e: dQf =^ 
such that 

6nf o ke"^ = ujA. (198) 

Then (fiA, fi/, e) = Ker d, by the previous lemma. 

Next, {Pf, ^Ik, Qk) = Ker(r2/) because Q preserves limits (being right adjoint 
to E). 

Then, Qk is fully faithful because the kernel of an arrow with discrete codo- 
main is fully faithful (by Lemma 89); therefore is a kernel of ^2/. 

To end with, we have k{dflK o e~^Qk) = UA^k = kuiKf- Since k is faithful, 
we have dVLn o e~^VLk = uiKf- Q 
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The loops we get by composing the neighbouring 2-arrows in this exact se- 
quence are all exact, except perhaps which is exact in a good 2-Puppe-exact 
Gpd*-category (Proposition 196). So, in a good 2-Puppe-exact Gpd*-category, 
this sequence is perfectly exact (it is exact at each point and each 2-arrow 0^0 
is exact). 

3.2.2 Relative exact sequences 

The notion of relative exact sequence has been introduced by Aurora Del Rio, 
Juan Martinez-Moreno and Enrico Vitale in [26]. 

142 Proposition. Let us assume that C is Kei -idempotent. Let us consider 
the following diagram, where ip and a are compatible, as well as a and tp, and 
where we have constructed {k,K) = Ker(6, ■?/') and (g, C) = Coker(a, y^). This 
induces arrows a' and b' and 2-arrows n, v , ip' , ip' such that na'obfj, = a = bX^i^o,, 
kip' o fj,x = ip and ip'q oyu = tp. 








(199) 



The following conditions are equivalent; when they hold, we say that the sequence 
(x, if, a, a, 6, ip, y) is relative exact at B . 

1. There exists u: qk ^ such that {k,uj) = Kerg, ua'oq^ = ( andb'ujovk = 

K. 

2. There exists ui: qk ^ such that (g, ui) = Coker k, ura' o qfJ^ = C ^"^^ 
b'uj o uk = K. 

Proof. The proof is the same as the proof of Proposition 137 because, by 
Corollary 133, A; is a kernel (thus is the kernel of its cokernel, since C is Ker- 
idempotent), and g is a cokernel (thus is the cokernel of its kernel). □ 

A related notion is defined by Hans- Joachim Baues and Mamuka Jibladze 
in [7]: they fix a sub-Gpd-category V of C (whose objects are to be thought of 
as projectives), and say that the sequence of the upper row of diagram 199 is 
V -exact if, for all P : V, p: P ^ B and it: bp ^ compatible with ip, there exist 
p' : P ^ A, 7t' : p ^ ap' such that ap' o bn' = vr. 

The notion of exactness is a special case of the notion of relative exactness 
(diagram 191 is the special case of diagram 199 where X and Y are 0). 
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143 Proposition. Let us consider the following diagram. 













a " 
> 



b 

> 



lot 




(200) 





















The sequence (a, a, h) is exact at B if and only if the sequence (0, Iq, a, a, 6, Iq, 0) 
is relative exact at B. 

On the other hand, long exact sequences are not in general relative exact, 
because there is no reason for the 2-arrows to be compatible. For example, the 
loops we get by composing the adjacent 2-arrows of the sequence 196/197 are 
not in general identities, as we noticed in Proposition 141. In particular, the 
sequence Kf A ^ B Qf cannot be relative exact, because Kf and Q are 
not in general compatible (in a good 2-Puppe-exact Gpd*-category, this is the 
case if and only if / is full (Proposition 201)). 

144 Proposition. IfC is Ker-idempotent and if {k^n) = Ker(/, (yj), then the 
sequence of diagram 155 is relative exact at 0, K and A. 

Proof. First, the sequence is clearly relative exact at 0. Next, by Proposition 
123, (Ox, lo) = Ker(A;, k); moreover (1^^, Iq) = Coker(Oi^, Iq). Hence (0^, lo) = 
Ker Ik, so the sequence is relative exact at K. 

Finally, by hypothesis, {k, k) = Ker(/, ip), so k is a. kernel (by Corollary 133) 
and, by Ker-idempotence, k is the kernel of its cokernel. So the sequence is 
relative exact at A. □ 

The importance of relative exact sequences comes from the fact that exten- 
sions (short exact sequences) are not in general exact sequences (for that a should 
be fully 0-faithful and b fully 0-cofaithful), but are relative exact sequences. 

145 Definition. The sequence 200 is called an extension if the following con- 
ditions hold: 

1. (a, a) = Ker b; 

2. (6, a) = Coker a. 

In an extension, a is normal faithful and b is normal cofaithful. 



146 Proposition. // diagram 200 is an extension, then it is a relative exact 
sequence at each point. 
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Proof. By the previous proposition, the sequence is relative exact at (on the 
left side), A and B. Dually, it is exact at C and at (on the right side). □ 

In dimension 1, if we join two short exact sequences, we get a three-term 
exact sequence, the image of the middle morphism being the meeting point of 
the short exact sequences. In dimension 2, if we join two extensions, we get a 
relative exact sequence and the meeting point is in general none of the images of 
the middle arrow. Therefore a projective resolution in dimension 2 should be a 
relative exact sequence rather than an exact sequence. 

147 Proposition. In the following diagram, if {a,a,b) and {c,'y,d) are ex- 
tensions, then the upper sequence is relative exact. 




(201) 







Proof. First, it is easy to see that ca and 76 are compatibles. Since (0,7) = 
Kei d, c is 7-fully faithful and so, by Corollary 1-32, the fact that [a, a) = Kerb 
implies that (a, ca) = Ker(c&, 76). Dually, {d,'yb) = Coker(c6, ca). By applying 
Proposition 144 and its dual, we get the relative exactness of the upper sequence. 

□ 

3.2.3 Homological Gpd*-categories and homology 

In the following proposition, the compatibility of the 2-arrows a and (3 is neces- 
sary to define the comparison arrow w. In particular, in dimension 2, we cannot 
in general define a comparison arrow between Coker(Ker/) and Ker(Coker/), 
because the 2-arrows Hf and (f are not compatible (in a good 2- abelian Gpd- 
category, they are compatible if and only if / is full, by Proposition 201). On the 
other hand, as we will see (diagrams 259 and 260), we can define a comparison 
arrow between Coker(Ker/) and Root(Copip/) and dually. 

148 Lemma. Let C be a QpA* -category with all the kernels and cokernels. Let 
be the situation of the upper row of the following diagram, where the 2-arrows 
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are compatible. 








(202) 



We construct the relative cokernel Q{a,(f) and the relative kernel K{c^ip). Then 
there exist arrows q' , k' , w, and 2-arrows /i, u, /i', u' such that 




(203) 



and such that 

k'C oua = a, (204) 

and 

nq' ocfx = p. (205) 

We set (' := w( o /i'a: q'a =^ and k' := k,w o cu' : ck' ^ 0. Then the 
following properties are equivalent: 

1. w is an equivalence; 

2. {k',K') = Ker(c,V^); 

3. (g',C') = Coker(a,v^). 

Proof. Since a is compatible with (f, by the universal property of the relative 
cokernel, we have k' : Q{a,(f) — > C and u: b ^ k'q satisfying equation 204. In 
the same way, since (3 is compatible with ip, by the universal property of the 
relative kernel, we have q' : B ^ K{c, ip) and fi: b ^ kq' satisfying equation 205. 

Then a o /i~^a is compatible with k (thanks to the compatibility of a and j3: 
ca = (3a = nq'aocfia) and, by the universal property of the relative kernel, there 
exists q'a =^ such that 

kC o fia = a. (206) 

Next, (' is compatible with (f and, by the universal property of the relative 
cokernel, there exist w: Q{a,ip) K{c,ip) and /i': q' ^ wq such that 

C = wCo /i'a. (207) 

Then the 2-arrow kfi' o fio : k'q =^ kwq is compatible with ( and so there 
exists z/' : k' ^ kw satisfying equation 203. □ 
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The subquotient axiom have been introduced by Marco Grandis in dimension 
1 [37]. 

149 Proposition. Let C be a Kei -idempotent Gpd* -category. Then the fol- 
lowing conditions are equivalent. 



1. For all B ^ C ^ A in C, where g is normal faithful and f is normal 
cofaithful, the pullback IT : fg' =^ gf of f and g exists, g' is normal faithful, 
and f is normal cofaithful. 

2. (a) Subquotient axiom. In the situation of the following diagram (solid 

arrows), where we set i := jk and q := sr, where a: rjk =^ and 
f3: srj =^ are compatible, and where {i,a,r) and {j,P,q) are exten- 
sions, the comparison arrow w: Qk Ks given by Lemma 148 is an 
equivalence. 



N N 




(b) Normal cofaithful arrows are stable under composition. 

Proof. 1 =^ 2(a). In the situation of diagram 208, we construct the kernel of 
s, which induces q' : M Ks and fi: rj ^ ksq' such that Usq' ° sfi = (3, as well 
as a' : q'k =^ such that kga' o fik = a. 

By Lemma 128, /x is a pullback. So, by condition 1, q' is normal cofaithful. 
Now {k,a') = Kerq', by Lemma 129. So {q',a') = Coker/c, which implies that 
w is an equivalence, by the previous lemma. 

/ g 

1 =^ 2(b). Let A -» i? -» C be normal cofaithful arrows. Let us consider the 
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(209) 



By Lemma 128, r is a pullback. So, by condition 1, t is normal cofaithful. 
Therefore, by Corollary 130, r is also a pushout. Finally, by the dual of Lemma 
129, {gf, Kgf) = Coker kgf. 

2=> 1. From / and g, we construct {Kf,i,L) = Ker/, (g, C) = Coker (7 and 
{g',(3) = Ker(g/). By the universal property of the kernel of qf, there exist 
k: Kf — >• K{qf) and 9: g'k =^ i such that Pk = qa, where a := l o fO. Then 
{g'k,a) = Ker/. (See the following diagram.) 

Next, by the universal property of {g, () = Ker g (since g is normal faithful), 
there exist /': K{qf) B and ip: fg' =^ gf such that o qip = j3. Finally, 
since g is C-fuUy faithful, there exists k: f'k =^ such that gno (pk = a. 



Kf Kf 




(210) 







By condition 2(b), qf is normal cofaithful and {qf,l3) = Coker (7'. Moreover, 
since / is normal cofaithful, (/, a) = Coker (g'k). We are thus in the situation of 
diagram 208 and, by condition 2(a), {f',K) = Coker A;. By Lemma 128, is a 
pullback. □ 

The subquotient axiom and homological categories" have been introduced by 
Marco Grandis [37]. Here is a 2-dimensional version. 

^This is a different notion from Borceux-Bourn homological categories [15]. For example, 
the category of groups is a Borccux-Bourn homological category but not a Grandis homological 
category, because normal monomorphisms are not stable under composition. 
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150 Definition. Let C be a Gpd*-category with all the kernels and cokernels. 
We say that C is Grandis homological if the following conditions (which are 
equivalent by the previous proposition) hold. 

1. (a) For all -B ^ C «^ A in C, where g is normal faithful and / is normal 

cofaithful, the puUback vr: fg' gf of / and g exists, g' is normal 
faithful, and /' is normal cofaithful; 

/ 9 

(b) for all -B «— A C in C, where g is normal faithful and / is normal 
cofaithful, the pushout tt: g'f =^ f'g of / and g exists, g' is normal 
faithful, and /' is normal cofaithful; 

(c) C is Ker-idempotent. 

2. (a) C satisfies the subquotient axioms; 

(b) normal cofaithful arrows are stable under composition; 

(c) normal faithful arrows are stable under composition; 

(d) C is Ker-idempotent. 

The homological Gpd*-categories satisfy the first isomorphism theorem: we 
can read the subquotient axiom in the following way: if A A and M A A are 

k 

normal subobjects of A (i.e. i and j are normal faithful) and if we have N ^ M 
such that jfc ^ 2 ('W C M"), then 

{A/N)/{M/N) c:iA/M. (211) 

Conditions 2(b) and 2(d) mean that C is Ker-factorisable (Proposition 95), 
which implies that in the Ker-regular factorisation / ^ mg, where q is the 
cokernel of the kernel of /, the arrow m is fully 0-faithful. We will now deduce 
from this a more general version of this property. Dually, conditions 2(c) and 
2(d) mean that C is Coker-factorisable. 

151 Proposition. Let C he a Ker-factorisable Gpd* -category (in particular, 
C can be homological) . Let be the situation of the following diagram in C, where 
[k, k) = Ker(/, ip), [q, Q = Coker /c, m( o fik = n and ip'q o yfi = (p. Then m is 
(f'-fully 0-faithful. 



K{f,^) 
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Proof. We construct {ky,K,y) = Kery. By the universal property of kernel, 
there exist m' and uj such that K,ym' o yuj = ip'. 








(213) 



By Corollary 132, since ky is Kj^-fuUy faithful, {k, m'Q = Ker(m'g). Therefore, 
since C is Ker-factorisable, m' is fully 0-faithful. Finally, by Corollary 133 applied 
to the previous diagram, m is (f'-fullj 0-faithful. □ 

In a homological Gpd*-category, the two dual constructions of the homology 
become equivalent. For symmetric 2-groups, the homology was constructed in 
[26]. 

152 Proposition. Let C be a homological Gpd* -category. In the situation of 
Proposition 142, there exist an object H, arrows q' : K{b,tlj) H and k' : H ^ 
Q{a,ip) and 2-arrows q'a' =^ 0, k' : b'k' =^ and rj: qk ^ k'q', such that 
k'C,' o rja' o qfi = C; '^'q' o b'rj o uk = k, and 

{H,q',C) = CokeT{a',^')- (214) 
{H,k',K') = KeT{b',^'). (215) 

We call this object H the homology at B of the sequence of the upper row of the 
following diagram. 








(216) 



Proof. We construct {Kq, kg, Kq) = Ker q, which induces j : Kq — > K{b, tp) and 
l: kg ^ kj such that obi = b'ng o ukg. Dually, we construct {Qk,qk,Ck) = 
Coker/c, which induces p: Q{a,ip) Qk and n: qu ^ pq such that pQ o na = 
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Then, by Ker-idempotence, the subquotient axiom apphes to the following 
diagram. So there exist H := Qj c:=^ Kp, q' : K{b,ilj) — ^ H and (" : q'j 
such that {q',C") = Coker j, as well as k' : H Q{a,ip), k" : pk' ^ such that 
{k', k") = Kerp, and also rj: qk ^ k'q' . 



Kq =Kq 




(217) 







Next, by the universal property of the kernel of g, there exists an arrow 
t: A ^ Kq, with t: a ^ kgt such that Kgt o qr = ( and t' : a' ^ jt such that 
it o T = kr' o /i, as well as (p" : tx ^ such that j(p" o r'x = ip'. By the dual of 
Proposition 151 applied to the following diagram, t is v9"-fully 0-cofaithful. 








Since (g', (") = Coker j, by the dual of Proposition 132 applied to the follow- 
ing diagram, (g', (') = Coker(a', (f'), where (' := ("t o gV. 








(219) 



Dually, we have n' such that {k', k,') = Ker(6', tp'). □ 

This proposition allows us to prove new characterisations of the relative ex- 
actness of a sequence, which extends Proposition 142. 



3.2. Exact sequences and Puppe-exact Gpd* -categories 



115 



153 Proposition. Let us consider the situation of diagram 216, where the 
2-arrows of the upper row are compatible. If C is Ker-factorisable, then the 
following conditions are equivalent to those of Proposition 142 (i.e. to the relative 
exactness of the sequence): 

3. a' is if' -fully 0-cofaithful; 

4. b' is ip' -fully 0- faithful. 

If C is homological, we can add the following condition: 

5. if ~ 0. 

Proof. 1 => 4- If we have u satisfying the two required equations and such 
that {k^uo) = Keiq, then a' is </?'-fully 0-cofaithful by Proposition 151 (which 
apphes because C is Ker-factorisable). 

4^2. If a' is 9?'-fully 0-cofaithful, there exists uj: qk =^ such that 
ua' o qfJ' = by using the cofaithfulness of a', we also prove that b'u o vk = k. 
Then, since (g, C) = Coker(a,9?), we also have {q.ui) = Coker/c, by the dual of 
Corollary 132. 

2^3 and 3 => 1. The proof is dual. 

3 4^ 5. Let us assume that C is homological. Since (if, q', (') = Coker(a', ip'), 
ii ~ if and only if a' is (yj'-fully 0-cofaithful, by Proposition 122. □ 

For the (non relative) exactness, the homology is constructed in the same way 
as for the relative exactness, with for X and Y. So we can extend Proposition 
137. 

154 Corollary. Let us consider the situation of diagram 216, with X := 
and Y := 0. IfC is Ker-factorisable, then the following conditions are equivalent 
to those of Proposition 137 (i.e. to the exactness of the sequence): 

3. a' is fully 0-cofaithful; 

4. b' is fully 0-faithful. 

If C is homological, we can add the following condition: 

5. ii ~ 0. 

3.2.4 Puppe-exact Gpd*-categories 

It is important to distinguish Puppe-exact Gpd*-categories from 2-Puppe-exact 
Gpd*-categories, defined in the following chapter. 2-Puppe-exactness is a 2- 
dimensional analogue of Puppe-exactness for Set*-categories, whereas Puppe- 
exactness for Gpd*-categories is a generalisation of Puppe-exactness for Set*- 
category (a Set*-category seen as a Gpd*-category is Puppe-exact if and only if 
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it is Puppe-exact in the 1-dimensional sense), which allows us to give them the 
same name. 

155 Definition. We call a Gpd*-category Puppe-exact if the following condi- 
tions hold: 

1. in the following situation, if (a, a) = Ker(6, /3) and (c, /5) = Coker(6, a), 
then the arrow w : Qa — > Kc given by Lemma 148 (with X and Y equal to 
0) is an equivalence; 








(220) 







2. 0-monomorphisms and 0-epimorphisms are stable under composition. 

For a Set*-category seen as a Gpd*-category, condition 2 is always true, and 
condition 1 becomes ordinary Puppe-exactness: for the sequence 

— > Kf ^ B ^Qf — ^ 0, (221) 

we have Q{kf) ~ K{qf). In dimension 2, we cannot express this condition in a 
similar form because, in general, the 2-arrows and C,f are not compatible and 
the comparison arrow w does not exist. 

156 Proposition. In a Gpd*-category which satisfies condition 1 of the defi- 
nition of Puppe-exactness, every 0-monomorphism is normal faithful. 

Proof. Let / be a 0-monomorphism. On the one hand, by Proposition 122, 
(0,0, lo) = Ker(/, C) because / is C-fuUy 0-faithful, and on the other hand 
(Qf^lX) = Coker(/, lo), by Proposition 121. So condition 1 of the definition 
of Puppe-exactness applies to the upper row of the following diagram and, since 
{A, 1a, lo) = Coker 0^, the comparison /: A ^ B, with is the kernel of q. □ 








(222) 
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157 Remark. A stronger property could be interesting. In the situation of 
the following diagram, we could ask that / be yj-fuUy 0-faithful if and only if 
(/,y.)=Ker(2/,C). 




This condition contains the property of the previous proposition, because the 
relative cokernel of a cokernel is 0. Moreover, this condition implies that / is 
fully 0-faithful if and only if / = Root(Copip /) (this is the case where Y = 0), 
and that is a 0-monoloop if and only ii ip = Pip(Coroot y?) (this is the case 
where B = 0). These two properties are false in general in a Puppe-exact Gpd*- 
category, as the example of Puppe-exact Set*-categories shows. But they are 
true in a 2-Puppe-exact Gpd*-category. It remains to establish the link between 
Gpd*-categories satisfying this property and its dual and 2-Puppe-exact Gpd*- 
categories . 

158 Corollary. In a Puppe-exact Gpd* -category, the following properties are 
equivalent for an arrow f: 

1. f is a 0-monomorphism; 

2. f is a monomorphism; 

3. f is a kernel; 

4. f is a normal faithful arrow. 

Proof. The implications 4 ^ 3 ^ 2 ^ 1 are always true. The previous 
proposition completes the proof. □ 

Here is a characterisation of Puppe-exact Gpd*-categories. 

159 Proposition. Let C be a Gpd* -category. The following conditions are 
equivalent: 

1. C is Puppe-exact; 

2. (a) C is Grandis homological; 

(b) every arrow which is both fully 0-faithful and fully 0-cofaithful is an 
equivalence. 
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Proof. 1 2(a). Normal cofaithful arrows are stable under composition since 
the normal cofaithful arrows coincide with the 0-epimorphisms, which are stable 
under composition by hypothesis. Dually, normal faithful arrows are stable under 
composition. 

Next, by the equivalence between conditions 3 and 4 of Corollary 158, C is 
Ker-idempotent . 

It remains to prove the subquotient axiom. Let us consider diagram 208. 
Since {ks,K,s) = Kers and (j, /3) = Kerg, /i is a puUback, by Lemma 128. And 
since {i,a) = Kerr, we have {k,a') = Keiq', by Lemma 129. Finally, by Corol- 
lary 132, {k,a) = Ker(rj, Dually, = Coker(rj, a). So condition 1 of 
the definition of Puppe-exactness applies to the sequence (/c, a, rj, (3, s), and the 
comparison arrow w : Qk — > Ks is an equivalence. 

1 => 2(h). Let f : A B he a. fully 0-faithful and fully 0-cofaithful arrow. 
Since / is fully 0-faithful, Ker / — and, by Proposition 156, the fact that / is 
a 0-epimorphism implies that / is normal cofaithful, i.e. that / is a cokernel of 
Oyi. Thus / is an equivalence. 

2 =^ condition 1 of Definition 155. Let us consider the situation of Lemma 
148, with X and Y equal to 0, and </? and ip equal to Iq. We assume that 
(a, a) = Ker(6, /5) and (c, /5) = Coker(6, a). We construct the kernel of w, which 
induces t and r such that kn^t o kwr o rja = a. 








(224) 







By Corollary 132, {kw,kKw) = Kei^kw, kw), since k is K-fully faithful. So, by 
Lemma 128, since we also have {a, a) = Ker{b,f3), r is a puUback. 

Now, since C is Ker-idempotent, g is a normal cofaithful arrow and k^ is 
a normal faithful arrow. So, by condition 1(a) of the definition of homological 
Gpd*-category, t is also normal cofaithful. 

Next, ( o T"^ : kujt ^ is compatible with (we see that by testing the 
condition with k, which is faithful). Thus, since /c^ is K^-fully faithful, there 
exists a: t ^ such that k^cr o r = 

Then Lemma 129 applies to the following diagram and (1^,0") = Kert. So, 
since t is normal cofaithful, {t, a) = Coker 1^ and Kw ~ 0. Thus w is fully 
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0-faithful. 








(225) 







Dually, we prove that w is fully 0-cofaithful, which allows us to conclude that w 
is an equivalence, by condition 2(b). 

2 =^ condition 2 of Definition 155. By the previous part of this proof, we 
know that C satisfies condition 1 of the definition of Puppe-exactness. So, by 
Proposition 156, the 0-monomorphisms and the normal faithful arrows coincide. 
Thus conditions 2(b) and 2(c) of the definition of homological Gpd*-category 
imply condition 2 of the definition of Puppe-exactness. □ 

160 Corollary. In a Puppe-exact Gpd* -category, the epimorphisms and the 
fully 0-faithful arrows form a factorisation system. 

We can generalise condition 1 of the definition of Puppe-exactness to the 
general situation of Lemma 148. 

161 Proposition. Let us consider the situation of Lemma I48 in a Puppe- 
exact Gpd* -category. If the upper row is relative exact at B and C , then w is an 
equivalence. 

Proof. We construct K{b,j3) and Q(6, a); this induces a', b', /i, z/, ip' and ip', 
as in the following diagram, such that n'a' o bfi = a, dC,' o ub = /3, k'ip' o fix = ip 
and ip'q' o yu = ip. 



00 00 




(226) 

As the sequence is relative exact at B, by Proposition 153, a' is ip'-iuWj 0- 
cofaithful and, as it is relative exact at C, c' is ip'-fuWj 0-faithful. Then Q{a, ip) 
is also the cokernel of k' (as a' is 9?'-fully 0-cofaithful) and, dually, K{c, ip) is also 
the kernel of q'. 
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Moreover, since c' is 0-faithful, the relative kernel-candidates of {b, /3) and of 
(6, CO coincide. So {k',K') = Ker(6, C')- Dually, {q',C') = Coker(6, k')- Thus con- 
dition 1 of the definition of Puppe-exactness applies and w: Q{a,(p) — > K{c,ip) 
is an equivalence. □ 

Now we can prove the converse of Proposition 147: in a Puppe-exact Gpd*- 
category, every relative exact sequence factors into extensions (short exact se- 
quences) . 

162 Proposition. Let {An, an, an)n: z be a relative exact sequence, where an ■ 
An An+i and an'- a„+ia„ =^ 0. Then for all n: Z, there exist an object In, 
arrows kn- In — ^ ^n+i and qn'. An In, and 2-arrows ifn'- qn+ikn =^ and 
rjn- ttn ^ knqn such that 

1. — > In — ^ An+i In+i — ^ 0, with (/?„, is an extension; 

2. kn+l^nqn ° (Vn+l * Vn) = "n- 






(227) 







Proof. Let n be an integer. By applying the previous proposition to the se- 
quence at An and An+i, we get /„, kn, rjn, as well as Cn^ q-nO-n-i =^ and 

Kn - ttn+lkn =^ SUch that 

1- (qnXn) = Coker(a„_i,a„_2); 
2. {kn,Kn) = Ker(a„+i,a„+i). 

Then we construct a new relative exact sequence . . . , An-i, an-i, g„, /„, 
(with . . . , a„_3, q;„_2, Cn as 2-arrows). By applying again the previous proposi- 
tion to this sequence at An-i and An, we get /„_i, qn-i, kn-i, rjn-i, as well as 
Cn-i : g„-ia„_2 =^ and v^n-i : qnkn-i such that 

1- (g„-i,Cn-i) = Coker(a„_2,a„-3); 

2. {kn-i,'fn-i) = Kerg„. 
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And so on. For indices greater than n, the construction is duaL □ 

In Puppe-exact Gpd*-categories, we can give a simple characterisation of the 
relative exactness of some sequences. 

163 Proposition. Let C be a Puppe-exact Gpd* -category. Let us consider the 
sequence of diagram 155. Then 

1. this sequence is exact at K if and only if k is n-fully 0-faithful; 

2. this sequence is exact at K and A if and only if {k, n) = Ker(/, ip). 

Proof. 1. (This first property is always true.) This follows immediately from 
the fact that k is K-fully 0-faithful if and only if Ker(/c, n) ~ 0. 

2. We have already proved that, if {k,K) = Ker(/, (yj), then the sequence 
is relative exact (Proposition 144). Let us assume that the sequence is 
relative exact at K and A. By point 1, k is K-fuUy 0-faithful and is thus a 
0-monomorphism. 

Let us consider the following diagram, where (g, = Coker k, f'C, o = n 
and (f'q oyn = tp. 








Since the sequence is exact at A, by Proposition 153, /' is (yj'-fully 0-faithful. 
Now, since C is Puppe-exact and /c is a 0-monomorphism, (/c, C) = Kerg. 
So, by Lemma 132, {k^n) = Ker(/, </?). □ 

164 Proposition. Let C be a Puppe-exact Gpd* -category. The sequence 200 
is relative exact if and only if it is an extension. 

Proof. We apply the previous proposition and its dual. □ 
3.2.5 Abelian Gpd-categories 

The notion of abelian Gpd-category, which is a generalisation of the usual notion 
of abelian category, must not be confused with the notion of 2- abelian Gpd- 
category (Definition 183). This notion is provisional, because it is not sure that 
we can deduce from it that C is additive, or even that every fully 0-faithful 
arrow is fully faithful. It will be perhaps necessary to add the condition that C is 
enriched in the Gpd-category 2-SGp of symmetric 2-groups to have an appropriate 
notion of abelian Gpd-category. 
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165 Definition. An abelian Gpd-category is a Gpd*-category C with zero ob- 
ject, finite products and coproducts, kernels and cokernels, such that: 

1. every 0-monomorphism is normal faithful; 

2. every 0-epimorphism is normal cofaithful; 

3. fully 0-faithful arrows and 0-monomorphisms are stable under pushout; 

4. fully 0-cofaithful arrows and 0-epimorphisms are stable under pullback. 

A Set-category is abelian in the usual sense if and only if it is abelian as 
a locally discrete Gpd-category; for a Set-category, conditions 3 and 4 follow 
from the first two. We will prove in Corollary 257 that 2-abelian Gpd-categories 
are also abelian. Thus the notion of abelian Gpd-category covers both the 1- 
dimensional notion of abelian category and the 2-dimensional notion of 2-abelian 
Gpd-category. A natural question is: does it exist other natural examples of 
abelian Gpd-category? 

166 Proposition. Every abelian Gpd-category C is Puppe-exact. 

Proof. We use characterisation 159. First, we prove that C is Grandis homo- 
logical. Conditions 1(a) and 1(b) of Definition 150 hold, by conditions 3 and 4 
of the definition of abelian Gpd-category, since the 0-monomorphisms and the 
normal faithful arrows coincide, by condition 1, and since the 0-epimorphisms 
and the normal cofaithful arrows coincide, by condition 2. Moreover, since the 
kernels are 0-monomorphisms and so, by condition 1, normal faithful arrows, C 
is Ker-idempotent. 

Next, let us prove condition 2(b) of Proposition 159. Let A ^ B he a. fully 
0-faithful and fully 0-cofaithful arrow. By Proposition 90, Ker/ ^ 0. And since 
/ is fully 0-cofaithful, / is a 0-epimorphism and so, by condition 2, a normal 
cofaithful arrow. Thus / is the cokernel of Oa and is an equivalence. □ 

3.3 Diagram lemmas 
3.3.1 3x3 lemma 

167 Proposition (3x3 lemma). Let C be a Puppe-exact Gpd* -category and 
let be the situation of diagram 184 in C. 

1. If the three columns and the two last rows are relative exact (are exten- 
sions ), then the first row is relative exact. 
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2. If the middle row and the middle column are relative exact, all rows and 
columns are relative exact if and only if (fi is a pullback relative to ^iQi o 
C2ipi^ and C2?72; ip2 is a pushout relative to Cirji o ip^'^fi and Pifi, gi is 
rji-fully 0-cofaithful, Ci is ji-fully 0-faithful, 02 is ai-fully 0-cofaithful and 
/s is ni- fully 0-faithful. 

Proof. 1. By the restricted kernels lemma (Proposition 135), ipi is a relative 
pullback and (/i, r/i) = Ker (71. Then Lemma 134 applies to the following diagram 
and (/i,ci?7i) = Ker(ci5(i, 715(1). 








(229) 







By Lemma 131, since {g2,V2) = Coker/2, [gz^V^) = Coker/3 and 02 is ai- 
fully 0-cofaithful, 7/^2 is a relative pushout. By applying Lemma 134 to the dual 
of the previous diagram, we prove that (c2, ligi) = Coker(ci(7i, Ci?7i). 

Now (ci, 7i) = Ker C2. So, by condition 1 of the definition of Puppe-exactness, 
(5-1, ^71) = Coker/i. 

2. If all the rows and columns are exact, then ipi and il)2 are relative pullback 
or pushout, as we have seen in the proof of point 1. The other properties come 
from the fact that the outer rows and columns are extensions. 

Conversely, we know that {f2,V2) = Ker (72? Ci is 71-fully 0-faithful and ipi is 
a relative pullback. So, by Lemma 131, {fi^rji) = Ker 51. And since, moreover, 
gi is ?7i-fully 0-cofaithful, the first row is an extension. The proof is similar for 
the third row and the first and third columns. □ 

Thanks to the 3x3 lemma and to the subquotient axiom, we can imitate 
in a Puppe-exact Gpd*-category the proof of the snake lemma in a Puppe-exact 
category of Schubert's book [68]. We get then the following result: in the situa- 
tion of diagram 241, if the two middle rows are extensions and the three columns 
(extended on each side by Os) are relative exact sequences, then there exist an 
arrow d and 2-arrows 6: dg ^ and 6' : f'd =^ which make the dashed sequence 
(extended on each side by Os) a relative exact sequence. But this property is not 
the snake lemma we need to construct the long exact sequence of homology. The 
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reason is that, in this case, the columns (not extended by Os) are not relative 
exact, but exact. And the sequence we get is not relative exact, but exact. The 
genuine snake lemma is Proposition 173. 

3.3.2 Short 5 lemma 

The short 5 lemma is always true for (fully) 0-faithful or 0-cofaithful arrows. 

168 Lemma. Let C be a Gpd* -category. In the situation of the following dia- 
gram, where rj'a o g'ip o ipf = crj and where the rows are extensions, we have the 
following properties: 

1. if a and c are 0-faithful, then h is 0-faithful; 

2. if a and c are 0-cofaithful, then h is 0-cofaithful; 

3. if a and c are fully 0-faithful, then b is fully 0-faithful; 

4- if a and c are fully 0-cofaithful, then b is fully 0-cofaithful. 




(230) 



Proof. We prove properties 1 and 3; the other two are dual. 

Property 1. Let us assume that a and c are 0-faithful. Let x ^ ^ : X 
be such that bx = ^q- We have 



g'bx 



cgx 



9X 



B 



(231) 



because g'b ~ eg and c is 0-faithful. As gx = lo? X- /O ^ /O is compatible with 
rj and, as / is //-fully faithful, there exists x'- 0^0: X ^ A such that fx = X- 
We have then bfx = bx = and 



bfx 



fax 



ax 



X 



(232) 



since fa ~ bf and since /' and a are 0-faithful. So x = fx = ^o- 

Property 3. Let us assume that a and b are fully 0-faithful. Let he X: C, 
x: X ^ B and x'- bx ^ Since c is fully 0-faithful, there exists x' '■ 9^ ^ ^ 
such that 

g'x o V^x = cx'- (233) 
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Then, since (/, 77) = Ker (7, there exist x' : X ^ A, x" : x ^ fx' such that 

r]x'og^' = ^. (234) 

Then x°^x"~^ °^~^x' is compatible with 77' and, since /' is ?7'-fully faithful, there 
exists X'- (^x' ^ such that fx is equal to this composite. 

Since a is fully 0-faithful, there exists x- ^' =^ such that x = ^x- Finally 
we have X ■= fx ° x" such that bx = X- 

Unicity follows from property 1. □ 

169 Proposition (Short five lemma). In a Puppe-exact Gpd* -category, in 
the situation of diagram 230, if a and c are equivalences, then b is an equivalence. 

Proof. Since every arrow in a Puppe-exact Gpd*-category which is both fully 0- 
faithful and fully 0-cofaithful is an equivalence (by Proposition 159), this follows 
from the previous lemma. □ 

The short five lemma has been proved for symmetric 2-groups by Dominique 
Bourn and Enrico Vitale [18, Proposition 2.8]. We will prove (Proposition 206) 
a refined version of the short 5 lemma for good 2-Puppe-exact Gpd*-categories. 



3.3.3 Triangle lemma and two-square lemma 

170 Proposition (Generalised kernels lemma). Let C be an abelian 
Gpd-category. Let us consider the situation of diagram LS4. Let us assume that 
the diagram commutes and that the following conditions hold: 

1. (oi, ai) = Ker 02/ 

2. (6i,A) =Ker62; 

3. ci is 'ji-fully 0-faithful; 

4. the sequence {f2,V2,g2) is exact; 
5- ifs^Vs) = Ker^ig. 

Then the sequence {fi,r]i,gi) is exact. 

Proof. We construct the following diagram, where: 

1. {k2,K2) = Kerala; 

2. by the universal property of the kernel of gs, there exist 02 and 02 such 

that 77302 O g^02 ° ^^2^2 = C2K2; 

3. (ai, di) = Ker 02; 
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4. by the universal property of the kernel of 62, there exist ki and 0i such 
that /sdi o (^201 o h^i = Pih; 

5. since Ci is 71-fully 0-faithful, there exists ki such that K2CI1 o (72<^i oipiki = 
CiKi (so the right two thirds commute); 

6. by the universal property of the kernel of g2, there exist ^2 and LJ2 such 

that ?72 O g2U2 = K2d2] 

7. since /s is r^a-fully faithful, there exists 82 such that f2,S2 o (^2*^2 = V^2 o ^21^2; 

8. by the universal property of the kernel of 02, we have di and 5i such that 
«! o 82ai o d25i = ciicii; 

9. since hi is /3i-fully faithful, there exists ui such that a;2«i°^2<5i°'^i'^i = ^it^i- 



/i 




(235) 







Then the restricted kernels lemmma (Proposition 135) applies to the right 
two thirds of the above diagram and it follows that (/ci,/ti) = Y^ei gi. Now, 
since the sequence (/2, ''72, 5^2) is exact, ^2 is fully 0-cofaithful, by Corollary 154. 
Moreover, by Lemma 128, 5i is a puUback. Therefore, since fully 0-cofaithful 
arrows are stable under pullback (since C is abelian), di is fully 0-cofaithful and, 
by Corollary 154, the sequence (/i, "/^i, f/i) is exact. □ 

To prove the snake lemma, we will follow the 1-dimensional proof of F. Rudolf 
Beyl [12] and Temple H. Fay, Keith A. Hardie and Peter J. Hilton [33]. It is based 
on two lemmas: the triangle lemma (also called "Produktlemma"), and the two- 
square lemma. 



171 Proposition (Triangle lemma). Let C be an abelian Gpd-category. 

Let us consider the following diagram, where for i = 1, 2 or 3 the 2- arrows 
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i^i ■ fih =^ and Q : qifi 



=^ are not shown. 




K2 




A 



K3 



d 



(236) 




C 



Qi 



Q2 



Let us assume that the following conditions hold: 

1. for all i = 1, 2 or 3, (/cj, Kj) = Ker /j/ 

2. for all i = 1, 2 or 3, {qi, Q) = Coker /j/ 

3. /3K1 o uki = Kami o /2/ii; 

4. 1^2 = i^3m2 o f3fi2 o ujk2; 

5. riiCi o uifi o q2UJ = (2; 

6. 722(2 o 2/2/2 = C3/1 o gs^- 

r/ien, if we set d := qik^, there exist 2-arrows fi, 6, 6' and v such that the 
following sequence is exact. 



Ki ^K2 ^Ag >Qi >Q2 >Q3 (237) 





















Moreover, the following conditions hold: 



1. (mi, jj) = Ker m2; 



2. {n2,i^) = Cokerni; 
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3. 6mi o djjL = (iki o q^n^ ; 

4. 6'm2 o ni6~'^ = q2K2 o (2^^! 

5. ud o n2(5'~^ = ^3^3 o 93^3'"'^ ■ 

Proof. Since is K3-fully faithful, we get n such that k^ji o H2mi o fiji^ = ni. 
Dually, since gi is Ci-fuUy cofaithful, we have u such that uqi 0712^1 ° ^2/3 = C3- 
Moreover, we set 5 := (ik2 o gi/x^^ and S' := g2C3 ° ^i^k^- 

We apply then the generalised kernels lemma (Proposition 170) to the follow- 
ing diagram, which allows us to conclude that the sequence (m2,(5, c?) is exact. 
Dually, the sequence (ci, 5', ni) is exact. 








Next, by Lemma 128, /X2 is a puUback. So, by Lemma 129, (mi, /i) = Ker 7712, 
which proves exactness at K2. Dually, (77-2, v) = Cokerrii, which proves exactness 
at Q2. 

Finally, we easily check equations 3 to 5 using the conditions which the in- 
volved 2-arrows satisfy. □ 

Here is now an ad hoc 2-dimensional version of the two-square lemma of Fay, 
Hardie and Hilton [33], which is stated without name by Beyl [12], and was 
already in Mitchell's book [63, section VII. 1]. 

172 Proposition (Two-square lemma). LetC be an abelian Gpd- category. 
Let us consider diagram 230 in C. This morphism of extensions factors as in the 
following diagram, where 

1. {i,L,j) is an extension; 

2. ifi is a pushout and a pullback; 

3. ip2 is a pullback and a pushout; 



4. Laojif^ o tfjj = r]; 
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5. Tj' o g'(p2 o = cl; 



6. ipo pf = (p2a o cVi; 








(239) 







Proof. First, we construct the pushout {I,a',i,ipi), which induces an arrow j 
and 2-arrows l and ipi satisfying condition 4, as well as an arrow c' and 2-arrows 
P and (p2 satisfying condition 6. The universal property of the pushout gives also 
a 2-arrow ip2 satisfying conditions 5 and 7. 

By the dual of Lemma 129, since {g,ri) = Coker/, we also have (j, t) = 
Cokeri. Since normal faithful arrows are stable under pushout (because C is 
abelian), the arrow i is normal faithful, because / is. So the sequence {i, L,j) is 
an extension. 

Next, we construct the following diagram. First, {P,pi,p2,'iT) is a pullback, 
which induces an arrow s and 2-arrows cti and (72 such that rj' o g'a2 o ns = cai, 
as well as an arrow w and 2-arrows ooi and 002 such that g'uj2 o ttw o cui = ip2- 
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We also have a 2-arrow u such that (f2 ° = 02^ and cri o piuj o uii = l. 








(240) 







Then, by Lemma 129, (s, ai) = Kerpi. And, since normal cofaithful arrows 
are stable under pullback (since C is abelian), pi is a normal cofaithful arrow. 
So the sequence (s,(Ti,pi) is an extension. Therefore, by the short 5 lemma 
(Proposition 169), w is an equivalence and so ip2 is a pullback. Finally, by 
Lemma 130, ifi is also a pullback and il)2 is also a pushout. □ 



3.3.4 Ophiology 

To prove the snake lemma, we will follow the proofs of [12] and [33]. The first 
version we give is a short one (the snake lemma). The exact sequence we get 
here cannot be extended by at each ends, because there is no reason in general 
for the kernel of / to be or for the cokernel of g' to be 0. 



173 Proposition (Snake lemma). Let C be an abelian Gpd-category. Let 
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us consider the following commutative diagram in C. 








(241) 







Let us assume that the following conditions hold: 

1. {f,ri,g) is an extension; 

2. (/', rj', g') is an extension; 

3. {ka, Ha) = Kera; 

4. {h, Kb) = Kerb; 

5. {kc, He) = Ker c; 

6- (qaXa) = Cokera; 

7- {qb, (b) = Coker b; 

8- {qc, Cc) = Coker c. 

Then there exist an arrow d: Kc Qa and 2-arrows 5 and 5' such that the 
following sequence is exact. 








(242) 







Moreover, the following conditions (where fix '■= Cxkx ° qx^x^) hold: 
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1- {f,v) = ^eig; 

2. {g'^f^') = Cokerf; 

3. 5fodf]-^ = fia; 
I 6'-g o fr^ = 

5. fj'd o g'5'~^ = lie- 

Proof. First, by the two-square lemma applied to the two central rows of dia- 
gram 241, we get the situation of diagram 239, where ^pi and are pullbacks 
and pushouts, and where the central row is an extension. 

By the universal property of the puUback %l)2i there exist an arrow k'^ and 
2-arrows k!^ and ^ such that g' k!^ o ip2k'^ o = Kc- By Lemma 129 applied to the 
following diagram, {k'^, i^'J = Kerc'. 








(243) 







Moreover, we have a 2-arrow C,' : a'kh =^ k'^g such that n'^g o c'^' = Kb o pkb and 
j^' oijj^kbotjj = ^g. 

Dually, there is q'^, ('^ and vr such that Ca o Tra o q'^ipi = ('^f. By the dual of 
Lemma 129 applied to the following diagram, {q'aXa) — Cokera'. 








(244) 







Moreover, we have n' : g^c' =^ f'q'^ such that fX'a ° '^'o-' = Cfc ° QbP and ip' o ^^(^2 = 
/V o ir'i. 
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Next, as ipi is a pullback, by Lemma 129, {fka,iK,a ° fika) = Keia'. Dually, 
ilcg', Ccj o qcip2^) = Coker c'. 

We apply then the triangle lemma (Proposition 171) to the following diagram. 
We get the required exact sequence; properties 3 to 5 follow from properties 3 to 
5 of the triangle lemma. □ 




(245) 



Qb 



If we extend the columns of diagram 241 at both ends by 0, we have neither 
relative exact sequences [k^ and are not in general compatible) nor exact se- 
quences (the kernel of is in general not 0). We get exact sequences by extending 
the columns in such a way to get the Puppe exact sequence (Proposition 141). 
In this way appears a longer snake (anaconda), which is a Pip-Ker- Coker- Copip 
exact sequence. 



174 Proposition (Anaconda lemma). Let C be an abelian G^d- category. 
In the situation of the following diagram (where we omit the 2-arrows to Oj, where 
the two central rows are extensions, the dashed sequence (equipped with omitted 
2-arrows) is exact. Moreover, the composite ^ of the adjacent 2-arrows of 
this sequence are successively (up to the sign): ujKera, ^^Kerb, ^^Kerc, fJ'a, fJ'b, l^c, 



134 



Chapter 3. Abelian Gpd- categories and homology 



CCokera; 0"Cokcr6 d'nd (TCokerc- 




^► rip a > rip o > rip c 



QA 
QA' 



nf 



d! 



/ 

Oh 



Qg 



Ker a > Ker h > Ker c 

d ' 



-^A 



f 



lb 



9 



Coker a — 7, ~ Coker h — z,- ^ Coker c 



9 rl" / 



1^ 



E/' 



Copip a - - ^- Copip h — -_ - Copip c - 



->0 



->0 



^0 



(246) 





Proof. We join the snake lemma (Proposition 173) and the Puppe exact se- 
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quence (Proposition 141) constructed on the left side starting from g: Ker6 
Kerc (by using the fact that (/,?/) = Kerf?), and the Puppe sequence con- 
structed on the right side starting from /' : Coker a — > Coker h (by using the fact 
that (^',r/') = Cokerf). □ 

To construct the long exact sequence of homology, we need a more general 
version of the snake lemma, where the second row of diagram 241 is not left 
relative exact any more, and the third row is not right relative exact any more. 
Then, in the conclusion, we lose the facts that / = 'Keig and g' = Coker/'. 

175 Proposition (Generalised snake lemma). LetC be an ahelian Gpd- 
category. Let us consider the commutative diagram 241. Let us assume that the 
following conditions hold: 



1- {9,V) = 


= Coker f ; 


2. U'.i) 


= KeT g' ; 


3. {ka, Ha, 


1 = Ker a; 


4- {h,K,b) 


= Ker b; 


5. (fcc, Kc) 


= Ker c; 


6- (qaXa) 


= Coker a 


7. {qb,Cb) 


= Coker 6; 


8. (qcXc) 


= Coker c. 



Then there exist an arrow d: Kc Qa and 2-arrows 5 and 5' such that the 
following sequence is exact. 








(247) 







Moreover, the following conditions (where fix = Cxkx ° qxi^x^) hold: 

1. 6fodf]~^ = fia; 

2. 6'gof'6~^ = fi^\- 

3. f]'dog'S'~^ = fic- 
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Proof. We factor the squares (p and as in the proof of the generahsed kernels 
lemma (Proposition 170), and we factor the squares ip and ijj' in a dual way. We 
get the following diagram. 



/ 




g' 



We apply the snake lemma to the two central squares (since (/, r}, g) and (/', r)', g') 
are extensions), and we get an exact sequence 








(249) 







Finally, by the generalised kernels lemma and its dual, the sequences (/, t], g) 
and {f',f]',g') are exact. □ 

3.4 Long exact sequence of homology 
3.4.1 Chain complexes 

Chain complexes of symmetric 2-groups appear in [71] and [26]. In such a com- 
plex, adjacent 2-arrows have to be compatible; thus they are prerelative exact 
sequences. 
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176 Definition. A chain complex in C is a sequence A, = {An,an,an)n:Z, 
where a„: A„ — > A„+i and «„: an+ictn =^ 0, such that, for all n, the 2-arrows 
and an+i are compatible. 

The chain complexes in C form a Gpd*-category. 

• Objects. These are the chain complexes in C. 

• Arrows. A morphism of chain complexes from A, = {An,an,ctn)n:Z to 
B, = {Bn,bn,Pn)n: z IS a sequcuce /, = {fn,ipn), whcrc /„,: An Bn and 

^n- bnfn =^ fn+ldn, SUch that, for all n : Z, fn+20in°^n+ia'n°bn+l^n = ^nfn- 

We compose these morphisms in the obvious way. 

• 2-arrows. A 2-morphism of chain complexes (/„, ipn) =^ W'n^ ^'n) is a 
sequence {^n)n: z, where 'jn- fn ^ fn, such that, for all n: Z, 7„+ia„o(y9„ = 

• Zero arrows. The zero arrows are the arrows (0, lo)n: z- 

Let us introduce notations for the construction of the homology of such a 
sequence at An. 

1. We construct a^, a^) = Ker(a„+i, which induces an arrow 

a„ and 2-arrows /i„ and such that a^a„ o a„+i/i„ = an and a^d„_i o 
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3. If C is homological, by Proposition 152, there exist an object Hn{A,), 
arrows Qn and kn and 2- arrows Cn, Vn and k„ such that 

(a) Cn.) = Coker(a„_i,a„_2), 

(b) {kn,Kn) = Ker(a„,an), 

and such that /i;.„CnO?7„a„_ioa^/i„_i = a'^_-^ and Knqn°anrjn°T^nan-i = a'n-i- 








(252) 



4. As in Proposition 148, there exists an arrow /?,,„: Qn{A,) Kn{A,) and 
2-arrows and u'^ such that a^yU^o/i„ = u'^a'^oun, /i„a"_i o/i^a„_i = 
and a'^hn o fln+i^'^ = Moreover, there exist 2-arrows and such 
that o i^'^kn = and CL+i^^n ° ^n+i/^n = Cn+i- And, by Corollary 132, 
since a'^ is a^-fully faithful and a'^ is Q;^_^-fully cofaithful, we have 

(a) {Hn{A,),kn, O = Kerhn and 

(b) {Hn+iiA,),qn+iX'n+i) = Cokeihn. 








(253) 







Now, let f,: A, ^ B, be a morphism of chain complexes. 

1. For any n: Z, we have an arrow /^_^ and a 2-arrow : b'n-ifn~i ^ 

fna'„,_i such that /n+l«Ll ° V^n^-l ° ^nV'Ll = Pn-lf'n-V 

2. Then we have, for all ra, an arrow /^'_^^ and a 2-arrow v^^_,_i : 6^_,_]^/n+i ^ 

such that /;,Vl"n ° y^n+l^n O ^n+l'/'n = l^nfn- 
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3. This induces, by the universal property of b'^, which is the relative kernel 
of bn+i, a 2-arrow (pn such that 



A. 



fin 



4. 



A, 



n+l 



A 



(254) 



4. This induces, by the universal property of a^, which is the relative cokernel 
of a„_i, a 2-arrow (pn such that 



An 



fn 



^B„ 



An ■ 



fn 



h„ 



QniA.) 



In r'n 



-^Bn 



Kn{A,)—^Kn{B, 



(255) 



f 

J n 



Kn{A.)—r^Kn{B.) 



5. Finally, this induces for every n an arrow Hn{f,)'- Hn{A,) — Hn{B,) 

and 2-arrows (pn and (pn such that /^k^ o (pnkn ° ^n^n = f^'n^nifm) and 
^n+i(/.)Cn+i ° V'n+i^n o Qn+iPn = Cn+i/n (see diagram 257). 



3.4.2 The long sequence 

Let — s> A, B, C, — > 0, with cj, : (7,/, =^ 0,, be an extension 
in the Gpd*-category of chain complexes in C. Since C has all the kernels and 
cokernels, the kernels and cokernels in the Gpd*-category of chain complexes in 
C are computed pointwise. Thus the fact that (/,, cj,, (7,) is an extension means 
that for every n: Z, {fn,^^n,gn) is an extension in C. 
Then we make the following constructions. 

1. We apply the relative kernels lemma (Corollary 136) and its dual to the cen- 
tral rows of the following diagram. Then, for every n, the following diagram 
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commutes and (fn-i^^'n^i) = Ker^i^^i and (fi'^+2.^n+2) = Coker /; 




We apply the generalised snake lemma (Proposition 175) to the following 
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diagram, which gives us the following theorem. 




177 Theorem. Let {f,,uj,,g,) be a chain complexes extension in an abelian 
Gpd-category. For every n: TL, there exist an arrow and 2-arrows (5„ and 6'^ 
such that the following sequence (where the left lower 2-arrow is Hn{uj,) and the 
right upper 2-arrow is Hn+i{oj,)) is exact. 



Hn{A, 




(258) 

In a good 2-abelian Gpd-category, we can add to this theorem that the loops 

SnHnif,) O dnHn{uJ,Y^, 5[fln{g,) O Hn+l{f,)5~^ and Hn+l{uJ,)dn O Hn+l{g,)5'~'^ 

are exact, since the snake lemma tells us that these composites are equal to 
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2-abelian Gpd-categories 



In this chapter, we define 2-Puppe-exact and 2-abelian Gpd* -catego- 
ries, which share many properties with the Gpd-category of symmetric 
2-groups. We prove that in a 2-abelian Gpd-category, the category of 
discrete objects is equivalent to the category of connected objects and 
is abelian (Corollary 192). Next, in the context of a good 2-Puppe- 
exact Gpd* -category C, we classify the properties of arrows in C in 
terms of the properties of their (co)reflexions in Dis(C) and Con(C). 
We also define an internal notion of full arrow which generalises the 
full functors (Definition 197). 

4.1 Definition 

We define now a second 2-dimensional version of tlie notion of Puppe-exact cat- 
egory. Unlike Puppe-exact Gpd*-categories of Definition 155, wliich was a gen- 
eralisation of the notion of Puppe-exact category, this one is rather an analogue 
of Puppe-exact categories: the 2-Puppe-exact Gpd*-categories are the Gpd*- 
categories where, for an arrow /, the coroot of the pip of / and the kernel of 
the cokernel of / coincide, and dually. But we will see in the following sections 
that there is a strong link between 2-Puppe-exact Gpd*-categories and Puppe- 
exact categories, because the discrete (or connected) objects in a 2-Puppe-exact 
Gpd*-category form a Puppe-exact category. 
We can notice the following properties: 

1. every cokernel is cofaithful and is thus 0-cofaithful (i.e. is a Copip-epimor- 
phism) ; 

2. every kernel is faithful and is thus 0-faithful (i.e. is a Pip-monomorphism); 

3. every coroot is fully cofaithful and is thus fully 0-cofaithful (i.e. is a Coker- 
epimorphism) ; 



143 



144 



Chapter 4- 2-ahelian Gpd- categories 



4. every root is fully faithful and is thus fully 0-faithful (i.e. is a Ker-mono- 
morphism) . 

We have thus the following proposition. 

178 Proposition. Let C be a Gpd*-category with all the kernels and cokernels. 

1. The kernel- quotient system Coker H Ker and the cokernel-coquotient system 
Copip H Root are precoupled. 

2. The kernel- quotient system Coroot H Pip and the cokernel-coquotient sys- 
tem Coker H Ker are precoupled. 

There exist thus comparison arrows between, on the one hand, the cokernel 
of the kernel of an arrow and the root of its copip and, on the other hand, the 
coroot of the pip of an arrow and the kernel of its cokernel. 



Ker/- 



f 







B -.J^^ Copip / 





Coker k 



f 



■ Root pf 



(259) 



Pip/ 




If 



-)• Coker / 



(260) 



Coroot TTf — ^^jp-> Ker 

By Remark 110, we can also construct these factorisations by taking the 
cokernel of the vri of the kernel of / or the kernel of the ttq of the cokernel of /. 



Ker/ 



Coker k 



^B 



f 



■ Ker(?7gj) 



Coker / 



-J- VTo Coker / 



(261) 



TTi Ker / — - — ¥ Ker / 



Coker(/cj£:) 



-^B 



If 



Ker qf 



Coker / 



(262) 



By applying Proposition 63 to these two pairs of precoupled systems, we get 
the following proposition, which defines 2-Puppe-exact Gpd*-categories as the 
Gpd*-categories which are both Ker-Copip-perfect and Pip-Coker-perfect. 
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179 Proposition. Let C be a GpA* -category with zero object and all the ker- 
nels and cokernels. The following properties are equivalent (if they hold, we say 
that C is 2-Puppe-exactj; 

1. for every arrow f: C^, Wf and Wj are equivalences; 

2. every arrow factors as a normal cofaithful arrow followed by a normal fully 
faithful arrow, and as a normal fully cofaithful arrow followed by a normal 
faithful arrow; 

3. (a) every 0-cofaithful arrow is canonically the cokernel of its kernel (i.e. 

is normal cofaithful) ; 

(b) every 0- faithful arrow is canonically the kernel of its cokernel (i.e. is 
normal faithful); 

(c) every fully 0-cofaithful arrow is canonically the coroot of its pip (i.e. 
is normal fully cofaithful); 

(d) every fully 0-faithful arrow is canonically the root of its copip (i.e. is 
normal fully faithful). 

A first important property of 2-Puppe-exact Gpd*-categories is that the (fully) 
0-faithful arrows coincide with the (fully) faithful arrows. 

180 Proposition. Let be f : C^, where C is a 2-Puppe-exact Q^id* -category. 
We have: 

1. f is faithful if and only if f is 0-faithful; 

2. f is cofaithful if and only if f is 0-cofaithful; 

3. f is fully faithful if and only if f is fully 0-faithful; 

4. f is fully cofaithful if and only if f is fully 0-cofaithful. 

Proof. If / is 0-faithful, then / is a kernel, and is thus faithful. If / is fully 
0-faithful, then / is a root, and is thus fully faithful. □ 

181 Proposition. In a 2-Puppe-exact Gpd* -category, 

1. every faithful and fully cofaithful arrow is an equivalence; 

2. every fully faithful and cofaithful arrow is an equivalence. 

182 Proposition. Let C be a 2-Puppe-exact Gpd* -category. Then: 

1. C is Ker-preexact and Cokei -preexact; 

2. C is Kei -factorisable and Coker-factorisable; 
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3. C is Fip-factorisable and Copip-factorisable. 

Proof. Condition 3(b) of Proposition 179 implies immediately that C is Ker- 
preexact. Dually, by condition 3(a), C is Coker-preexact. Next, C is Ker- 
factorisable and Copip-factorisable since it is Ker-Copip-perfect, and it is Pip- 
factorisable and Coker-factorisable since it is Pip-Coker-perfect. □ 

We will prove later the Pip-preexactness and the Copip-preexactness (Propo- 
sition 189). 

In a 2-Puppe-exact Gpd*-category, there are two factorisations of each arrow. 
Let us fix for each of these factorisations a construction: 

1. / factors as A — > Imfuu / — > B, with (pf-.f^ ^f^f^ where e/ is cofaithful 
and rhf is fully faithful; 

2. / factors as A — ^ Im/ — ^ B, with (pj: f ^ ''^f^f^ where e/ is fully 
cofaithful and m/ is faithful. 

Since Cf is fully cofaithful and rhj is faithful, e/ | rhf, because (FullCofaith, Faith) 
is a factorisation system. There exist thus an arrow If-. Im / — > Imfuu / and 2- 
arrows such that 



Im / Im / 




(263) 



Inifuu / Imfuii / 



The arrow // is faithful, because is faithful, and cofaithful, because e/ is 
cofaithful. Thus every arrow in a 2-Puppe-exact Gpd*-category factors in three 
parts: 

A%lmf^ ImMi f^B, (264) 

where e/ is fully cofaithful. If is faithful and cofaithful, and mj is fully faithful. 

In dimension 1, an abelian category is a Puppe-exact category which has 
the finite products and coproducts. This explains that there are few examples of 
non-abelian Puppe-exact categories. Up to now, there is no known 2-dimensional 
example. 

183 Definition. A 2-ahelian Gpd-category is a 2-Puppe-exact Gpd*-category 
which has all the finite products and coproducts. 
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4.2 Discrete and connected objects 
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4.2.1 Equivalence of Dis(C) and Con(C) 

In 2-Puppe-exact Gpd*-categories, there is an alternative construction of ttq and 

TTi. 

184 Proposition. Let C be an object in a 2-Puppe-exact Gpd* -category C. 
Then 

Tjc = Coroot(u;c') and (265) 
Ec = Root((Tc) (266) 

(where rjc is the unit and ec, the counit of the adjunction E H Vl; see diagrams 
136). 



— > vToC (267) 



EC 



Proof. The first equation comes from the fact that, in a 2-Puppe-exact Gpd*- 
category, the kernel of the cokernel of 0*" : C ^ 0, which is in fact fiSC = ttoC, 
coincides with the coroot of the pip of 0*", which is f2C, by Proposition 106. The 
second equation is proved dually. □ 

185 Proposition. Let C be an object of a 2-Puppe-exact Gpd* -category C. 
Then there exists a 2-arrow rjcSc => which makes the following sequence an 
extension (a relative exact sequence). 

>7r,C > C ''^ i TToC >0 

^ (268) 



Proof. Proposition 109 applies to the following diagram, because ec = ^c- 
Since rjc = Coroot 0;^", by the previous proposition, it follows that there is a 
2-arrow rjcBc =^ (unique, because niC = T,flC is connected) such that rjc = 



148 



Chapter 4- 2-ahelian Gpd- categories 



Cokerec- We prove dually that ec = Keirjc- 



□ 












vc 



^TXqC 



(269) 



If we apply conditions 3(a) and 3(b) of Proposition 179 to the case of arrows 
with zero (co)domain, we get a characterisation of discrete objects as the objects 
D which are canonically equivalent to vro(-D) = VLTjD, and of connected objects 
as the objects C which are canonically equivalent to 7ri(C) = SfiC 

186 Proposition. Let C he a 2-Puppe-exact Gpd* -category and D : C. The 
following conditions are equivalent: 

1. D is discrete; 

2. TjD'- D ^ tiqD is an equivalence; 

3. TTiD ~ 0; 

4. 0^: D ^0 IS 0-faithful (for every a: 0^0:X^D, a = Iq); 

5. Od'-O^ D IS fully (0-) faithful. 

Proof. 1 2 4- Condition 1 means that 0^ is faithful; condition 2 means 
that 0"^ is the kernel of its cokernel. So conditions 1, 2 and 4 are equivalent by 
condition 3(b) of Proposition 179. 

2 4^ 3. This is an immediate consequence of Proposition 185. 

3^5. The arrow 0^ factors, by taking the cokernel of its kernel, as 
— > TXiD — ^ D, where 0,^0 is cofaithful and is fully faithful. By the 
properties of factorisation systems, Oi? is fully faithful if and only if 0^j£) is an 
equivalence. □ 

Let us return to the adjunction S H f2 (diagram 135). The previous proposi- 
tion tells us that in a 2-Puppe-exact Gpd*-category, the objects of C where the 
unit of this adjunction is an equivalence are the discrete objects and that the 
objects of C where the counit is an equivalence are the connected objects. So 
the adjunction S H restricts to an equivalence between Con(C) and Dis(C) (let 
us recall that Con(C) is a Set-category, because there is at most one 2-arrow 
between two arrows, since the objects are connected, and that, dually, Dis(C) is 
also a Set-category). 

187 Proposition. For a 2-Puppe-exact Gpd* -category C, 
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1. TTi : C ^ Con(C) is right adjoint to the inclusion i : Con(C) ■= 
e: TTi ^ Ic; 

2. ttq : C ^ Dis(C) is left adjoint to the inclusion i : Dis(C) 
r]-. Ic^ ttq. 



C, with counit 



C, with unit 



Proof. We prove point 1; point 2 is dual. We will prove that for all C : Con(C) 
and A: C, the functor o — : Con(C)(C, niA) C{C, A) is an equivalence (then 
we get the counit of the adjunction by taking C := niA and by applying this 
functor I^^a; in this way, we do get Ea). Let us consider the following diagram. 
Since C is connected, Sc is an equivalence (by the dual of Proposition 186), thus 
the left horizontal arrows are equivalences. The right horizontal arrows are the 
equivalences of the adjunction S H fi. The right vertical arrow is an equivalence 
because the adjunction S H is idempotent (since C is Ker-idempotent, by 
2-Puppe-exactness) . So the left arrow is an equivalence. □ 



Con(C)(C, T.nA) 



Con(C)(El]C, mA) 



EAO- 



EAO- 



C{C,A) 



■ c{mc, A) 



D\s{C){flC, rtEflA) 

Sle^o— 

>C{QC, QA) 



(270) 



To sum up, in a 2-Puppe-exact Gpd*-category, we are in the situation of the 
following diagram. 



C 



C 



(271) 



Con(C) 



Dis(c) 



Let us recall [14, Section 1.12] that a torsion theory in an abelian category C 
consists of two full subcategories T, T oi C such that 



1. for all T G T and F G J^, 



C(r,F)^0; 



(272) 



2. for each C : C, there exists an extension 



T — >C 



(273) 



where T eT and F E T . 
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We will use provisionally the same definition in dimension 2. But it is possi- 
ble that in a later study of 2-dimensional torsion theories we will need to add 
conditions to get the expected properties. 

188 Proposition. In a 2- Puppe- exact Gpd* -category C, the sub-Gpd* -catego- 
ries Con(C) and Dis(C) form a torsion theory. 

Proof. The first condition hold because, if C is connected and D is discrete, by 
the adjunction i -\ tti: C Con(C) and by the fact that ttiD ^ (by Proposition 
186), we have C{C,D) ~ Con(C)(C, vtiD) ~ Con(C)(C,0) ~ 0. 

The second condition follows from Proposition 185, since ttiC is connected 
and ttqC is discrete. □ 

To end this section, let us give two other consequences of Proposition 186. 

189 Proposition. Every 2-Puppe-exact Gpd* -category C is Pip-preexact and 
Copip-preexact. 

Proof. We prove the Pip-preexactness; the other property is dual. Let vr: ^ 
0: A ^ B he a monoloop in C. Let us consider the following diagram, where 
r = Coroot(7r). By Proposition 109, there exists a 2-arrow p: rvf ^ (unique 
since HA is connected) such that (r, p) = Coker vr. Moreover, as vr is a monoloop, 
its domain A is discrete (by Proposition 85) and thus r]A is an equivalence (by 
Proposition 186). Then, by Proposition 113, n is 0-faithful and, by 2-Puppe- 
exactness, (vr, p) = Kerr. Finally, by Proposition 108, vr = Pipr. □ 



190 Proposition. Let C be a 2-Puppe-exact Gpd* -category and A^ B he an 
arrow in C. Then the following conditions are equivalent: 

1. f is faithful; 

2. for every C : Con(C) and for every a: C ^ A, if fa c:^ 0, then a ^ 0; 

3. for every C : Con(C), C{C,f) is fully 0-faithful. 

Proof. 1^2. This is an immediate consequence of Proposition 111 since, if 
D is connected, D ^ -kiD = T,QD, by Proposition 186. 

2-^3. Condition 2 is part (a) of property 4 of Definition 80. Part (b) is 
always true when X is connected, which is the case here. □ 








> Coroot TT 



(274) 
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4.2.2 2-Puppe-exactness of Dis(C) ~ Con(C) 

We will prove that, if C is 2-Puppe-exact (or 2-abelian), then the Set-category 
Dis(C) ~ Con(C) is Puppe-exact (or abehan). In order to do that, we use the 
following facts: 

1. since Dis(C) is a reflective sub-Gpd-category of C, limits in it are computed 
as in C (in particular, the kernel of an arrow in Dis(C) is its kernel in C) 
and colimits are computed by applying ttq to the colimit in C (in particular, 
the cokernel of A ^ 5 is the composite 

B ^ Coker / ^^^^ ttq Coker /) ; (275) 



2. dually, cohmits in Con(C) are computed as in C and limits are computed 
by applying tti to the limit in C. 

191 Theorem. If C is a 2-Puppe-exact Gpd* -category, then Dis(C) ~ Con(C) 

is a Puppe-exact category. 

Proof. First, Dis(C) has a zero object, the kernels and the cokernels, by the 
remark preceding this theorem. Next, let A ^ B be an arrow in Dis(C). The 
cokernel of the kernel of / in Dis(C) is rjcokcrkff^}', the kernel of the cokernel of 
/ is rh'j, which is the kernel of rjqf (the cokernel of / in Dis(C)). There is a 
comparison arrow Wf-. ttq Coker /cj — > Ker(?7gj) such that W/T/cokcrfc/ — Wj. 

Then, as C is 2-Puppe-exact, Wf is an equivalence. As Ker(?7g/) is discrete, 
Coker kf is also discrete and, by Proposition 186, rjcokerkf is an equivalence. This 
allows to conclude that Wf is an equivalence. □ 



Ker/ 



Coker k 



TTo Coker k 



B 



If 




Ker(?7g/) 



-> Coker / >■ ttq Coker / 



(276) 



192 Corollary. IfC is a 2-abelian Gpd-category, then Dis(C) (and thus also 
Con{C)) is an abelian category. 

Proof. By the remarks preceding the previous theorem, the category Dis(C) 
has all finite products and coproducts, because C has them. And by the previous 
theorem Dis(C) is Puppe-exact. □ 
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We can also characterise the monomorphisms and epimorphisms in Dis(C) 
and Con(C) in terms of the (fully) (co)faithful arrows in C. 

193 Proposition. Let C be a 2-Puppe-exact Gpd* -category. We have the fol- 
lowing equivalences: 

1. f is a monomorphism in Dis(C) if and only if f is fully faithful in C; 

2. f is an epimorphism in Dis(C) if and only if f is cofaithful in C; 

3. f is a monomorphism in Con(C) if and only if f is faithful in C; 

4- f is an epimorphism in Con(C) if and only if f is fully cofaithful in C. 

Proof. We give the proof for Dis(C); the proof for Con(C) is dual. Let A B 
be an arrow in Dis(C). 

First, / is a monomorphism in Dis(C) if and only if Ker / = in Dis(C). Since 
the kernel in Dis(C) is computed as in C, this is equivalent to Ker / = in C and 
thus to / being fully faithful in C. 

Next, / is an epimorphism in Dis(C) if and only if Coker / = in Dis(C). Since 
the cokernel of / in Dis(C) is ttq Coker / in C and since ttq Coker / = Copip /, 
this is equivalent to Copip / = in C and thus to / being cofaithful in C. □ 

4.3 Good 2-Puppe-exact Gpcl*-categories 

In this section, we study a property which, added to the definition of 2-Puppe- 
exactness, allows to recover certain properties of the Gpd-category 2-SGp of sym- 
metric 2-groups. The question of the independance of this property with respect 
to the axioms of 2-Puppe-exact Gpd-category remains open, all known examples 
of 2-Puppe-exact Gpd-categories being good. 

4.3.1 Good 2-Puppe-exact Gpd*-categories and exactness of /i/ 

Let us begin by introducing some notation. Let C be a 2-Puppe-exact Gpd*- 
category and /: A —s> 5 be an arrow of C. Let us construct the kernel Kervro/ in 
Dis(C) (which is also the kernel of ttq/ in C, since the inclusion Dis(C) > C is a 
right adjoint) and let us denote by a/ : ttq Ker / — > Ker ttq/ the comparison arrow 
such that /cTTo/octf = '^o{kf)] we set c/ := a/or/Kcr/: Ker / — > Kervro/. We denote 
by bf-. Coker TTi/ tti Coker / the comparison arrow in Con(C) constructed 
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dually and df := ecokcr/ °bf: Coker vri/ — Coker /. 



kf f 

Kf >A >B 




(277) 



A good 2-Puppe-exact Gpd*-category is a 2-Puppe-exact Gpd*-category where 
ttq and vti are exact, in the sense that they preserve exact sequences. On the 
other hand, they do not preserve in general relative exact sequences. This would 
be equivalent to the preservation of kernels and cokernels; but, in general, ttq 
preserves cokernels but not kernels and tti preserves kernels, but not cokernels. 

These properties hold in the Gpd-category of symmetric 2-groups. Conditions 
1, 2 and 3 are proved in [73]. 

194 Proposition. Let C be a 2-Puppe-exact Gpd* -category. The following 
conditions are equivalent. When they hold, we say that C is a good 2-Puppe- 
exact Gpd*-category. 

1. ttq] C ^ Dis(C) and tti : C ^ Con(C) preserve exact sequences. 

2. 7ro(FullFaith) C Mono and 7ri( Full Cof ait h) C Epi. 

3. For each f, aj: VToKer/ KerTTo/ is an epimorphism in Dis(C) and 
bf-. Coker VTi/ tti Coker / is a monomorphism in Con(C). 

4. For each f , Cf is co faithful and df is faithful. 
Proof. 1^3. We apply ttq to the sequence 








which is exact, by Proposition 139. By condition 1, the central row of diagram 
277 is thus an exact sequence in the Puppe-exact category Dis(C). By the prop- 
erties of exact sequences in Puppe-exact categories, a/ is an epimorphism in 
Dis(C). The proof is dual for bf. 

3^2. If / is fully faithful, then Ker/ ^ 0, thus vroKer/ ^ and af 
is a monomorphism. By condition 3, a/ is also an epimorphism. It is thus un 
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isomorphism in the Puppe-exact category Dis(C). Therefore KerTTo/ ^ and 
ttq/ is a monomorphism in Dis(C). The proof is dual for vri. 

2^1. Let be an exact sequence in C, as in the upper part of diagram 
191. By Corollary 154 (which applies because C is Ker-factorisable), the arrow 
h' : Cokera ^ C is fully faithful. Then, by condition 2, the comparison arrow 

CokerTToa — ^ ttq Cokera ttqC (279) 

is a monomorphism, thus the sequence (vToa, tto^) is exact in Dis(C). The proof 
of the second part of condition 1 is dual. 

3 <(=^ 4. Given that Cf = af o rjKerf and that ?7Kcr/ is fully cofaithful, since 
it is a coroot (by Proposition 184), by the cancellation property of cofaithful 
arrows, Cf is cofaithful if and only if aj is cofaithful. And, by Proposition 193, 
af is cofaithful in C if and only if aj is an epimorphism in Dis(C). □ 

At the end of the following subsection, we will learn that in a good 2-Puppe- 
exact Gpd*-category, we have also 

• 7ro(Cofaith) C Epi, 

• 7ri(Faith) C Mono, 

• 7ro(FullCofaith) C Iso, and 

• 7ri(FullFaith) C Iso. 

An important property of good 2-Puppe-exact Gpd*-categories is that, for 
every arrow /: C, the 2- arrow '■ = 








(280) 







is exact. Let us recall that a 2- arrow 7r:0^0:A— >5is exact if the sequence 
A — > — > -B, equipped with the 2-arrow vr, is exact. 

Starting from a loop tt : ^ : A — > 5, we construct the following diagram, 
by using the notations of diagram 138. 








VLB T.A 
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Since 2-Puppe-exact Gpd*-categories are Ker- and Coker-factorisable, we can 
apply Corollary 154 to the exactness of tt. The following conditions are thus 
equivalent: 

1. TT is exact; 

2. vr is fully 0-cofaithful; 

3. 7f is fully 0-faithful. 

The following lemma appears in [38]. 

f 

195 Lemma. Let C he a Gpd* -category and A ^ B be an arrow in C. Let us 
consider the Puppe exact sequence constructed from f (Proposition 141)- There 
exist 2-arrows (unique because YTLB and T,Kf are connected), shown in the 
following diagram. 

T.Kf 



mB 



B 



^Qf- 



d' 



(282) 



Proof. For the 2-arrow of the left square, it suffices, as at^B is an epiloop, to 
prove that qe 3(^0.3 = P'f{^d)a^B- By using the definition of /2j and the equations 
which the 2-arrows of the Puppe sequence satisfy, we have the succession of 
equalities 

q^BO-uB = q^B = qfS o qn^^d = (kd o qn^^d = fifd = fif(TKfd = fif{T.d)anB- 

(283) 

To get the 2-arrow of the right square, we check in a similar way that 
d'^fCKf = {T.k)aKf. □ 

196 Proposition. If C is a good 2-Puppe-exact Gpd* -category, the 2-arrow 
fif-. 0^0: Ker / Coker / is exact. 

Proof. We apply ttq: C ^ Dis(C) and fi: C ^ Dis(C) to the Puppe exact 
sequence (Proposition 141). Given that ttq maps connected objects to zero and 
Q maps discrete objects to zero, we get two shorter sequences that we can merge 
in the following way. 



— > nKf 



QeA 



■noKf- 



■ TTqA > TToB > TToQf ■ 



iiA — > iiB — > ^Qf njiA njiB n^Qf 









(284) 
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Since C is good, ttq and Q (which is the composite of tti : C — Con(C) with the 
equivalence Q: Con(C) Dis(C)) preserve exact sequences, thus the two rows 
are exact in Dis(C). The two left squares commute by Gpd-naturality of e, the 
two central squares commute by the previous lemma, and the two right squares 
obviously commute. 

The three left vertical arrows are isomorphisms, because the adjunction S H f2 
is idempotent, and the three right vertical arrows are obviously isomorphisms. 
Since Dis(C) is Puppe-exact, the "7 lemma" (which can be proved from the 5 
lemma by factoring the second and fifth arrows of each sequence) holds and 
ensures that Qjlf is an isomorphism. 

Therefore, in the following diagram (which exists by Gpd-naturality of e), the 
left and upper sides are equivalences, whereas eqf is fully faithful, since it is a 
root. So /i/ is fully faithful and /i/ is exact. □ 



H (285) 



Sng/ : Qf 

Diagram 284 gives us an exact sequence (the upper or lower row, as you 
prefer) in Dis(C) which is the generalisation of the following sequence in 2-SGp, 
constructed from a symmetric monoidal functor F: A — B [18, Corollary 2.7]. 

^ 7ri(KerF) — > ni{A) "-^^ 7ri(l) — > 7ri(CokerF) 

~ 7ro(KerF) — > 7ro(A) "-^^^^ 7ro(B) — > 7ro(CokerF) ^ 0. (286) 

In particular, if we start with an extension (/, t], g) (like the upper row of diagram 
230), we get the following exact sequence in Dis(C), where the central arrow 
measures the non-preservation by ttq and tti (or Q) of relative exact sequences: 

O^QA^QB ^QC -^tiqA^ tiqB ^ ttqC 0. (287) 

It corresponds under the equivalence S H to the following exact sequence in 
Con(C): 

^ TTiA ^ TTifi ^ TTiC ^ ^ Sfi ^ SC ^ 0. (288) 

We also get characterisations of the ttq and the tti of the kernel and of the 
cokernel of an arrow /. The first and the third properties are always true in 
a 2-Puppe-exact Gpd*-category (for ttq is a left adjoint and tti a right adjoint), 
whereas the second is a translation of the fact that Qflj is an equivalence, as we 
have seen in the proof of the previous proposition. 
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1. ttq Coker / ~ Coker ttq/. 

2. TTi Coker / is equivalent, under the equivalence E H f2, to ttq Ker /. 

3. VTi Ker / ~ Ker VTi/. 

These three properties give the three levels of a 3-dimensional object: the objects 
(1) are the objects of the cokernel of /; the arrows (2) are both the arrows (from 
to 0) of the cokernel of / and the objects of the kernel of /; the 2-arrows (3) 
are the arrows of the kernel of /. In the case of symmetric 2-groups, we can be 
more specific: the kernel of a morphism F: A M combines with its cokernel 
to form a pointed 2-groupoid Ker(Fcon); which is the kernel of the 2-functor 
Fcon : Aeon — ^ Kcon obtained by "suspending" the functor F (Aeon is the one- 
object 2-groupoid whose 2-group of arrows is A). We recover the cokernel of F 
by taking locally the ttq of Ker(Feon), and we recover the kernel of F by taking 
the 2-group of arrows from J to J in Ker(Fcon)- 

4.3.2 Full arrows 

Now, let us introduce a notion of full arrow in a Gpd-category (which is called a 
prefull arrow in [29]). In Gpd (see [31]), 2-SGp (Proposition 268), and the Gpd- 
categories of 2-modules on a 2-ring, the full arrows in the 2-categorical sense 
are the full functors in the ordinary elementary sense. On the other hand, this 
is not the case in the 2-category of categories Cat, but here we work only with 
Gpd-categories. 

197 Definition. Let A ^ B he an arrow in a Gpd-category. We say that 
/ is full if, for all 2-arrows a and j3 as in the following diagram, the following 
equation holds. 




A ^13 Y X B 




(289) 



X = A ij'P Y 




We can define a pointed version, by taking ui = and vq = 0. 

f 

198 Definition. Let A ^ i? be an arrow in a Gpd-category. We say that 
/ is 0-full if for all 2-arrows a and (3 as in the following diagram, the following 
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equation holds (i.e. a and P are compatible: va = [3u). 








(290) 







In 2-Puppe-exact Gpd*-categories, full arrows behave as we expect: fully 
faithful = full + faithful. 

199 Proposition. In a 2-Puppe-exact Gpd* -category, f is fully faithful if and 
only if f is full and faithful. Dually, f is fully cofaithful if and only if f is full 
and cofaithful. 

Proof. Let us assume that / is fully faithful. We already know that / is 
faithful. It remains to prove that / is full. Let us consider diagram 289. Since 
/ is fully faithful, there exists 7: uq ^ ui such that a = f'j. Then the two sides 
of equation 289 are equal to /3 * 7 and are thus equal to each other. 

Conversely, let us assume that / is full and faithful. Let be /5 : fa^O. Since 
/ is full, P is compatible with (j: 




Now, (/, C/) = Kerg/, since / is faithful and C is 2-Puppe-exact. So, by the 
universal property of the kernel of qf, there exists a unique a: a => such that 
(3 = fa. □ 

We proceed to the main result of this section, which gives in a good 2-Puppe- 
exact Gpd*-category a list of characterisations of full arrows, some of them being 
known in 2-SGp (see [73, 52]). 

200 Lemma. Letn: ^ 0: A ^ B be an exact loop. The following conditions 
are equivalent: 

1.71 = lo; 



2. A is connected; 
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3. B is discrete. 

Proof. 2 or 3 ^ 1. If A is connected or B discrete, there is only one 2-arrow 
0^0: B, which can only be Iq. 

1^2. Since vr is exact, vf (see diagram 281) is fully cofaithful. But vr = cj^tt. 
If TT = Iq, we have thus ujb = lo? which implies that VLB ~ 0, by Proposition 99 
(since uob = PipO^). So -kiB = T,QB ^ and B is discrete, by Proposition 186. 

1 3. The proof is dual. □ 

201 Proposition. Let C be a good 2-Puppe-exact Gpd*-category and A ^ B 
be an arrow in C. The following conditions are equivalent: 

1. f is full; 

2. f IS 0-full; 

3. /If = Iq; 

4- Ker/ is connected fvroKer/ ~ 0); 

5. Coker / is discrete (tti Coker f c:^ 0); 

6. f factors as a fully cofaithful arrow followed by a fully faithful arrow; 

7. If-. Im/ ^ Inifuii/ is an equivalence; 

8. TTo/ is a monomorphism in Dis(C) and nif is an epimorphism in Con(C). 

Proof. 1 => 2 ^ 3. Condition 3 is condition 2 applied to and C/, whereas 
condition 2 is a special case of condition 1. 

3 ^ 4 5. By Proposition 196, /x/ is exact because C is good. Thus the 
previous lemma applies and gives us the equivalence between these properties. 

4 => 6. As C is 2-Puppe-exact, we have a factorisation f c:^ if o ihf, where 
6/ is cofaithful and mj is fully faithful. By construction, e/ is the cokernel of 
Ker/. Since Ker / is connected, by the dual of Lemma 89, e/ is fully cofaithful. 

6^1. Let us assume that we have ip: f ^ me, where e is fully cofaithful 
and m is fully faithful and let us consider the situation of diagram 289. Since m is 
fully faithful, there exists 7: cuq =^ eui such that a = ip~^uiom'-fO(puo and, since 
e is fully cofaithful, there exists 6: v^m =^ vim such that j3 = viip~^ o Se o VQip. 
Then the two sides of equation 289 are equal to the composite of the following 
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diagram. 




Y 



(292) 



7^6. If the arrow / f of diagram 264 is an equivalence, then / factors as 
the fully cofaithful arrow IfCf followed by the fully faithful arrow rhf. 

6^7. Let us assume that / factors as A ^ I B, with / ^ hg, g 
fully cofaithful and h fully faithful. Since the factorisation of / as a cofaithful 
arrow followed by a fully faithful arrow is unique, we have an equivalence /i : / — 
Imfuu /• And since the factorisation of / as a fully cofaithful arrow followed by 
a faithful arrow is unique, we have an equivalence /2 : / — ^ Im /. We can check 
that /i ~ So is an equivalence. 

4^8. Condition 4 implies that ttq/ is a monomorphism: if Ker / is 
connected, by the dual of Proposition 186, vroKer/ ~ 0; the comparison arrow 
a/ : ttq Ker / Ker ttq/ has thus a zero domain; since it is an epimorphism (for C 
is good), its codomain is also zero and ttq/ is a monomorphism. Dually, condition 
5 (which is equivalent to condition 4) implies that tti/ is an epimorphism. 

8 => 4- We construct the following exact sequence, where the left part is 
the left part of the lower row of diagram 284, and the right part is the right 
part of the upper row of this diagram. The arrow QB — > n^Kf is the composite 

QB QQf — ^ TioKf. 





\ / 


/ \ 

> QKf ^VtA^VtB^ TioKf ttqA ^ ttq^ noQf y (293) 



Since the sequence is exact at QB and since Qf is an epimorphism in Dis(C) 
(because = vti/ is an epimorphism in Con(C)), the image of the arrow 

ftB — »• TToKf is 0. In the same way, since the sequence is exact at ttqA and since 
ttq/ is a monomorphism, the image of the arrow i^oKf ttqA is 0. Finally, since 
the sequence is exact at noKf, the oblique sequence is exact, and VToKer/ ~ 
0. □ 
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Without assuming that C is good, we can prove characterisations of faith- 
fulness and cofaithfulness corresponding to points 4, 5 and 8 of the previous 
proposition. 

f 

202 Proposition. Let C be a 2-Puppe-exact Gpd*-category and A B be an 
arrow in C. The following conditions are equivalent: 

1. f is faithful; 

2. Ker / is discrete; 

3. VTi/ is a monomorphism in Con(C). 

Proof. The arrow / is faithful if and only if VL Ker / = Pip / — 0, which is the 
case if and only if Ker vti/ ^ tti Ker / — 0. On the one hand, by Proposition 186, 
TTi Ker / ~ if and only if Ker / is discrete. On the other hand, Ker tti/ ^ if 
and only if tti/ is a monomorphism in Con(C). □ 

By combining the two previous propositions, we get a similar characterisation 
for fully faithful arrows (which are the full and faithful arrows by Proposition 



203 Proposition. Let C be a good 2-Puppe-exact Qpd* -category and A ^ B 
be an arrow in C. The following conditions are equivalent: 

1. f is fully faithful; 

2. Ker / ~ 0; 

3. ttq/ is a monomorphism in Dis(C) and tti/ is an isomorphism in Con(C). 

The previous proposition and its dual tell us that ttq: C ^ Dis(C) makes in- 
vertible fully cofaithful arrows and tti : C — > Con(C) makes invertible fully faithful 
arrows: 



We can go further: Dis(C) is the Gpd-category of fractions of C for the fully 
cofaithful arrows and Con(C) is the Gpd-category of fractions of C for the fully 
faithful arrows. Let us recall first the definition of Gpd-categories of fractions 



204 Definition. Let C be a Gpd-category and S be a full sub-Gpd-category 
of C^. A Gpd-category of fractions for S consists of a Gpd-category C[S^^] to- 
gether with a Gpd-functor P: C — > C[S"^] such that, for every / G S, Pf is an 



199). 



7ro(FullCofaith) C Iso, 
7ri(FullFaith) C Iso. 



(294) 
(295) 



[64]. 
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equivalence, satisfying the following universal property: for every Gpd-category 
V, the Gpd-functor 

-oP: [C[S-i],I?]^[C,P]s-i (296) 

is an equivalence (where [C,V]j^-i is the full sub- Gpd-category of [C,V] whose 
objects are the Gpd-functors which map every / G S to an equivalence). 

205 Proposition. If C is a good 2-Puppe-exact Gpd-category, then vto: C ^ 
Dis(C) is a Gpd-category of fractions for FullCofaith and tti: C —>■ Con(C) is a 
Gpd-category of fractions for Full Faith. 

Proof. We prove the property for ttq; the proof for tti is dual. First, the dual 
of Proposition 203 shows that ttq maps fully cofaithful arrows to equivalences in 
Dis(C). Next, let V he a. Gpd-category. We have two Gpd-functors 

[Dis(C),P] [C,I^]F,„Cofaith- (297) 

-OTTO 

We check that they are inverse to each other. First, as ttqi ~ iDis(c)) (~ o z)(— o 
ttq) ~ 1. Next, we have a Gpd-natural transformation 1 ^ (— o 7ro)(— o i) which 
is defined at F: [C, Pjpuncofaith"^ by Fri: F =^ FiiiQ. Now, since 77 is a coroot 
(Proposition 184), 77 is fully cofaithful. So, since F maps fully cofaithful arrows 
to equivalences, Frj is an equivalence. Thus — o ttq is an equivalence. □ 

We conclude this chapter by giving a refined version of the short 5 lemma, 
using the same method as in the proof of the short 5 lemma for symmetric 
2-groups by Dominique Bourn and Enrico Vitale [18, proposition 2.8]. 

206 Proposition. Let be a good 2-Puppe exact Gpd* -category. In the situa- 
tion of diagram 230, where rj'ao g'lpoipf = or] and where the rows are extensions, 
we have the following properties: 

1. if a and c are faithful, then b is faithful; 

2. if a and c are full, then b is full; 

3. if a and c are cofaithful, then b is cofaithful. 

Proof. Properties 1 and 3 are immediate consequences of Lemma 168 since, in 
a 2-Puppe-exact Gpd*-category, (co)faithful and 0-(co)faithful arrows coincide. 

For property 2, let us construct the exact sequence 287 starting from the two 
rows of diagram 230. We get the following diagram in Dis(C). 



> nA VLB nC > ttqA noB tiqC > 



f2a 



TTQ a 



TTob 



TTQC 



(29^ 



QA' —77^ QB' —T^ QC > TioA' —-^ hqB' ^ ttqC' > 



4-3. Good 2-Puppe-exact Gp A* -categories 



163 



If a and c are full, by Proposition 201, vroa and ttqC are monomorphisms and 
TTio and vTic are epimorphisms (thus, by the equivalence E H il, f2a and Vtc are 
epimorphisms) . 

Since Dis(C) is Puppe-exact, the 4 lemma holds in it (see [68, Proposition 
13.5.4]). By applying this lemma and its dual to the above diagram, we have that 
VTo^ is a monomorphism and Vth is an epimorphism (thus iTih is an epimorphism) . 
By applying Proposition 201 again, we can conclude that h is full. □ 



Chapter 5 



Symmetric 2-groups and additive 
Gpd-categories 



This chapter is devoted to the study of additivity in dimension 2. 
First, we define symmetric 2-groups and Gpd-categories enriched in 
symmetric 2-groups (or preadditive Gpd-categories), as well as ad- 
ditive Gpd-categories. We prove that 2-abelian Gpd-categories are 
additive (Corollary 252), regular (Proposition 256) and abelian in 
the sense of Chapter 3 ( Corollary 257 ), which implies that all dia- 
gram lemmas of Chapter 3 ( among which the long exact sequence of 
homology) hold in a 2-abelian Gpd-category. 



5.1 Symmetric 2-groups and preadditive Gpd-categories 
5.1.1 Symmetric 2-monoids 

Let us recall first the definition of 2-monoids, which are the monoidal groupoids, 
and of their morphisms and 2-morphisms. 

207 Definition. A 2-monoid consists of 

1. a groupoid G, 

2. a functor — — : G x G ^ G, 

3. an object I: G, 

4. a transformation aA,B,c '■ (A B) C ^ A (B C) natural in A, B, C, 

5. transformations Ia'- I ^ A ^ A and r^'- A I A natural in A, 
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such that the following diagrams commute. 




{{A®B)®C)®D 



A®{B®{C®D)) (299) 




{A®{B®C))®D 



^A®{{B®C)®D) 




{A®I)®B 



^A®{I®B) 





(300) 



A®B 



As a general rule, in this chapter, we omit the subscripts and superscripts of 
natural transformations when they are clearly determined by the context. 

208 Definition. Let G, H be 2-monoids. A monoidal functor from G to H 
consists of: 

1. a functor F: G ^ H, 

2. a transformation ip^^ : FA ® FB F{A ® B) natural in A and B (we 
usually omit the superscript if it can be implied from the context), 

3. a morphism ip^: I ^ FI, 

such that the following diagrams commute. 



{FA ® FB) ®FC^FA® {FB ® FC) 





F{A®B)®FC 



FA ® F{B ® C) 



(301) 



F{{A®B)®C) 




^F{A®{B®C)) 




Fa 
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FA®FI- 



Fta 



I®FA- 



■F{A®I) FI®FA- 



-^FA 

FIa 

■F{I®A) 



(302) 



209 Definition. Let F,G: G HI be two monoidal functors between 2-mo- 
noids. A monoidal natural transformation from F to G is a natural transforma- 
tion a: F ^ G such that the following diagrams commute. 



FA®FB- 



F 
•fiA.B 



F{A®B) 



GA®GB 



(303) 



"Pa.b 



G{A®B) 



FI 




Oil 



(304) 



GI 



210 Proposition. The 2-monoids, monoidal functors between them and mo- 
noidal natural transformations between them form a Gpd* -category, denoted by 
2-Mon. 

Proof. Horizontal composition of monoidal functors is defined by (G, (y?*^, i^q) o 



(F, 



(GF,v9«^,y;^^), where y^^^ 



GFA ® GFB ^ G{FA ® FB) 



GF{A®B) 



(305) 



and 



GF 



GI 



G<p^ 



GFL Horizontal and vertical compositions of 



monoidal natural transformations are the ordinary compositions of the under- 
lying natural transformations. The zero morphism 0: G — EI is the constant 
functor mapping all objects to I and all arrows to 1/. □ 

The 2-monoids are actually the one-object Gpd-categories (Definition 1) and 
the monoidal functors are the Gpd-functors between these one-object Gpd-ca- 
tegories. The coherence metatheorem allowing to replace every Gpd-category 
by an equivalent strictly described Gpd-category takes the following form for 2- 
monoids: every 2-monoid can be strictly described up to equivalence (in 2-Mon) 
i.e. in such a way that A ®) {B ®) G) coincides with [A® B) ®) G, that A® I and 
I ®) A coincide with A, and that the transformations a, I and r are identities. 
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In the same way, every monoidal functor F: G — HI can be normally de- 
scribed up to isomorphism (in 2-Mon(G, H)), i.e. in such a way that FI coincides 
with /; we proceed as in Gpd* (Proposition 66). But it is not true that every 
monoidal functor can be strictly described up to isomorphism (an example is 
given by diagram 522). 

Let us recall now the definition of braided and symmetric 2-monoids and their 
morphisms [49, 50]. 

211 Definition. A braided 2-monoid is a 2-monoid G equipped with 

6. a transformation ca,b '■ A ^ B ^ B ® A natural in A, B 
such that the following diagrams commute. 



{A0B)0C^^^^{B®A)(g)C 



a.ABC 



A®{B®C) 



CA,B 




{B(g)C)0A- 



IBAC 




B^{A®C) 



B^CAC 



0-BCA 



>B(g){C(»A) 



(306) 



If moreover 



{A(g)B)(g)C i "^^^^ {B®A)0C 



"■ABC 



A(S){B0C) 



CA,B 




O.BAC 



{B®C)®A- 




B®{A®C) 



B®CCA 



0-BCA 



>B0{C0A) 



cba o Cab = lyi®_B, 
we call G a symmetric 2-monoid. 



(307) 



(30^ 



For a symmetric 2-monoid, axiom 307 follows from the others. 
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212 Definition. Let G, EI be two braided 2-monoids. A symmetric monoidal 
functor from G to H is a monoidal functor (F, y?, yjo) : G — >■ H such that the 
following diagram commutes. 



FA ® FB F(A ® B) 



cfa,fb 



f{ca,b) (309) 
FB®FA ) F{B®A) 



213 Definition. The symmetric 2-monoids, symmetric monoidal functors 
and monoidal natural transformations form a sub-Gpd*-category of 2-Mon, de- 
noted by 2-SMon. 



There is in general no equivalent description (in 2-SMon) where A® B and 
B ® A coincide, neither for braided 2-monoids nor for symmetric 2-monoids. 

There is a forgetful Gpd-functor U : 2-SMon Gpd*. 



5.1.2 Symmetric bimonoidal functors 

First, let us define the internal Hom of 2-SMon. In dimension 1, commutativity 
was necessary to define the sum of two homomorphisms of monoids (or of groups) ; 
in dimension 2, we need symmetry. 

Indeed, if F, G : A — ^ B are monoidal functors, we would define their tensor 
product as the composite F ® G : = 



A^ Ax A-^B X B -^B, (310) 



where A is the diagonal functor. But for this composite to be a monoidal functor, 
— ® — should be itself a monoidal functor. Joyal and Street [50] have proved that 
to give a monoidal functor structure on — CS> — amounts to give a braiding on B. 
In this case, the monoidality natural transformation ^P(a,b),{c,d) '■ {A^B)(^{C 
D) ^ {A ® C) <S) {B ® D) (which we denote more simply by cabcd) is given by 
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the composite 

(A ® 5) ® (C ® D) 

0-A,B,CS3D 

A®{B®{C ®D)) 
A {{B ® C) D) 

l®(ci3C®l) (311) 
'^A,C,B^D 

So we must work in the Gpd-category of braided monoidal groupoids and sym- 
metric monoidal functors. But, in this context, we want that, for two symmetric 
monoidal functors F and G, the composite 310 be also a symmetric monoidal 
functor. But, in order that — ® — preserves the braiding, Joyal and Street 
have shown that it is necessary and sufficient that B be symmetric (this is a 2- 
dimensional version of the characterisation of the commutativity of an algebraic 
theory by the fact that the operations are algebra morphisms). That is why we 
can define the internal Hom only for symmetric 2-monoids. 

214 Definition. Let A, B: 2-SMon. The symmetric 2-monoid [A, B] is the 
groupoid of symmetric monoidal functors A — > B and monoidal natural transfor- 
mations between them, equipped with the following structure. 

1. The tensor product of F, G: A — B is defined by the composite 310, i.e. 
on the objects by {F ® G){A) = FA GA and on the arrows by [F ® 
G){f) = Ff®Gf. If A, A': A, the natural transformation 9?^^'? is defined 
(according to the definition of the composite of monoidal functors) by the 
composite: 

[FA ® GA) ® {FA' ® GA') 

c 

{FA®FA')®{GA®GA') (312) 

F{A®A')®G{A®A'), 

where c is the composite 311. And ^q®'^ is defined by the composite 
I I®I^FI®GL 

2. The unit is the zero functor : A ^ B. 
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3. The natural transformations a, /,r are defined pointwise. 



Now we define symmetric bimonoidal functors, which play the same role as 
bilinear functions play for abelian monoids (or groups). This notion have been 
introduced, for stacks of symmetric 2-groups in [27], with the name biadditive 
functor. It is possible to define a tensor product on 2-SMon and to show that a 
symmetric bimonoidal functor G x H ^ K is the same as a symmetric monoidal 
functor G ® H ^ K. 



215 Definition. Let be G, H, K: 2-SMon. A symmetric bimonoidal functor 
F: GxH— ^Kisa functor F: G x H ^ K, with isomorphisms natural in each 
variable 



F{GuH)^F{G2,H) 
F{G,Hi)^F{G,H2)- 
I^F{I,H), 
I^F{G,I), 



■F{Gi®G2,H), 
F{G,Hi®H2), 



(313) 



satisfying the following conditions (conditions 3 and 3' are equivalent): 



1. for every G: G, F{G,—), with ip^ and ipQ, is a symmetric monoidal 
functor; 



2. for every H: H, F{—,H), with ip^ _ and ip^ , is a symmetric monoidal 
functor; 



3. for all Gi, G2 : EI, the natural transformations V^Gi,G2 • 

F(Gi,-)®F(G2,-) 
=^ F{Gi ® G2, — ) and v^q : ^ F(/, — ) are monoidal; 

3'. for all Hi,H2: H, the natural transformations tp^^'^^ : F{—, Hi)®F{—, H2) 
=^ F{-, Hi ® H2) and 4'- - ^ -^("j I) are monoidal. 



The naturality in G oiijj and is equivalent to the fact that, for every arrow 
g in G, F{g, — ) is a monoidal transformation, and the naturality in if of ^9 and 
(fio is equivalent to the fact that, for each arrow /i in H, F(— , /i) is a monoidal 
transformation. 

Conditions 3 and 3' express the compatibility between ip and ip. For example, 
axiom 303 for -05^'^^ can be expressed by the commutativity of the following dia- 
gram, for each Gi, G2 : G and Hi,H2'. H. The left column is the "</:>" of the tensor 
product -F(— , -f^i) ®-F(— , -^2), as defined in diagram 312. The commutativity of 
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this diagram is equivalent to axiom 303 for Lp^^ q^, since c 



c. 



^{F{G2,H,)(g)F{G2,H2)) 



{F{G,,H^)®F{G2,H^)) 
^{F{G^,H2)®F{G2,H2)) 



F{Gi®G2,H,) 
^F{Gi^G2,H2) 



®F{G2,H^®H2) 



(314) 



In the same way, we can check that axiom 304 for ip^^'^^ is equivalent to axiom 
303 for , that axiom 303 for t/^^ is equivalent to axiom 304 for ^9^^ and that 
axioms 304 for t/^^^ and ip^ are equivalent, which shows that conditions 3' and 3 
are equivalent. 

216 Definition. The symmetric 2-monoid Bimon(G x H, IK) is defined in the 
following way: 

• Objects. These are the symmetric bimonoidal functors G x H ^ K. 

• Arrows. These are the natural transformations a:F^F':GxH[— s>K 
such that, for each G : G, a{G~) '■ F{G, — ) ^ F'{G, — ) is monoidal and, for 
each H: H, a(-^H)- F{—,H) =^ F'{—,H) is monoidal. We will call them 
bimonoidal natural transformations. 

• Tensor. F ^ F' : G x M ^ K is defined on objects by {F ® F'){G, H) := 
F{G,H)^F'{G,H) and on arrows by {F®F'){g,h) := F{g,h) ® F'{g,h). 
This is a symmetric bimonoidal functor (thanks to symmetry). Moreover, 

(a ® «')(G,H) := «(G,H) ® «(G,//)- 

• Unit. This is the constant functor on J. 



The following proposition justifies the definition of symmetric bimonoidal 
functors and of bimonoidal natural transformations. 

217 Proposition. Bimon(G x H, K) ~ [G, [H, K]] 

Proof. I give only the construction of the symmetric monoidal equivalences 
$: Bimon(G x H, K) ^ [G, [H, K]] and $ : [G, [H, K]] Bimon(G x H, K). 
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In one direction, if F : Bimon(G x H, K) , the functor : G — > [H, K] maps G 
to F{G, — ) and g: G G' to F{g, — ); $F is symmetric monoidal, with the trans- 
formations v^Gi.Ga • -^('^1' -)®-^(G'2, -) F{Gi0G2, -) and y?" : ^ F(J, -), 
which are morphisms of [H, K], i.e. monoidal transformations, by condition 3 of 
definition 215. IfQ;:F^F':GxH[^Kisa bimonoidal transformation, then 
($a)G := "(G -)• 

In the other direction, if F: [G, [M,K]], the functor ^F: G x H ^ K maps 
{G,H) to {FG){H) and {g,h): {G,H) {G',H') to {FG'){h) o {Fg)H. And 
if a: F ^ F': G ^ [H, K] is a monoidal transformation, we set {'^a)[G,H) '■ = 
{aG)H- □ 



5.1.3 2-SMon-categories 

The goal of this section is to define what means for a Gpd-category to be enriched 
in 2-SMon. This is a 2-dimensional version of preadditivity (enrichment in the 
category of commutative monoids). In dimension 1, we can take two points of 
view on a Set-category enriched in AbMon: 

1. it is a category C whose Homs are equipped with an abelian monoid struc- 
ture such that, for all A,B,G: C, the composition function C{A, B) x 
C{B, C) -> C{A, G) is bilinear; 

2. it is a category C whose Homs are equipped with an abelian monoid struc- 
ture such that, for all A: C and g: C{B,G), the composition function 
C{A, B) ^^—>- C{A, G) is linear and, for all /: C{A, B) and G : C, the func- 
tion C(5, G) ^ C{A, G) is linear. 

In dimension 2, these two points of view are also available; this gives the 
following definition. 

218 Definition. Let C be a (weak in general) Gpd-category such that, for all 
A,B: C, the groupoid C{A, B) is equipped with a symmetric 2-monoid structure 
(the tensor is denoted by +, the unit is denoted by 0, the associativity transfor- 
mation is denoted by a, the unit transformations are denoted by A and p, and 
the symmetry transformation is denoted by 7) and with transformations natural 
in each variable 

'^91,52 • + hg2 h{gi + ^2); 

V'Ji''^- hg + h2g^ih + h2)g; , 
^ (315) 

^g-.O^Og. 

We say that C is presemiadditive (or that it is a 2-SMon- category) if the equivalent 
conditions 1 and 2 hold (we put a dot above the natural transformations of the 
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structure of Gpd-category to distinguish them from their analogues of the 2- 
monoid structure). 

1. (a) For all A,B,C: C, the composition functor C{A,B) x C{B,C) 
C{A,C), with fg^^g^, ^.10.(1 ipg, IS sjmmctrlc bimonoidal. 

(b) For all A, B, C, D, the associativity natural transformation is tri- 
monoidal. 



C(A B) X CiB, C) X C(C, D) C(A B) x C{B, D) 



comp X 1 

C{A,C) X C{C,D) 



4a 



comp 



comp 



■C{A,D) 



(316) 



(c) For all A, B, the unit natural transformations are monoidal. 



1 X C{A,B) 



idxl 




^C{A,A) X C{A,B) 

' comp 



C{A,B) 



(317) 



C{A,B) X C{B,B)i 



Ixid 



C{A,B) X 1 



comp 



CiA,B) 




(318) 



2. (a) For all A and h: B ^ C in C, the functor ho-: C{A, B) C{A, C), 
with V'gj 32 and (^q, is symmetric monoidal. 

(b) For all c/ : A ^ 5 and C in C, the functor -og: C{B, C) C{A, C), 
with g^j^(^ jg symmetric monoidal. 

(c) For all parallel hi, /i2 in C, the transformation ip^'^'^ is monoidal and 
-0° is monoidal (or, equivalently, for all parallel 5^1, (72 in C, the trans- 
formation v^^^^gj is monoidal, and ^p^ is monoidal). 

(d) For all g: B ^ C and /i: C —>■ D, the natural transformation express- 
ing a first part of associativity is monoidal. 



hgo- 



CiAB)^C{A,C)^^ 



(319) 



■C{A,D) 
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(e) For all /: A ^ B and h: C ^ D, the natural transformation express- 
ing another part of associativity is monoidal. 



CiB,C) 



-of 



C{A,C) 



ho- 



■C{B,D) 



-0/ 



(320) 



ho- 



■C{A,D) 



(f ) For all / : A ^ B and g: B —>■ C, the natural transformation express- 
ing a last part of associativity is monoidal. 



C{C,D 




C{A,D) 



(321) 



(g) For all A,B: C, the unit natural transformations are monoidal. 



C{A,B 




CiA,B) 



(322) 



Proof. It is clear that conditions (a), (b) and (c) of version 2 are equivalent to 
point (a) of version 1, by Definition 215. It is also clear that point (g) of version 
2 is equivalent to point (c) of version 1. 

Condition (b) of version 1, the trimonoidality of afgh'- {hg)f => h{gf) means 
that the three natural transformations that we get by fixing two of the variables 
of a are monoidal: a-gh'- (hg) o — ^ h{g o — ) must be monoidal (condition (d) 
of version 2), aj-h'- {h o — )/ =^ h{— o /) must be monoidal (condition 2(e)), 
and tt/g- : (— o g)f =^ — o i^gf) must be monoidal (condition 2(f)). Thus we see 
that condition 1(b) is equivalent to the conjunction of conditions 2(d), 2(e) and 
2(f). □ 



The advantage of the second version is that it avoids bimonoidal or tri- 
monoidal functors and natural transformations. 

Here is an elementary translation of the conditions of version 2. 
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{hgi + hg2) + hg^-^hgi + {hg-i + hg^ 



h{gi + g2) + hg^i 



hgi + h{g2 + g-i) 



'^31+92,93, 

Higi + 92) + 93)^^h{gi + (5-2 + ^3)) 




31,92+93 



hgi + hg2 ■ h{gi + 5(2) 



hy 



hg2 + hgi — > h{g2 + fi-i) 



Phg 



hg + >hg + hg ■ 



^hg 



hp 9 V'o+l 



hg + hO — >h{g + 0) hO + hg > h{0 + g) 



^9,0 



■^0,9 



(hig + M) + hg-^hg + {h2g + hg) 



{hi + h2)g + hg 



hig + {h2 + h)g 



^hi+h2,h3 



{{hi + h2) + h)g^{hi + {h2 + h))g 



hig + M > (/ii + h2)g 



19 



^^9 + hg — -— ^ {h2 + /ii)^ 

'As ' 
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hg + 0- 



Phg 



hg + hg ■ 



hg 



(328) 



hg + Og ^(/i + 0)(7 Og + hg ^(0 + % 



(/ii5fi + hig2) + (/i25'i + ^2fi'2) 

'''91.92 "'"'''Sl. 92 



V 91,92 



hi{gi + g2) + /i2(fl'i + 5-2) 



(/ll + /l2)(5'l +fl'2) 



+ ' > 0^1 + 0^2 + " ° ) /iiO + /12O 



Xi=pi 



91+92 



^91. 92 ^■r=P/ 

-^0(^1+^2) 



ih + /i2)o 



-^^^ OoO 



(329) 



(330) 



(331) 



{hg)f\ + {hg)f2 ^JlElL^ high) + high) 



hg 

/1./2 



'^9/1,9/2 

/i('7/i + ^7/2) 



'^^/l./2 



(M(/l + /2) 



°h,9,/l+/2 



higifi + f2)) 



ho 



{hg)0- 



O-hgO 



-^hO 
higO) 



(332) 



(333) 
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(f) 



{hgi + hg2)f 



{Kgi+g2))f- 



Kgif + g2f) 



'^h,gi+g2.f 



h{{gi + g2)f) 



(334) 




(335) 



{hg)f + (M)/°^^^i^^^ h{gf) + h2{gf) 



{hig + h2g)f 



{{hi + h2)g)f- 



Oihi+h2,g,f 



{h + h2){gf) 



(336) 



0/^ 



9f 



mf—-^oi9f) 



(337) 
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+ 1b/2 




'^/l+/2 



/1U + /21A 



Pfl +Pf2 



> /l + /2 ^ 



/l,/2 



(/l + /2)U 



(338) 




(339) 



In the one-object case, we recover exactly the axioms of Laplaza [58] for a 
category with two monoidal structures, one being distributive with respect to the 
other, except that he does not work with groupoids and adds axioms concerning 
the symmetry of the product (here the composition), which we do not assume 
here; Kapranov and Voevodsky [51] call that a "ring category"; they use the 
category of vector spaces on a field K, equipped with the tensor product and the 
direct sum to define their 2-vector spaces on K; these categories are also called 
bimonoidal categories or rig-like categories. 

219 Example. 1. A Set-category seen as a discrete Gpd-category is pre- 
semiadditive in this 2-dimensional sense if and only if it is presemiadditive 
in the usual 1-dimensional sense. So there is no possible terminological 
ambiguity. 

2. The Gpd-category 2-SMon is itself presemiadditive. The symmetric 2- 
monoid structure of 2-SMon(G, H) = [G, H] has been described in Defi- 
nition 214. If G: G ^ e and i/i, i/2 : H ^ K are morphisms in 2-SMon, 

fl Ho 

then i/jq^' is the identity at each point, whereas if Gi, G2: G ^ M and 

H-.m- 



^Gi,G2 is <^Gi-,G2^ 



5.1.4 Symmetric 2-groups and 2-SGp-categories 

2-groups, also called Cat-groups or Gr-categories, are 2-monoids where each ob- 
ject is an equivalence (if we see the 2-monoid as a one-object Gpd-category). See 
[73, 3] for general results about 2-groups. 

220 Definition. A 2-group is a 2-monoid (monoidal groupoid) such that, for 
each object A: G, there exist an object A* : G and arrows Ea'- A ^ A* I and 
rjA'- I—*A*®A satisfying the triangular identities: the two following composites 
are equal respectively to 1^* and to 1a- 

A* ^ I® A* {A''®A)®A* ^ A*®{A®A*) A*®I A* (340) 
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A^Ai^I A ® (A* ® A) ^ (A ® A*) ® A / ® A -U A (341) 

A very useful result is that from ea alone we can construct an arrow rjA which 
satisfies the triangular identities with ea [49]. So to turn a 2-monoid into a 2- 
group, it is sufficient to give for each object A an object A* such that A(^A* ~ /. 

If G is a 2-group, we can define a functor (— )* : G°p G, which maps A to 
A* and an arrow /: 5 — > A to the composite, denoted by /*. 

A* ^I®A* {B* ®B)®A* il^^^ (5* ®A)^A* 

^B*®{A^ A*) B*®I -^B* (342) 

Then we can check that rj and e are dinatural transformations. 

We can also prove that every monoidal functor preserves the inverse of an 
object (see for example [3, Proposition 2.3]). So monoidal functors do not have 
to satisfy additional properties to be morphisms of 2-groups. 

221 Definition. We denote by 2-Gp the full sub-Gpd*-category of 2-Mon 
whose objects are the 2-groups. 

If G is equipped with a symmetry, we have a symmetric 2-group (or symmetric 
Cat-group or Picard category [27]). We denote by 2-SGp the full sub-Gpd*- 
category of 2-SMon whose objects are the symmetric 2-groups. 

We can simplify the description of arrows and 2-arrows of 2-SGp in the fol- 
lowing way. First, for a symmetric monoidal functor F: G ^ H, we can prove, 
thanks to the invertibility of objects, that v^o = 

I ^FI® FT ^^^^ F{I ® /) ® FI* {FI ® FI) ® FI* 

^ FJ ® {FI ® FF) FI®I FL (343) 

And, if we assume that we have only ipAB, we can recover ipo by defining it as 
this composite; then we can check that axiom 302 holds. We can thus remove 
from the definition ipQ and axiom 302. Moreover, by using this definition of ifo, 
we can deduce axiom 304 of monoidal natural transformation from the axiom 
303 and from the naturality; we can thus also remove this axiom. 

In the same way, when G, H, K are symmetric 2-groups, in the definition of 
symmetric bimonoidal functor G x HI ^ K, we can remove and tpQ, and 
the parts of condition 3 (or of the equivalent condition 3') concerning these 
transformations. These simplifications allow to reduce significantly the number 
of axioms of preadditive Gpd-categories. 

222 Definition. Let be A, B: 2-SGp. The symmetric 2-group [A, B] is the 
symmetric 2-monoid [A, B] of Definition 214, whose objects are the symmetric 
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monoidal functors A — > B and whose arrows are the monoidal natural transfor- 
mations between them. If F: A — ^ B, its inverse F* : A — >■ B maps an object 
A: A to (FA)* and an arrow f : A ^ B to {Ff*)~^: FA* FB*; we define 
Bp - F ^ F* ^0 pointwise. 

In the same way, when G, H, IK are symmetric 2-groups, Bimon(G x H, K) is 
a symmetric 2-group; we can prove that by transfering the inverses of objects 
from [G, [H, K]], which is a symmetric 2-group, as we know by the previous 
proposition. 

We can now give the definition of preadditive Gpd-categories. This notion of 
preadditivity for 2-categories was introduced (with an axiom missing) by Ben- 
jamin Drion in [28]. 

223 Definition. A preadditive Gpd-category (or a 2-SGp- category) is a pre- 
semiadditive Gpd-category C such that, for all A,B: C, C{A,B) is a symmetric 
2-group. 

By using the simplifications above-mentioned, we see that we can remove 
from this definition cp^ and ipo and the conditions involving them. From the list 
of elementary conditions following Definition 218 remain only equations 323, 324, 
326, 327, 329, 332, 334, 336 and 338. 

Version 2 of Definition 218 minus axiom (c) is equivalent to the definition 
given in [28]. There are a few differences in the presentation: instead of asking 
for the naturality of (f in h, he asked that for each (3: h h' : B C, the 
natural transformation f3 * —: h o — ^ h' o — he monoidal, which is equivalent; 
and dually, instead of asking for the naturality oi ip in g, he asked that for 
each a: g ^ g' : B ^ C, the natural transformation a * — : g o — ^ g' o — he 
monoidal. Moreover, conditions (d), (f) and (g) were replaced by the equivalent 
requirement that C{A, —):€—>■ 2-SGp and C(— , D): C ^ 2-SGp be Gpd-functors, 
for each A,D: C. 

A one-object preadditive Gpd-category is what could be called a 2-ring, by 
analogy with the 1-dimensional case, where a one-object additive Set-category 
is a ring. In fact one-object preadditive Gpd-categories coincide with Ann- 
categories introduced by Nguyen Tien Quang [66]. The categorical rings defined 
by Mamuka Jibladze and Teimuraz Pirashvili [47] are according to them equiv- 
alent to the Ann-categories of Quang, but it seems to be necessary to add a 
condition to recover the Ann-categories [67]. 

224 Example. 

1. A Set-category seen as a locally discrete Gpd-category is preadditive in this 
2-dimensional sense if and only if it is preadditive in the usual 1-dimensional 
sense. 
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2. The Gpd-category 2-SGp is itself preadditive, with the same structure as 
the one of 2-SMon. 

3. We will prove (Corollary 252) that every 2-abelian Gpd-category is pread- 
ditive. 

4. It seems that the 2-Ab-categories introduced by Nelson Martins-Ferreira 
[61] coincide with the 2-SGp-categories C where for each A,B: C, the sym- 
metric 2-group C{A, B) is strict (i.e. the transformations a, A, p, 7 and 77 
are identities) and the composition is strict bimonoidal (i.e. the transfor- 
mations if) and ip are identities). 



5.2 Additive Gpd-categories 

5.2.1 First elements of matrix algebra 

Let us assume that C is a Gpd-category with finite products and coproducts. 
We have thus for each family of objects (Afc)i<fc<n a product 11^=1 ^fc? with 
projections p^, and a coproduct X]fc=i ^fc' with injections ik- We assume that, in 
the case of families with one object A, we take as product A itself with projection 
1ai and as coproduct A with injection 1^. 

The universal property of the product gives us, for each family of arrows 
(X 3. Ak)i<k<n an arrow 

n 

X^JjA, (344) 

k=l 

with 2-arrows tt^q : Pk^idk) =^ c^fco- Dually, for each family of arrows {Aj^ ^ 
y)i<k<n, we have an arrow 

n 

fc=i 

and 2-arrows Lko- {ak)iko =^ Ofco- In the case where n = 1, we take in the 
horizontal and vertical cases (afc)i<fc<i = ai, with tti or li equal to the identity. 

Let {Ak)i<k<n and (-Bj)i<j<m be two finite families of objects of C. By the 
universal property of the product and of the coproduct, the functor 

n m 

^(E^^'n^.)^^^'^^ n ^(^^^B,) (346) 

k=l j=l l<k<n 

l<j<m 



0-2 
\OnJ 
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is an equivalence of groupoids; let us denote by $ its inverse. We denote the 
image of {fjk)i<j<m under $ also by (fjk)- We have thus an isomorphism 

l<k<n 



such that 



(/,fc) 



En A ifjk) yrm 
k=i Ak > Uj=i Bj 



A 




- rjj^ko 



A 




(347) 



P30 . (348) 



In the case m = 1, we take {fjk) = (/ifc), with tti = 1. In the case n = 1, we 
take {fjk) = ifji), with li = 1. 



5.2.2 Finite biproducts 

From now on, we assume that all Gpd-categories are strictly described and that 
all Gpd*-categories are strictly described. 

The equivalence of conditions 5 to 7 of the following proposition has been 
proved by Benjamin Drion [28]. 

225 Proposition. Let C be a Gpd* -category and Ai,A2: C. The following 
conditions are equivalent. If they hold, we say that the data of condition 4 form 
a biproduct of Ai and Ai. If for each pair of objects of C these conditions hold, 
we say that C has all binary biproducts. 

1. The product Ai Ai x A2 A2 exists and 



Ai^ Aix A2^ A, 



(349) 



is a coproduct. 



2. The coproduct Ai Ai + A2 A2 exists and 

AnA, + A2'^A2 



(350) 



is a product. 

3. The product and the coproduct of Ai and A2 exist and the identity matrix 

'Ia, 



1, 



: A1 + A2 — > AiX A2 



(351) 



is an equivalence. 
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4- For 1 < j, k < 2, there exist an object, arrows and 2-arrows 

Ai®A2 



(352) 



A, 



-^A 



where 6jk = 1^^. if j = k and otherwise, such that pi,p2 is a product and 
21,^2 is a coproduct. 

If C is presemiadditive, we can add the following conditions. 

5. The product Ai x A2 exists. 

6. The coproduct Ai + A2 exists. 

7. For I < j, k < 2, there exist an object, arrows and 2-arrows 

Ai®A2 



Pj 



(353) 



A, 



as well as a 2-arrow 



uj: iipi + i2P2 UieAa, 
such that the following diagrams commute. 



(354) 



Pihpi + Pii2P2 —^Pi{iiPi + ^2^2) P2'iiPi + P2«2P2 —^P2{kPi + ^2^2) 



riiiPi 
+rii2P2 



Pi + 0- 



mipi 



P2UJ 



-^P2 



+ P2 



8. Like condition 1, but with the following diagrams. 
iiPih + i2P2ii {iiPi + i2P2)ii HPi«2 + ^2P2^2 — ^ {iiPi + ^2^2)^2 



(355) 



n»7ii 



iir]i2 
+i2V22 



(356) 



ii + 0- 



+ Z2 



Proof. 4^3. Indeed, (r^j^) : {pj o 1^10^2 ° ^fc) ^ i^jk) is an isomorphism in 
ni<'fc<2 ^^(^fc, ^j) and, since functor 346 is an equivalence, 1ai®A2 is isomorphic 

l<j<2 

to the identity matrix. 
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3^2. Indeed 



(357) 



and, since the identity matrix is an equivalence, these two composites also form 
a product. 

3 1. The proof is dual. 

2^4- It suffices to take pi = (1 0), p2 = (0 1) and r]jk = nj. 
1^4- The proof is dual. 

Let us assume now that C is presemiadditive. 
2^6. Obvious. 

6^8. We set pi := (1 0) and p2 ■= (0 1) and rjjk := Lk, and diagrams 356 
induce u by the universal property of the coproduct. 

8 ^ we have a coproduct Ai — Ai © A2 A2. Indeed, if Ai 
Y <^ A2 is a rival, we have Ai © A2 ^^^^"'"^^^^> Y, with (yipi + y2P2)H =^ 



ViPih + y2P2h ^^''""^^^'' =r- + =^ yi. The proof is similar for ^2 and ?/2. Next, 
if we have u,v:Ai(BA2^Y with ai : uii =^ vii and ui2 =^ vi2, we set a 
equal to the composite 

UOI > U{liPi + I2P2) =^ Ulipi + nZ2P2 > VliPi + WZ2P2 

==^ v{iipi + «2P2) =^ f o 1 (358) 

and we check, by using two diagrams of condition 8 and of the axioms of pre- 
semiadditive Gpd-category, that aii = ai and ai2 = 02- Unicity is easy to check 
with the help of u. 

1^5^ 7 ^ we have a product pi, p2. The proof is dual. 

8-^7. We have just proved that condition 8 implies that ii and 12 form 
a coproduct. They are thus jointly cofaithful. Then we test the two diagrams 
of condition 7 with ii and 12 to check their commutativity. Dually, condition 7 
implies condition 8. 

8^4- Indeed, ii and ^2 form a coproduct and, by condition 7, pi and p2 
form a product. □ 



A first example of Gpd*-category with biproducts is 2-SGp; the biproduct 
of two symmetric 2-groups is simply their cartesian product. More generally, 
2-abelian Gpd-categories have all finite biproducts. To prove that, we need the 
following lemma. 
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226 Lemma. Let C be a Gpd* -category and Ai Ai + A2 <^ A2 be a 
coproduct. 

1. The arrows ii and 12 are faithful. 

2. (0 1^2 ) = Cokerii; 




(359) 







By symmetry, {Ia^ 0) = Cokeri2- 

Proof. As we have (1^^ 0)ii =^ 1^^, ii is faithful; by symmetry, 12 is faithfuL 
Let us prove point 2. Let he y: Ai + A2 — ^ Y, with f. yii =^ 0. We 
set y' := yi2: A2 —* Y. The 2-arrows y'{0 l)ii y'O = yii and 

y'{0 1)^2 =^ y' = y'i'2 induce, by the universal property of the coproduct, a 
2-arrow 7: y'{0 1) ^ y such that •yii = ip~^{y'Li) and 7^2 = y'L2- Then </3(7^l) = 
(p(p-^{y'Li) = y'ii. 

Next, if 7: m(0 1) ^ v{Q 1) is such that vli o 72;^ o wi^^^ = Iq, we set a 

equal to the composite u =^ m(0 1)^2 ==^ "ylO 1)^2 =^ v. We check that we 
have 7 = q;(0 1) by testing with ii and 12 (which are jointly cofaithful, by the 
universal property of the coproduct). □ 

A corollary of this lemma is that, like in dimension 1, biproducts form exten- 
sions. 

227 Corollary. Let C be a Gp6* -category and Ai ® A2 be a biproduct in C. 
Then the following sequences are extensions. 

Ai — > Ai © A2 — - — > A2 









228 Proposition. Let C be a 2-abelian Gpd-category. Then C has all binary 
biproducts. 
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Proof. We prove condition 3 of Proposition 225. Let us denote by I the identity 
matrix. We will prove that I is fully 0-faithful. By duality, I will also be fully 
0-cofaithful, and thus an equivalence. 

Let he x: X ^ Ai + A2 and x- -^2; ^ 0. By the previous lemma, we know 
that (0 1^2) = Coker^i and that ii is faithful thus, by 2-Puppe-exactness of C, ii 
with Li is the kernel of (0 1a2)- Since we have 712: P2I => (0 1^2); "we can deduce 
that zi, with 7721 = o 11211 is the kernel of p2l- In the same way, 12, with 7712 is 
the kernel of pi/. 

Therefore x, with P2X-, is a rival of ii and there exist, by the universal property 
of the kernel, Xi: X Ai and Xi'- ^ ^ ^1^1 such that the lower part of the 
following diagram is equal to p2X- In the same way, we have X2'- X ^ A2 and 
X2 such that the upper part of the diagram is equal to piX- 




¥Ai + A2 — > Ai X A 




(362) 



We set then a : xi ^ equal to the composite of the following diagram. 




x — y Ai + A2 —(1 0)^ Ai 



(363) 



Then 7, defined by the composite x iiXi ziO = 0, is such that x = ^1'-, to 
check that, we test this equation with pi and p2, which are jointly faithful. Since 
C has all Ss, we can conclude that / is fully 0-faithful, by Proposition 112. □ 



Products in Gpd are usually described with a strict universal property: if A 
and B are groupoids and F: X ^ A and G: X ^ B are functors, we have an 
induced functor (F, G) : X ^ A x B such that pi{F, G) = F and P2{F, G) = G; 
we can thus take the identity for the natural transformations tti and 712- 
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Let C be a Gpd*-category with zero object and biproducts. By taking the full 
image of the Yoneda embedding 



which is locally an equivalence, we can replace C by an equivalent Gpd-category 
(the full sub- Gpd-category of [C°p, Gpd] whose objects are the functors equivalent 
to a representable, which is stable under products because C has all products) 
where the product also has a strictly described universal property because, in 
Gpd, and thus in [C°p, Gpd], the product is strictly described. (On the other hand, 
we cannot require at the same time that the coproduct be strictly described; see 
Baues, Jibladze and Pirashvili [8, section 5].) 

Henceforth we assume that the universal property of the product is strictly 
described in C. For every object A we fix an exponentiation A x ... x A of A 
for each natural exponent n. We take for A-^ the object A itself and for A^ the 
terminal object 1. And we set ii := and Z2 '■= 

5.2.3 Bimonoids 

The goal of this subsection and of the following subsections is to prove that when 
a Gpd-category C has all finite biproducts, it is presemiadditive. To do that, in 
this subsection, we prove that the existence of finite biproducts implies that 
each object of C is equipped with a bimonoid structure and that the Gpd-functor 
$: C ^ Bimon(C), mapping an object of C to the bimonoid constructed on this 
object, has good properties. 

To begin with, let us recall the definition of internal (symmetric) monoids in 
a Gpd-category with products (they are defined with the name of (symmetric) 
pseudomonoids in the context of Gray- monoids by Day and Street [25] ; the pseu- 
domonoids in Cat are the monoidal categories; see [3] for internal (2-)groups in 
a 2-category with products), and next the definition of internal bimonoids. 

229 Definition. Let C be a Gpd-category with finite products. A symmetric 
monoid in C consists of an object A: C, a multiplication m: A x A ^ A, a. unit 
e: 1 —>■ A, and 2-arrows 



C^[C°P, Gpd], 



(364) 



Ax Ax A 



mx 1 



^Ax A 



Ixm 



a 



m 



(365) 



Ax A 



m 



^A 
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A X A 



CAA 




(367) 



Ax A 



(where cab '■ AxB ^ BxA'm such that pic = p2 and = Pi)- These data must 
satisfy the following conditions (the regions without 2-arrow commute because 
the product is strictly described; the 2-arrows a x 1 and 1 x a (in the first 
condition) and other 2-arrows constructed in a similar way do have the indicated 
domain and codomain thanks to the same strictness; the symbol x is often 
omitted for objects, to save space). 



i t A A mxlxl ^ ^ . 

AAAA > AAA 



A A A A mxlxl . ^ ^ 

AAAA > AAA 



Ixlxm 



ixmxl i^^xl 

AAA — 



mxl 



Ixa^ 

AAA 

Ixm ~ 



mxl 



-^AA 



Ixlxm 



Ixm ti'^ 



AA- 



-^A 



, , Ixexl , , , mxl , , 

AA > AAA > AA 




Ixm 



AA- 



-^A 



Ixm 



mxl 

"aa 



AAA > AA 



Ixm 



AA 



^A 



, , Ixexl , . . mxl . , 

AA > AAA > AA 




mxl 



AA 



^A 



(368) 
(369) 



AAA^ 



Ixm 



_lXCAA CaaXI^ 



AAA 



mxl 



AAA- 



CA,AxA 



AAA 



Ixm 




mxl 



(370) 
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Ax A 




(371) 



Ax A 



In the case C = Gpd, these four conditions become respectively conditions 
299, 300, 306 and 308. The symmetric monoids in Gpd are thus the symmetric 
2-monoids defined above. If C is a Set-category with finite products, a symmetric 
monoid in C is simply a commutative monoid in C. 

230 Definition. Let A, B be two symmetric monoids in C. A morphism of 
symmetric monoids A ^ B consists of an arrow f : A ^ B and two 2-arrows 



A xA^^^B X B 



A- 



m e 



^B A 




^B 



(372) 



satisfying the following conditions. 



/x/x/ 

AAA > BBB 



Ixm 



ix 1 1^ c 



■mx 1 



AA 



AA 



fxf 



BB 



A- 



-^B 



fxfxf 

AAA > BBB 



Ixm 



fx^i^- Ixr 



AA - BB 



A- 



mxl 

^BB 



B 



(373) 



^B X B 




A^^B 




(374a) 
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— >B 

exl \ exl 

A X A , > B X B 

fxf 



Bx B 



^B 




(374b) 



A X A— ^^^B X B 



A X A^^^B X B 




A- 



f 



B 



A xA^^^Bx B 



A 





f 



B 



(375) 



In the case C = Gpd, these conditions become respectively conditions 301, 302 
and 309. The morphisms of symmetric monoids in Gpd are thus the symmetric 
monoidal functors. 

231 Definition. Let f,g: A ^ B in C he morphisms of symmetric monoids. 
A 2-morphism between these morphisms consists of a 2-arrow a: f ^ g such 
that the following conditions hold. 



fxf 



A X A — >Bx B 

gxg 



A xA^^^B X B 



A- 



f 



(376) 



-^B 



A- 



■^B 




9 



In the case C = Gpd, these conditions become conditions 303 and 304; the 
2-morphisms of symmetric monoids in Gpd are thus the monoidal natural trans- 
formations. 
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5.2.4 Structure of bimonoid induced by biproducts 

We will now prove that in a Gpd-category with biproducts the diagonal and the 
codiagonal give on each object a structure of symmetric bimonoid, i.e. a struc- 
ture of symmetric monoid and a structure of symmetric comonoid such that the 
multiplication and the unit are morphisms of comonoids, and the comultiplica- 
tion and the counit are morphisms of monoids. (To really define bimonoids, we 
should also ask that the 2-arrows of associativity and coassociativity, unit and 
counit, symmetry and cosymmetry be 2- morphisms of monoid or of comonoid, 
but we won't need these properties in the following.) 

232 Proposition. Let be an object A in a Gpd-category with biproducts (we 
always assume that the product is strictly described). The diagonal A A(B A 
and the arrow A define a strictly described comonoid structure on A. 

Proof. The strictness of the product implies that we can take the identity for 
a, A, p and 7. □ 

233 Proposition. Let be A in a Gpd-category with biproducts. The codiago- 
nal A (B A A and the arrow A determine a monoid structure on A. 

Proof. The codiagonal comes from the universal property of the coproduct and 
comes with two 2-arrows Si : Vii =^ Ia and ^2 : Vi2 =^ 1a- 

Let us define the coherence 2-arrows. The 2-arrow : V(V©A) =^ V(A© V) 
is defined by the universal property of the coproduct, as the unique 2-arrow such 
that 

A — - — >A®A > A®A®A 



a All = 
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and ttAiz = ^ 




(380) 



A®i2 



A® A® A 



^A®A- 



^A 



We set Xa '■= ^2 and pa '■= 5i- Finally, 7a: V ^ Vca,a is uniquely determined 
by the conditions 




A® A 



(381) 



^A®A 




(382) 



We check the axioms by testing them with the inclusions of the biproduct. □ 

234 Proposition. Let A be an object in a Gpd- category with biproducts. Then 
the diagonal, the codiagonal and the zero arrows from or to are the basis of a 
"bimonoid" structure on A. 

Proof. The previous propositions give the monoid and the comonoid structures. 
It remains to check that V and 0^ are morphisms of comonoids and that A and 
Oa are morphisms of monoids. The object A ® A is naturally equipped with a 
comonoid structure induced by A: it consists of the zero arrow and of 



A® A A® A® A® A — — > A® A® A® A. 



(383) 



Dually, A® A\s naturally equipped with a monoid structure induced by V: 



A® A® A® A A® A® A® A A® A. 



(384) 



The 2-arrow which expresses both the fact that A and that V are morphisms is 
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then the identity (thanks to the strictness of the product): 



A® A® A® A® A 




A® A 



A® A 



v©v 



(385) 



A 



^A®A 



It is easy to check the axioms of morphism of monoids for A (we use the fact 
that, for a 2-arrow /i, A/x = (// © /^)A) and of comonoids for V (only identities 
are involved). □ 



Moreover, each arrow of C has a structure of morphism of bimonoids between 
the bimonoids so defined, and each 2-arrow is a 2-morphism between these mor- 
phisms. 



235 Proposition. Let be f: A ^ B in a Gpd-category with biproducts. We 
can equipped f with a structure of morphism of bimonoids from {A, Aa, Va, 0"^, 
Oa,...) to (fi,AB,VB,0^,OB,...). 

Proof. On the one hand, by the strictness of the product, we have (/ ® /) A = 
A/. On the other hand, the universal property of the coproduct implies the 
existence of a unique ip^ : V(/ ® f) ^ /V such that, for /c = 1 or 2, 




(386) 



A ®A — >A >B 



We set (f^ := Iq. We check the axioms by testing them with the inclusions of the 
biproduct. □ 



236 Proposition. Let be fi: f ^ g: A ^ B in a Gpd-category with biprod- 
ucts. Then fi is a 2-morphism between the structures of morphisms of bimonoids 
defined on f and g in the previous proposition. 

Proof. Since (/i ® yu)A = AyU, /i is a 2-morphism of comonoids. To prove that 
it is a 2-morphism of monoids, it suffices to test the axioms with ii and 12- □ 
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The following propositions mainly show that the constructions of the previous 
propositions define a Gpd-functor preserving biproducts 



$: C ^ Bimon(C). 



(387) 



Some details needed to actually estabhsh that $ is a Gpd-functor preserving 
biproducts are missing, but they won't be needed in the following. 

237 Proposition. The following conditions hold f$ is a "Gpd-functor"). 



A- 



A- 



A®A-- 



A- 



9f 



■■A® A 



■■A 



(388) 



(389) 



Proof. It suffices to test these equations with ii and 12- 



□ 



238 Proposition. There exists u: V a®a (Va © Va)(^ © caa © -4) f$ 
"preserves the biproduct") such that the following conditions hold (^"$(/i©/2) = 
^ifi)®^if2)" and "$(0) = 0"). 



A®A®A®A^-^^^^^^B®B®B®B 



A®A- 



^B®B 



A® A® A® A >B®B®B®B 




VAffiA L4 © A 



A®c®A B®c®B 

/l®/l®/2©/2 



/lffi/2 




^B®B®B®B\'^BmB (390) 



Vs®Vs 



= Iq: V(0©0) ^ OV 



(391) 
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Proof. By the universal property of the coproduct, we have a unique ui such 
that the following conditions hold. 




A® A 



^AqA 



(392) 




(393) 




We check the conditions by testing them with ii, i2, is and 24. 



(394) 



(395) 



□ 



Since {A, V, . . .) is a symmetric monoid, V is a morphism of monoids from 
A(BA (with multiplication given by the composite 384) to A. The composites of 
the two following diagrams are equal and define the 2-arrow expressing that 
V is a morphism (in the case C = Gpd, we recover composite 311). 



A®A- 




i^A®iA®A A® A® A 

\A®oiA 



A® A® A® A 




^A®A®A 




(396) 
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A® A' 



A®c®A 




i^A®'yA®A ^® A® A- ^ 



A® A® A® A 




(397) 



In the same way, since (A, V, A, . . .) is a bimonoid, A is equipped with a 
structure of morphism of monoids, given by diagram 385. 

But, by Proposition 235, V and A are morphisms of monoids between (A ® 
A, V^eA, • • •) and {A, Va, • • •)• The following proposition shows that, both for 
A and for V, these two structures of morphisms of monoids coincide modulo u. 



239 Proposition. The following equations hold. 



A® A VasVa 




A® A VAffiVy 
®A®A 



^A®A 



A®A- 



Va 



Va 



-^A 



(39^ 




Va®a 



A® A mA®A 



VAffiA 



Va 



(399) 



A- 



Aa 



^A®A 



Proof. It suffices to test these conditions with the inclusions of the biproduct. 

□ 
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5.2.5 The existence of finite biproducts implies semiadditivity 

The structures of comonoid on A and of monoid on B induce a monoid structure 
on C{A, B), which turns it into a symmetric 2-monoid (see Day and Street [25]). 
We apply this principle to the constructions of the previous subsection to get the 
following proposition. 

240 Proposition. If C is a Gpd-category with all finite biproducts, then, for 
A,B: C, we define a structure of symmetric 2-monoid on C{A, B) in the following 
way: 

1. A ^ B is the zero arrow; 



2. zff,g:A^B, f + g :-- 



A^A®A^B(BB^B, 



(400) 



and if we have a: f ^ f : A ^ B and f3 : g g' : A ^ B , a + f3 :- 
3. if f,g,h: A ^ B, Ufgh is the composite of the following diagram; 




A®A®A^-^B®B®B 




B (401) 



f(B{g+h) 

4- if f : A B , Xf is the composite of the following diagram; 




(402) 



5. if f : A ^ B, pf is the composite of the following diagram; 



A®A^^B®B 




(403) 
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6. if f,g: A—^ B, 'ffg is the composite of the following diagram. 



A® A ) B®B 




CBB 




(404) 



A® A' 



9(Bf 



-^B®B 



Proof. The axioms of symmetric 2-monoid of C{A.,B) follows automatically 
from the axioms of internal symmetric monoid of B with multiplication V (Propo- 
sition 233). □ 

241 Proposition. IfC is a Gpd-category with finite biproducts, C is presemi- 
additive, with the structure on the Homs described in the previous proposition, 
and the distributivity 2-arrows defined in the following way: 

1. if fi, f2: A ^ B and g: B ^ C , Lp^j_^ is defined by the following composite; 
A^^A®A^^^C®C^^C 




(405) 



B®B 



^B 



2. if f : A B and gi, g2- B ^ C , ipj- is defined by the following composite 
( of identities ); 



A 



■^Ai 

f(Bf 



A^^^C®C^^C 




(406) 



B 



-^B®B 



3. v9q: ^ /lO and ipg-. Og are the identity (we have assumed that the 
Gpd* -category is strictly described). 

Proof. We follow the numbering of the conditions of point 2 of Definition 218 
(and thus of their elementary translation, which follows the proposition). 

(a) These conditions follow automatically from the fact that h, with ip^, is a 
morphism of internal symmetric monoids (Proposition 235). 

(b) It suffices to write the two sides of these conditions to realize that they are 
equal. 
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(c) For the first condition (diagram 329), we have the following succession of 
equahties: ^gl^^^ ° [il^gl''^^ + 4'g^'^^) is equal to diagram 407. By Proposition 
237, this diagram is equal to the composite of diagram 408. By Propositions 
238 and 239, diagram 408 is equal to diagram 409, which is equal to ipgl+g^ ° 

A >A®A- 



B 



hi+h2 



(407) 



<ShiS)h2 C (BC VffiV 



Vcec i^^v 



c 



B 



hi®h2 



(408) 



A^A®A'-^B®B^ ^^^^^^ ^^^^^C®C 



B®c®B 



B®B 
®B®B 



hi®hi 

®h2®h2 



Cffic®C 

c®c 



7c 



VffiV 



VffiV 



B®B 



hi®h2 



(409) 



For the second condition (the left side of diagram 330), we have on one side 
V^°(/i © fi)^, which is the identity on 0, by equation 391. On the other 
side, we have pc(0©0)zi which is the identity on 0, because 0©0 = 0. For 
the third and fourth conditions, all involved 2-arrows are identities. 

(d) The first of the conditions (diagram 332) is a direct consequence of Propo- 
sition 237. The second involves only identities. 



(e) For the first condition, it suffices to write the two terms of the equation to 
see that they are equal; the second condition involves only identities. 



(f) These conditions involve only identities. 
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(g) For the left part of diagram 338, we have V^J-f ~ ^^'^ifi ® fi)^, which 
is equal to the identity, because ip^'^ = ly, by Proposition 237. The other 
conditions involve only identities. □ 

Semiadditive Gpd-categories have been defined by Baues and Pirashvili [6] 
and additive Gpd-categories by Drion [28]. 

242 Definition. Let C a Gpd-category. 

1. We say that C is semiadditive if it is presemiadditive and has all finite 
biproducts. 

2. We say that C is additive if it is preadditive and has all finite biproducts. 

A corollary of the previous proposition is that, in the definition of semi- 
additivity, we can remove presemiadditivity, which follows from the existence 
of biproducts (that is how Baues and Pirashvili have defined it). We can also 
deduce the following corollary, which shows that preadditive Gpd-categories coin- 
cide with what Baues and Pirashvili [6] call "additive track theories" (condition 
3 of the corollary) and Baues, Jibladze and Pirashvili [8] call "2-additive track 
categories" (condition 2). We denote by HoC the homotopy category of C, which 
has the same objects as C and such that 

HoC(A B) = 7To{C{A, B)). (410) 

In HoC the limits of C become in general weak limits but the biproduct of C does 
remain a biproduct in HoC. 

243 Corollary. Let C be a Gpd-category. The following conditions are equiv- 
alent. 

1. C is additive. 

f f* 

2. C has all finite biproducts and, for each A ^ B , there exists A B with 

an isomorphism e: V(/ © /*)A ^ 0. 

3. C has all finite biproducts and HoC is additive. 

Proof. 3^2. In HoC, the biproduct is the same as in C, and f + g is equal 
to 

A-^A®A^B®B^B. (411) 

As HoC is additive, there exists /* such that f + f* = 0. But two arrows are 
equal in HoC if there exists an isomorphism between them in C. So there is an 
isomorphism V(/ © /*)A =^ 0. 

2^1. By the previous proposition, C is presemiadditive and the existence 
of /* and e shows that /* is the opposite of / for the addition of C{A, B) and 
thus that each C{A, B) is a symmetric 2-group. 

1^3. The 2-arrows become equalities for the axioms of group and of 
distributivity. □ 
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5.3 Additivity and regularity of 2-abelian Gpd-categories 



5.3.1 Matrix product 

In this subsection we will see that in dimension 2 also the matrix product corre- 
sponds to the composition of arrows. 

We work in a semiadditive Gpd-category. We assume, by Mac Lane's coher- 
ence theorem that a, A and p are identities. In the same way we assume that ipo 
and ijj^ are identities. 

244 Definition. Let (^j)i<j<m and (-BA:)i<fc<r!. be two families of objects in a 
Gpd-category C. The groupoid of matrices between these two families of objects 
is 

MBt{C){{A,),{B,)):= H C{A„B,). (412) 

l<fe<n. 
l<j<m 

245 Definition. Let (^j)i<j<m, {Bk)i<k<n and {Ci)i<i<o be families of ob- 
jects in a presemiadditive Gpd-category C. The matrix product 

prod: Mat(C)((A,), (B,)) x Mat(C)((5fc), (G)) ^ Mat(C)((A,), (Q)) (413) 

is defined on objects by 

{9ik)i<i<o{fkj)i<k<n ■■= y^^9ik° fkj ■ (414) 

l<k<n l<j<m J 

l<j<m 

We will see that, for a semiadditive Gpd-category, this matrix product corre- 
sponds under the equivalence 346 to the composition 

(m n \ / ^ ° \ / m o \ 

0A,,0fi, xC 05„0aUc 0A„0Q . (415) 
j=l k=l / \k=l 1=1 / Vi=l 1=1 / 

246 Proposition. Let C be a presemiadditive Gpd-category. There exists a 
natural isomorphism C, as in the following diagram. 

^(0j=i 0fc=i -^fc) comp , rfi:L\^ A a:^° r\ 



{PkO-oij)k,j 

X(pjO-ojfc),^j. 



Mat(C)((A,),(E,)) 



X Mat(C)((5fc),(a)) prod 



{Pl0-°ij)l.j (416) 

Mat{C){{A,),{Q)) 
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Proof. We prove this for the case n = 2, which is the only case that we use in 
the following. We define ^Ij^ as being the following composite. 



PigkPifij +Pigi2P2fij ^ Pig(,iiPifij + i2P2fij] 



PigihPi + i2P2)fij 



Pigfh (417) 
□ 



The naturality of ^ follows from that of ip and ip. 

We also need the natural isomorphism going in the other direction. 

247 Proposition. Let C a presemiadditive QpA- category. There exists a nat- 
ural isomorphism 9 as in the following diagram. 

^(0j=l 0fc=l -^fc) comp ^(^^m A (r\o r\ 



9% 



Mat(C)((A,),(fi,)) 
X Mat(C)((i?fe),(a)) 



(418) 



prod 



Mat(C)((A,),(Q)) 



Proof. We define 9 for two special cases with m,n,o < 2. We define first 



(419) 



Ci6i+C2fe2 



as the composite 



b2 



> (Ci C2){ilPl + i2P2) 



bi\ (ci C2)ip ^ 



b2 



{Cl C2}llPl['^^ + (Ci C2)i2P2(|^J '-1*''^+^^*'"^; . Ci&i + 0262- (420) 



b2 



Next we define 



A ^ — > B > Cl © C2 

4fi 



CD 

such that pi9 = 7rf ""^ o mb and p2^ = ttj^"*^ ° T^2b. 

We will need two little "associativity" properties of 9. 



(421) 



□ 



204 



Chapter 5. Symmetric 2- groups and additive Gpd- categories 



248 Lemma. 




bi 

B ^^^^Ci©C2 

(ci C2) 




(422) 



(423) 



5.3.2 Additivity of 2-abelian Gpd-categories 

In this subsection, we prove that every 2-abehan Gpd-category is additive, by 
following the proof of [34]: we have already proved that every 2-abelian Gpd- 
category has all finite biproducts (Proposition 228) and that, if a Gpd-category 
has all finite biproducts, it is presemiadditive. Thus we already know that every 
2-abelian Gpd-category is semiadditive. It remains to prove that every arrow 
A B has an opposite for the addition of the symmetric 2-monoid C{A, B). 

249 Lemma. LetC he a semiadditive Gpd* -category where every fully 0-faithful 
and fully 0-cofaithful arrow is an equivalence. Then for each object A: C, the 
matrix 

'1a 1/ 
.0 1a, 
is an equivalence. 

Proof. We prove that this matrix is fully 0-faithful. Dually, it will be fully 
0-cofaithful and thus an equivalence. 

Let be X: C. We must prove that, for each a: X A (B A and for each 

n 1 ] ^ O5 there exists a unique a' : a ^ such that a = ( ^ , 
IaJ V u 1a, 

By Proposition 246, we can transfer this situation to the matrix side. We must 

1a 1a\ f ai 

uy U2. 

ai \ / 0' 



■.A®A^A®A 



(424) 



a : 



a 



prove that for each f ' : X ^ A) and for eaeh 



0\ , . . fa\ 

, there exists a unique , 
OJ V«2 



a2 



such that 



1a 




1a 
1a 
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Let be such a situation. We have ai : ai + 02 ^ and 02 : 02 = + 02 ^ 0. 

! se 
Then 



We set := 0^2 and a[ equal to the composite ai = ai + ^ > ai + a2 0. 



IaJ V"2 
because the following diagram commutes. 



Or 



"2 



^2 



(425) 



ai + 02 



ai + + a2 



ai 



ai+0+a2 



» ai + + — > ai + 02 + ■ 



02 )■ di + > ai 



a2 



(426) 



For unicity, let be 



aA / 



a2j VO 



: X ^ (A, A) such that 



Ia 



«2 



Then we have 02 = lo and «i = cti + Iq = ai + 02 = lo- 



(427) 



□ 



250 Corollary. Under the hypotheses of the previous lemma, for each A: C, 
there exists ua'- A ^ A such that ra^ + 1^ ~ 0. 



Proof. By the previous lemma, matrix 424 is an equivalence. There is thus an 
inverse matrix: 

'U lA\fa b\^flA 
IaJ \c d I 







(428) 



This gives a system of four isomorphisms: 

a + c ^ lyi; 
6 + ci~ 0; 

c ~ 0; 

d ^ Ia- 

It follows that 6+lyi~6 + (i~0. We can thus take ha := b. 



(429) 



□ 



The arrow ua plays the role of an antipode for the bimonoid A A(BA A, 
which becomes a Hopf monoid (the isomorphisms ua + Ia — ^ and Ia + nA — 
should satisfy some additional conditions for ua to be a genuine antipode). 



251 Corollary. Under the hypotheses of the previous lemma, C is additive. 
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Proof. If A — > i? is an arrow in C, then nsf + / = nsf + 1^/ — {ns + 1b)/ — 
0/ = 0. Thus ub/ is an opposite for /. □ 

252 Corollary. A Gpd- category is 2-ahelian if and only if it is 2-Puppe- 
exacte and additive. 



5.3.3 Regularity of 2-abelian Gpd-categories 

In this subsection, we prove that every 2-abelian Gpd-category is regular, in the 
sense that cofaithful and fully cofaithful arrows are stable under puUback and, 
dually, faithful and fully faithful arrows are stable under pushout. We will deduce 
from that that 2-abelian Gpd-categories are also abelian. In this subsection, we 
denote hj f* : A ^ B the opposite of /: A ^ B ioi the addition of arrows. We 
assume that symmetric 2-groups are strictly described. 

We follow the proof of [63] or [14] in dimension 1. First, we prove the corre- 
spondence between pullbacks and kernels. 

253 Lemma. Let C be an additive Gpd-category and let Bi ^ C ^ B2 he 
arrows in C, to which corresponds an arrow {gi g"^) : Bi ® B2 ^ C . There is an 
equivalence 

$: PBCand(^i,^2) ^ KerCand((^i ^2*)) (430) 
from the pullback- candidates of gi and g2 to the kernel- candidates of {gi g"^)- 

Proof. The details of the following proof are checked by using Lemma 248 and 
the naturality of 9. 

Construction of^. The Gpd-functor $ maps a square 7: gibi =>■ 5'2&2; where 
bi: X ^ Bi and 62 ^ X ^ B2, to (^^^ j • X ^ Bi® B2, equipped with the 2- arrow 

7- {91 92) (^^^^ ^ defined as the following composite: 

(fi-i 92) (fc^) =^ 9ibi + fi'2&2 5'2&2 + 6-2^2 =^ {g2 + 5-2)^2 ^ 0. (431) 

An arrow (x,/3i,/52): (^,^1,^2,7) (^'5 ^'i, ^2; 7') between pullback-candi- 
dates (x: X — > X', Pi: bi ^ b[x and ^2- b2 ^ b^x are such that 7'x o gi[3i = 
92(^2 o 7) is mapped to x\ X ^ X' equipped with the 2-arrow P equal to the 
composite 




(432) 



A 2-arrow x'- {x,Pi,P2) =^ {^'^^1:^2) is mapped to itself. 

The natural transformations of the structure of Gpd-functor are identities. 
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$ is surjective. Let he X Bi(B B2 equipped with a 2-arrow 7: {gi g2)b 
0. We set 7 equal to the composite 



fi-iPiO + 6-2^20 > [gi g2)HPib + (fi-i g2)i2P2b =^ [gi g2){HPib + ^2^20) 

> (fi-i 5'2)(«iPi + «2P2)o > (fl-i 5-2 )o =^ 0- (433) 



and 7 equal to the composite 



gmb = giPib + 0p2b 



l+r]P2b 



giPib + (^2 + 5'2)P2& 



fi'lPl^ + ^2^2^ + 5-2^2^ + 5f2P2& = 92P2h. (434) 



Then i?i ^ — X — > i?2, equipped with 7, is a pullback-candidate of gi and (72 
and $(X,pi6,p2fc,7) ^ (^,^7)- 

$ zs locally surjective. Let (X, 61,6277) and (X', 6'^, 62, 7') be pullback- 
candidates and let be {x,(3): (X, i^^^^l) ~^ i^'y G'O'^''' KerCand(((7i (72))- 
For z = 1, 2, we set /5j equal to the composite 



-^MJ ^P.LJx^b.x. 



(435) 



Then $(x,A,/32)~(x,/3). 

$ zs locally full and faithful. Local faithfulness is obvious. Moreover, if x is 
a 2-arrow in KerCand(((y'i 5'2))5 then it is a 2-arrow in PBCand((7i, 5'2)- O 



254 Proposition. Let C be an additive Q\) A -category. The square 



h 
B2 



91 



(436) 



92 



■c 



is a pullback if and only if (^j!^^ : A ^ Bi Q) B2, equipped with 7, is a kernel of 
{91 9*2) ■ 

Proof. We use the equivalence $ of the previous lemma. Since ^A, (^j^)'7) ~ 
$(y4, /i, /2, 7), the one is an initial object if and only if the other is an initial 
object. □ 



255 Lemma. Let C be a QpA* -category and let be the following diagram in C, 
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1. gh is 0-faithful if and only if kf is 0-faithful; 

2. gh is 0-cofaithful if and only if kf is 0-cofaithful; 

3. gh is fully 0-faithful if and only if kf is fully 0-faithful; 

4- gh is fully 0-cofaithful if and only if kf is fully 0-cofaithful. 

Proof. Properties 2 and 4 are the dual of properties 1 and 3, thus it suffices to 
prove the latter. Moreover, for each case the situation is symmetric with respect 
to the line with slope —1 passing through E. 

gh 0-faithful =^ kf 0-faithful. Let a: 0^0: X Ahe such that kfa = Iq. 
Then fa : /lO ^ is compatible with u and, by the universal property of the 
kernel {h is i^-fully faithful), there exists 7: ^ 0: X — > C such that h'-f = fa. 
Then gh'j = gfa = Iq, because (7/ ~ 0. So 7 = Iq since, by hypothesis, gh is 
0-faithful. Then fa = hlQ = Iq and, since / is faithful, a = Iq. 

gh fully 0-faithful =^ kf fully 0-faithful. We already know by the previous 
part of the proof that kf is 0-faithful. It remains to prove that for each 6 : kfa =^ 
0, where a: X A, there exists a: a ^ such that kfa = 6. First, as 
(/i, u) = Kerk, there exist c: X C and e: fa=>hc such that vcoke = 5. 

Since gh is fully 0-faithful, there exists 7:0^0 such that (7/17 = fia o ge~^. 
Then h'^oe'is compatible with /i and there exists a : a ^ such that fa = h'-foe. 
Hence we have kfa = khj o ke = uco ke = 6. □ 

We can now prove the regularity of 2-abelian Gpd-categories. For symmetric 
2-groups, this result and its dual have been proved by Dominique Bourn and 
Enrico Vitale [18, Propositions 5.1 and 5.2]. 

256 Proposition. In a 2-abelian Gpd- category, cofaithful and fully co faithful 
arrows are stable under pullback and faithful and fully cofaithful arrows are stable 
under pushout. 
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Proof. We prove stability under puUback; the proof for pushouts is dual. Let 
us assume that diagram 436 is a pullback. Then ^^j!^ j : A — > i?i © i?2, 7^ is a 
kernel of {gi g^), by Proposition 254. 

Let us consider the following diagram. If gi ~ [gi (72)^1 is cofaithful or fully 
cofaithful, then [gi g"^) is cofaithful and is thus the cokernel of its kernel ^ 
Since the column is an extension (by Corollary 227), 
the previous lemma. Therefore, if gi is cofaithful, /2 
if gi is fully cofaithful, /2 is fully cofaithful. 



/2 



we are in the situation of 

□ 



'P2 



is cofaithful, and 




h 








^Bi 6 














91 



{91 9*2) 




(438) 



An important consequence of this proposition is that 2-abelian Gpd-categories 
are abelian and that we can thus prove in them the different snake lemmas and 
construct the long exact sequence of homology. Since the previous proposition 
uses biproducts, the reasoning we use does not work for 2-Puppe-exact and 
Puppe-exact Gpd*-categories. 

257 Corollary. Every 2-abelian Gp6-category is also abelian. 

Proof. Since in a 2-abelian Gpd-category faithful arrows are the kernel of 
their cokernel, they are 0-monomorphisms. So the faithful arrows and the 0- 
monomorphisms coincide and condition 1 of Definition 165 hold. Dually, condi- 
tion 2 hold. Moreover, conditions 3 and 4 hold by the previous proposition. □ 



Chapter 6 
Examples 



In this chapter, we study a few examples of (good) 2-ahelian Gpd- 
categories. First, the Gpd-category of symmetric 2-groups and the 
Gpd- categories of 2-modules on a 2-ring (or, more generally, of addi- 
tive Gpd-functors from a preadditive Gpd-category to 2-SGpj. Next, 
we study the Gpd-category of morphisms, commutative squares and 
homotopies in an abelian category C (a special case is the notion of 
Baez-Crans 2-vector space) and we prove that it is 2-ahelian if and 
only if the axiom of choice holds in C (Theorem 306). 

6.1 Symmetric 2-groups: 2-SGp is 2-abelian 

In this section we assume that all symmetric monoidal functors are described in 
a "normalised" way (with FI = I and := 1/). 

6.1.1 Construction of limits and colimits 

There are two inclusions of the category Ab of abelian groups in the Gpd-category 
2-SGp. There is the inclusion as discrete object: 



which maps an abelian group A to A^is, which is the set A seen as a discrete 
groupoid, equipped with the product and the unit of A. A homomorphism of 
groups is mapped to itself seen as a symmetric monoidal functor. 
Next, there is the inclusion as connected object: 



which maps an abelian group A to Aeon, which is the one-object symmetric 2- 
group I such that Aconil,!) = A. A homomorphism f : A ^ B is mapped to 




(439) 




(440) 
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the symmetric monoidal functor whose action on arrows is defined by (/con)/,/ '■= 
f:A^B. 

Each of these Gpd-functors has an adjoint. The left adjoint of (— )dis is the 
Gpd-functor 

ttq: 2-SGp ^ Ab, (441) 

which maps a symmetric 2-group G to the group 7ro(G) whose objects are those 
of G, whose equahty is defined by A ~ i?, and whose product is that of G. A 
symmetric monoidal functor F: G EI is mapped to the group homomorphism 
7ro(-F) : 7ro(G) vro(HI) that it induces. And if a: F ^ F' is a monoidal natural 
transformation, then 7ro(-F) = 7ro(-F'), which defines ttq on 2- arrows. 
The right adjoint of (— )con is the Gpd-functor 

TTi: 2-SGp ^ Ab, (442) 

which maps a symmetric 2-group G to the group 7ri(G) := G(/, /). A symmetric 
monoidal functor F : G ^ EI is mapped to the group homomorphism vri(F) : = 
Fi^: 7ri(G) — 7ri(EI). And if a: F ^ F' is a monoidal natural transformation, 
then 7ri(F) = tti{F'). 

There is a difference of presentation between the situation described above 
and that of diagram 271. Here, the two functors ttq and tti go to Ab (which is by 
definition Dis(2-SGp)). We can recover the functors S, ttq and tti : 2-SGp — > 
2-SGp by defining: 

TTo := (7ro-)dis; TTi := (7ri-)con; 

S := (7ro-)con; ^ := (7ri-)dis- 

Let us now recall the constructions in 2-SGp of biproducts, zero object, ker- 
nels, cokernels, pips, copips, roots and coroots, described in [52] and [29]. 

First, the biproduct of two symmetric 2-groups A and B is simply the carte- 
sian product A X B, equipped with the structure of symmetric 2-group defined 
componentwise [18, Section 4]. We need symmetry to prove that it is also a 
coproduct. The symmetric 2-group with one object and one arrow is a zero 
object. 

The kernel and the cokernel of symmetric 2-groups has been defined by Vitale 
[73]. The kernel is constructed as in Gpd* (see the construction given after 
Definition 87). 

258 Definition. The kernel KerF of F: A ^ B in 2-SGp is defined in the 
following way. 

• Objects. These are the pairs (A, 6), where A: A and h\ FA ^ J in B. 
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• Arrows. A morphism (A, h) (A', h') is an arrow f : A ^ A' such that 
b'{Ff) = b. The composition and the identities are those of A. 

• Product. The product {A, b) (g) {A', b') is {A ® A', b"), where b" is the com- 
posite 

F{A®A')^FA®FA'^I®I^I. (443) 

The product / ® /' is defined as in A; this is an arrow in KerF because 
if^ is natural 

• Unit. This is (/, 1/). 

• Associativity, neutrality, symmetry. The natural transformations a, /, r 
and c are defined as in A (for example l(A,b) '■= ^a)- These are arrows of 
Ker F thanks to the axioms of symmetric monoidal functor and they are 
natural because they are in A. The axioms of symmetric monoidal groupoid 
hold because they do in A. 

• Inverses. The inverse of {A,b) is {A*,b), where b is the composite 

F{A*) ^ (FA)* r ~ /. (444) 

The arrow £(a,6) is £a- 
There is a functor Kp : Ker F ^ A, which maps {A, b) to A and / : {A, b) 

F 

-,b),iA',b') ■- 



{A', 6') to /: A — > A'. This is a symmetric monoidal functor, with ^p^/f^ 



Ia^A' and Lp^^ := 1/. And the monoidal natural transformation np: FKp =^ 
is defined by (kf)(a,6) '■=b: FA — > /. 

We need symmetry to construct the cokernel in the following way. 

259 Definition. The cokernel CokerF of F: A ^ B in 2-SGp is defined in 
the following way. 

• Objects. These are the objects of B. 

• Arrows. A morphism Bq ^ i?i is a pair (A,5f), where A: A and g: Bq ^ 

FA(^Bi. 

• Composition. The composite of {Ao^go): Bq — > Bi and (Ai.gi): Bi B2 
is {Aq ® Ai, g'), where g' is the composite 

Bo ^ FAo Bi ^ FAo (FAi ® B^) 

~ {FAo ® FAi) ®B2^ F{Ao ® A^) ® B^. (445) 
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Equality. Two arrows (A, (A', (7') : Bq — > Bi are equal if there exists 
a: A ^ A' such that the following diagram commutes. 




^FA®Bi 



(446) 



FA' (g) Bi 



• Product. The product B^B' is defined as in B. If we have {A, g): Bq ^ Bi 
and {A', g') : B'q B[, the product {A, g)®{A', g') is defined by {A®A', g"), 
where g" is the following composite. 

Bo ® B'o ^ {FA ® Bi) ® {FA' ® B'^) {FA ® FA') ® {Bi ® B'^) 

^ F(A ® A') ® (5i ® 50 (447) 



• f/nzi. The unit is the unit / of B. 

• Natural transformations of the symmetric monoidal structure. They are 
given by the object / and the arrow / composed with the corresponding 
transformations in B. 

The cokernel is equipped with a functor Qp:M ^ CokerF, which maps B to 

B and an arrow g: Bq ^ Biio {I,g), where g is the composite Bq Bi — ^ 
I^Bi = FI®Bi. 

The monoidal natural transformation Qp'- QfF ^ is defined at A: A by 
Ca:= {A,r~\). 

Proof. We only give the construction of the factorisation through the cokernel. 
Let be G: B ^ Y and 7: GF ^ 0. We define a functor H : CokerF ^ Y by 
setting H{B) := G{B) and, if {A^g) : Bq — ^ by setting H{A,g) equal to the 
following composite. □ 

GSo ^ G{FA ® Bi) ^ GFA ® GB^ / ® GB^ ^ GB^ (448) 

We can check that the kernel of ^ A is QA = (7riA)dis (defined above), and 
that the cokernel of A —> is SA = (7roA)con- 

As Proposition 108 tells us, we can define the pip of F as f2KerF, i.e. 

PipF:=(7riKer/)dis. (449) 

Thus its objects are the arrows a: / ^ / in A such that Fa = Ipj] the only 
arrows are the identities. The product is the composition in A. It is equipped 



6.1. Symmetric 2-groups: 2-SGp is 2-ahelian 



215 



with a natural transformation Tip: 0^0: Pip^r — ^ A, whose component at a is 
a itself. 

Dually, the copip of F is S Coker F, i.e. 



So it has a unique object / and the arrows from I to I are the objects B : B, two 
such objects B,B' being equal if there exist A: A and b: B ^ FA ® B'. The 
natural transformation pp'- ^ 0: M ^ Copip F is defined at i? by i? itself. 

It remains to describe the root and the coroot of a 2-arrow a : ^ : A ^ B. 
Let us first describe elementarily the functors a: SA B and a: A ^ QM 
corresponding to it (we follow the notations of diagram 138). 

1. The functor a: (7roA)con ^ maps the unique object I to I and an object 
A: A (seen as an arrow / — / in (7roA)con) to a^: / — / in B. 

2. The functor a: A — (7riB)dis maps an object A to the arrow seen as an 
object of (7riB)dis- 

Then, by the dual of Proposition 109, the root of a is the kernel of a, in 
other words its objects are the pairs {A,b) where A: A and b: — ^ 1/ (i-e. 
a A = 1/ in TTiB) and the arrows {A, b) {A', b') are the arrows a: A ^ A' such 
that b' o Fa = b, which is always true since (7riB)dis is discrete. Thus we get the 
following simplified description. 

260 Proposition. In 2-SGp, the root of a: ^ 0: A ^ M is Root a, the full 
sub-2-group of A whose objects are the objects A: A such that aA = 1/- 

In the same way, by Proposition 109, the coroot of a is the cokernel of a, in 
other words its objects are those of B, an arrow Bq ^ i?i is a pair {A, g) where 
A: (7roA)con (so A can only be /) and g : Bq ^ A Bi. The equality between 
arrows is defined using a. By simplifying this description, we get the following 
proposition. 

261 Proposition. In 2-SGp, the coroot of a: ^ 0: A ^ M can be described 
in the following way: the objects, the arrows and the tensor o/ Coroot a are those 
ofM; two arrows g, g' : Bq ^ Bi are equal if there exists an object A: A such that 
the following diagram commutes. 



Copip F := (ttq Coker /) 



con- 



(450) 



Bo^ 



r 



Bq®I 



9 



9 ®OA 



(451) 



r 



Bi^I 
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6.1.2 (Co)faithful, fully (co)faithful and full arrows in 2-SGp 

In this subsection, we will check, on the one hand, that the faithful, fully faithful 
and full arrows in 2-SGp are the symmetric monoidal functors which have the 
usual properties with the same name (this justifies the terminology) and, on 
the other hand, that the (fully) cofaithful arrows are the (full and) surjective 
symmetric monoidal functors. In each case, the method will be the same: we 
will use the characterisation of these kinds of arrows in terms of the triviality of 
the kernel, cokernel, pip or copip. 

In parallel, we will check that in 2-SGp every (fully) 0-faithful arrow is (fully) 
faithful and that every (fully) 0-cofaithful arrow is (fully) cofaithful. Therefore, 
this will be the case in all 2-SGp-categories . 

The equivalence between (fully) faithful arrows in the Gpd-categorical sense 
and in the elementary sense is proved in [52]. 

262 Proposition. Let be F: A in 2-SGp. The following properties are 
equivalent: 

1. F is faithful (in the sense of Definition 74); 

2. F is 0-faithful ( in the sense of Definition 78 ); 

3. F is 0-faithful (in the elementary sense of Proposition 77); 

4- F is faithful (in the elementary sense). 

Proof. 1^2. This is obvious. 

2^3. Let us assume that F is 0-faithful as an arrow in a Gpd*-category. 
By Proposition 99, Tip = lo? where np: 0^0: PipF -h> A is the pip of F. By 
the description of the pip given above (equation 449), this means that, for every 
a: I ^ I such that Fa = 1/, a = {'n'F)a = !/• So F is 0-faithful in the elementary 
sense. 

3^4- Lst be /: A ^ A in A such that Ff = IpA- We define / to be equal 
to the composite 

I ^A*(g)A A*®A^L (452) 

Then Ff = Fr]^^ o ip'l^ o (1^^, Ff) o ^p^*^ o Fr]A^ = Ij, because Ff = IpA- 
So, since F is 0-faithful (in the elementary sense), / = 1/. Finally, since / = 
rA o (lyi ® /) o r^'^ (by the triangular identities that rjA and Ea- A ® A* I 
satisfy), / = 1a- 

4 ^ 1. Let be X, G, : X ^ A and a, a': G ^ H in 2-SGp such that Fa = 
Fa'. For every X : X, Fax = Fa'x and, since F is faithful in the elementary 
sense, ax = a'x- So a = a'. □ 
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Since faithful and 0-faithful arrows are defined through the representables, 
we get the following proposition. 

263 Proposition. Let C he a 2-SGp- category and f:C^. Then f is faithful 
if and only if f is 0-faithful. 

Let us turn now to fully (0-) faithful arrows. 

264 Proposition. Let be F: A ^ M in 2-SGp. The following properties are 
equivalent: 

1. F is fully faithful (in the sense of Definition 74); 

2. F is fully 0-faithful (in the sense of Definition 80); 

3. F is fully 0-faithful (in the elementary sense of Proposition 79); 

4. F is fully faithful (in the elementary sense). 

Proof. 1^2. This is obvious. 

2^3. Let us assume that F is fully 0-faithful as an arrow in a Gpd*- 
category. By Proposition 90, there exists a monoidal natural transformation 
Lu: Kp =^ such that Fuj = Kp, where {Kp,kf) is the kernel of F. By the 
description of Definition 258, this means that, for every b: FA — ^ J, there is 
an arrow uj{A,b) '■ A ^ I such that ^^^(^ {,) = b. This proves condition 1 (a) of 
Proposition 79. 

To prove condition 1(b), let a: / ^ / be an arrow in A such that Fa = 1/. 
Then a is an arrow (J, 1/) — > (J, 1/) in Ker F. The naturality of u tells us then 
that o a = uj(i^ij) and, so, that a = Ij. 

3^4. To prove that F is full, let be b: FA' FA in B. We set b equal to 
the composite 

F{A'®A*) ^ FA'(g)FA* ^^1^ FA^FA* ^ F{A(g)A*) ^ FI = L (453) 

As F is fully 0-faithful in the elementary sense, there exists an arrow a : A'^A* — > 
I such that b = Fa. We set then a equal to the composite 

A' ^A'^I ^^^A'®{A*(^A) ^{A'(^A*)®A^I®A^A. (454) 

We check that b = Fa by using the axioms of monoidal functor and the triangular 
identities. 

Moreover, F is faithful by the implication 5 ^ of Proposition 262. 

^ ^ i. Let be X, G, : X ^ A and (3: FG^ FH in 2-SGp. Since F is full, 
for every X: X, there exists ax'- GX — > HX such that (3x = Fax- We check 
that to give ax for every X defines a monoidal natural transformation, by using 
faithfulness of F. If a' : G ^ H is another monoidal natural transformation such 
that j3 = Fa', then, for every X : X, Fa'x = Fax and thus a'x = ax, because 
F is faithful. So a' = a. □ 
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Again, the equivalence between fully faithful and fully 0-faithful arrows gen- 
eralises to 2-SGp-categories . 

265 Proposition. Let C he a 2-SGp-category and f:C^. Then f is fully 
faithful if and only if f is fully 0-faithful. 

The equivalence between cofaithful and surjective has been proved in [29]. 

266 Proposition. Let be F: A ^ M in 2-SGp. The following properties are 
equivalent: 

1. F is cofaithful; 

2. F is 0- cofaithful; 

3. F is surjective. 

Proof. 1 <^ 2. We have proved above (Proposition 263) that the faithful and 
0-faithful arrows coincide in 2-SGp-categories, so in particular this is the case in 
2-SGp°P. 

2^3. Let us assume that F is 0-cofaithful. By the dual of Proposition 99, 
Pf = Iq, where pi?: ^ 0: B — > CopipF is the copip of F. By the description 
of the copip given above (equation 450), this means that, for every B : M, B = I 
in Copip F, i.e. that there exist A: A and b: B ^ FA ® /• So F is surjective. 

3^2. Let be 7 : ^ : B ^ Y in 2-SGp such that 7F = Iq. For every B : B, 
there exist A: A and b: FA B. Since 7 is natural, we have 75 = 7^^ = I/- CD 

The equivalence between fully cofaithful and full and surjective has been 
proved in [52]. 

267 Proposition. Let be F : A ^ M in 2-SGp. The following properties are 
equivalent: 

1. F is fully cofaithful; 

2. F is fully 0-cofaithful; 

3. F is full and surjective. 

Proof. 1 ^ 2. It suffices to apply Proposition 265 to 2-SGp°P. 

2 => 3. Let us assume that F is fully 0-cofaithful. By the dual of Proposition 
90, there exists a monoidal natural transformation u: Qp ^ such that uF = 
(p, where (QfXf) is the cokernel of F. By the description of Definition 259, 
this means that, for every B : B, there exists an arrow ujb = {Ab, fs) '■ B I in 
CokerF, where Ab'- A and fs'- B ^ FAb ® /. So F is surjective. 

Next, let be g: FA FA' in B. By the naturality of u, we have ujfa' ° 
Qpg = ujpA in CokerF. But ojF = (p, thus this equality becomes {A',rp^,g) = 
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[A^Tpj^ in CokerF. Therefore, by the definition of equahty between the arrows 
of CokerF, there exists /: A A' such that g = Ff. So F is full. 

3^2. Let be V,V': 1 ^ Y and 7: VF V'F in 2-SGp. Let be B: M. 
Since F is surjective, there exist As'- A and Jb'- B ^ FAb in B. We set ob 

equal to the composite VB ^"^^> V FAb V FAb — V'B. To prove the 
naturality of «, let be 6: B ^ B' in B. Since F is full, there exists ab'- Ab Ab' 

such that Fa^ is equal to the composite FAb B — ^ 5' — ^ FAb'- Then 
o = o;^/ o yfo thanks to the naturality of 7. Finally, to prove 7 = aF, let 
be y4 : A. Since F is full, there exists qa'- A ^ Ap^ such that F^f^i = fp^ '■ FA 
FApA] thus apA = lA, thanks to the naturality of 7. □ 

Finally, we prove that the full arrows are exactly the full functors. Let us 
recall that fxp := (pKp o QpKp^. 

268 Proposition. Let be F: A ^ E in 2-SGp. The following properties are 
equivalent: 

1. F is full (in the sense of Definition 197); 

2. lip = lo (CfKp = QpKp); 

3. F is full (in the elementary sense). 

Proof. 1 2. Condition 2 is a special case of condition 1. 

2^3. Elementarily, condition 2 means that, for every b: FA I (i.e. 
{A, b) : Ker F), {QpKp)(A,b) = Qrib) = {b, I) is equal in CokerF to (CF)A>(A,b) = 
(Cf)^ = i^FAiA). This means, by the definition of equality between arrows in 
CokerF, that there exists a: A ^ I such that Faol^^ = b. To sum up, for every 
b: FA I, there exists a: A ^ I such that b = Fa. We deduce that F is full 
by following the reasoning used to prove the implication ^ ^ of Proposition 
264. 

3^1. Let be X and Y, t/, f/' : X ^ A and V", V : B Y, a : Ft/ ^ FU' 
and /3: VF =^ V'F in 2-SGp. Since F is full in the elementary sense, for every 
X : X, there exists 7: [/X — > U'X such that ax = F'jx- Then, for every X : X, 
we have: 

V'ax o pux = V'F'jx o Pux = Pu'x ° VF'jx = Pu'x ° Vax, (455) 
thus F is full in the sense of Definition 197. □ 

6.1.3 The factorisations (Surj, FullFaith) and (FullSurj, Faith) on 
2-SGp 

The symmetric monoidal functors between symmetric 2-groups factor either as a 
surjective functor followed by a fully faithful functor, or as a full and surjective 
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functor followed by a faithful functor [52]. We first describe these factorisations 
in the Gpd-category of groupoids Gpd. 

269 Proposition. Every functor F: A ^ M in Gpd factors as the following 
composite, where Bp is surjective, Vlp is an equivalence, and Mp is full and 
faithful: 

A Imji F Imji F ^ B. (456) 
We call the groupoid Inipj F ~ Inipj F the full image of F. 

Proof. Let us first describe the two variants of the full image of F. 
The groupoid Impj F is described in the following way. 

• Objects. These are the objects of A. 

• Arrows. (Imji F) (A, A') = M{FA,FA'). The composit ion and the identi- 
ties are those of B. 

The groupoid ImpjF is described in the following way^. 

• Objects. These are the triples {A,ip,B), where A: A, B : M and (f: FA — > 
B. 

• Arrows. {lmliF){{A,ip, B), {A', Lp', B')) = M{B, B'). The composition and 
the identities are those of B. 

Then we define the functor Qp- It maps A to [A, 1 fa, FA) and g : FA — > FA' 
to g. We can also define ilp^ : Impj F — > Impj F, which maps {A, Lp, B) to A and 
g\ B ^ B' to the composite 

FA^ B ^ B' FA'. (457) 

It is then obvious that Vfp^ o (ip = 1 and that (ip o Vfp^ ^1. So fi^ is an 
equivalence. 

Finally, we define the surjective functor Ep^ which maps A to A and f : A ^ 
A' to Ff, and the full and faithful functor Mp, which maps {A, ip, B) to B and 
is the identity on arrows. Then we have F = Mp oVLp o Ep. □ 

270 Proposition. Every functor F: A M in Gpd factors as the following 
composite, where Ep is full and surjective, flp is an equivalence, and Mp is 
faithful: 

A^WF^WF^ B. (458) 

We call the groupoid Im^ F ~ Im^ F the image of F (or faithful image of F). 

^It is clearly equivalent to the full subgroupoid of B whose objeets are the objeets isomorphic 
to FA for some A: A. The advantage of the description given here is that flp^ is defined 
constructively. 
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Proof. Let us first describe the two variants of tlie image of F. 
The groupoid Im^ F is described in the following way^ . 

• Objects. These are the objects of A. 

• Arrows. These are the arrows of A. The composition and the identities are 
those of A. 

• Equality. Two arrows /, /': Aq Ai are equal (/ ~ /') if F f = Ff. 
The groupoid Im^ F is described in the following way. 

• Objects. These are the triples {A,ip,B), where A: A, B : M and ip: FA — »• 
B. 

• Arrows. The arrows of {A,ip,B) to {A',ip',B') are the pairs {f,g), where 
/: A ^ A' and g: B ^ B', such that the following diagram commutes. 



FA- 



-^B 



Ff 



FA' 



(459) 



The identity on {A,ip,B) is (1^, 1_b)- Composition is defined component- 
wise. The inverse of (/, (?) is {f~'^,g"^). 

• Equality. Two arrows {f,g),{f',g'). {A,(p,B) — * {A',ip',B') are equal if 
g = g' (or, equivalently, F f = Ff). 

Then we define the functor Qp- It maps A to {A, 1fa,FA) and f : A A' 
to {f,Ff). We can also define ^Ip^: Im^ F — ^ Im^ F, which maps {A,Lp,B) to 
A and {f,g) to /; it is well defined, because {f,g) = {f',g') in Im^F if and 
only if Ff = Ff, i.e. if and only if / ~ /' in Im^ F. It is then obvious that 
Qp^ o Qp = 1. Besides, Qp o ~ 1, because the following diagram gives an 
isomorphism {A, 1 pa, FA) ~ {A, ip, B). 



FA- 



FA- 



FA 



(460) 



^B 



So r^i? is an equivalence. 

^We can remark that {lm^F){A,A') 
FA') in Set. 



Itix^Fa^A', the image of Fa^a'- A(A,v4') 
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Finally, we define the full and surjective functor Ep-, which maps Aio A and 
/ : A — > A' to /. And we define Mp-, which maps (A, (/?, B) to B and (/, g) to g. 
This functor is faithful, because, by definition, (/, g) = (/', g') in Im^ E if and 
only if g = g' in B. It is then clear that E = Mp o Vtp o Ep. □ 

Let us turn now to 2-SGp. We review the constructions of the following 
propositions and add to them the structures of symmetric 2-group, symmetric 
monoidal functor, and monoidal natural transformation. 

271 Proposition. Every symmetric monoidal functor F: A ^ B in 2-SGp 
factors as the following composite, where Ep is surjective, Clp is an equivalence, 
and Mp is full and faithful: 

A ^ Imji E ^ Imji E^M. (461) 

Proof. We define the symmetric 2-group structure on Imji E. If A, A' : Imji E, 
then A ^ A' is defined as in A; if we have g: EAq EAi and g' : EAq — s> 
EA[, which are arrows in Im^iE, respectively Aq — > Ai and A'q A[, then 
g ® g' : Aq® A'q Ai® A[ is defined by the following composite: 

E{Ao ® A'o) ^ EAo ® EA'^ ^ EAi ® EA[ ^ E{Ai ® A[). (462) 

It is easy to check that — ® — is a functor. We take as unit the object / of A. 

The associativity, neutrality and symmetry natural transformations are de- 
fined as the image by E of the corresponding transformations in A: dA,A',A" '■ = 
F{aA,A',A"), Ia ■= F{Ia), ta := E{rA) and ca,a' ■= E{ca,a')- Their naturality 
follows from the compatibility of (f^ with these transformations (because E is 
monoidal symmetric) and from the naturality of the corresponding transforma- 
tions in B. 

The axioms of symmetric monoidal groupoid follow from those of A by ap- 
plying to them the functor E. Every object A has an inverse, which is nothing 
else than the inverse A* in A; we can define as above Ea '■= -^(^a) '■ A® A* ^ L 

Next, let us define the structure of symmetric 2-group on Impj E. The tensor 
product is defined by {A, 7, B) ® {A', 7', B') := {A ® A', 7", B®B'), where 7" is 
the composite 

E{A ® A) ^EA® EA B ® B' . (463) 

On arrows, g®g' is defined as in B, and this defines a functor because — ® — is a 
functor in B. The unit is (/, 1/, I) and the natural transformations of symmetric 
monoidal groupoid are those of B (for example, l(A,-y,B) ■= Ib), and are natural 
because they are in B. The axioms hold because they do in B. The inverse of 
(A, 7, 5) is (A*, 7, 5*), where 7 is the composite E{A*) ^ {EA)* iLl_^ b*; we 
define £(^,7,6) ■= £b- 
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The monoidal structure of Ep is given by ^/'j^i := '^f{a»A')^ which is natural 
because y?^ is naturaL The axioms of symmetric monoidal functor are trivially 
true. For VLp, we set v^^^, := V^^^/- The axioms of symmetric monoidal functor 
follow from these axioms for F. For Mp, is the identity and the naturality 
and the axioms are trivially true. □ 

272 Proposition. Every symmetric monoidal functor F: A ^ B in 2-SGp 

factors as the following composite, where Ep is full and surjective, Qp is an 
equivalence, and Mp is faithful: 

A^lm'F ^Im^F ^ B. (464) 

Proof. The tensor product of Im^ F is defined on objects and on arrows as 
in A; it preserves equality between arrows thanks to the naturality of ip^. The 
natural transformations of symmetric monoidal groupoid are defined as in A and 
are natural and satisfy the axioms because they do in A. The inverse is defined 
as in A, as well as Ea- A ® A* — > /. 

In Im^ F, the tensor product of (A, 7,5) and (A', 7', 5') is defined as for 
ImpjF (see Proposition 271), whereas the tensor product of (/,(?) and {f',g') is 
simply (/ f',g g'), which is an arrow of Im^F, thanks to the naturality of 
(p^ and because (/, g) and (/', g') are themselves morphisms. 

The natural transformations a, /, r, c are each defined as being the pair of the 
corresponding natural transformations in A and in B (for example, T(a,7,b) : = 
(rA^rB))', these are arrows in Im^F, thanks to the compatibility of (p^ with 
this natural transformation, and to the naturality of the corresponding natural 
transformation in B, and they are natural because they are in B. In the same 
way, the axioms of symmetric monoidal groupoid hold because they do in B. The 
inverse of {A,'y,B) is defined as in ImpjF and £{a,7,b) = (^a^^b)- 

For Qp, the natural transformation <yC^-^, is defined by {1a(s,A', '^aa')- -^^^ 
and Mp, the definitions are as in the case of the full image (Proposition 271). □ 

We can check that (Surj, FullFaith) and (FullSurj, Faith) are factorisation sys- 
tems on 2-SGp (see [52]). Propositions 266 and 267 tell us that these factorisation 
systems are coupled in the sense of Definition 61: let be F: A ^ B a symmetric 
monoidal functor between symmetric 2-groups; then: 

1. F is surjective if and only if, for every Y: 2-SGp, — o F: [Y, B] [Y, A] is 
faithful; 

2. F is full and surjective if and only if, for every Y: 2-SGp, — o F: [Y, B] ^ 
[Y, A] is full and faithful. 
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6.1.4 2-SGp is 2-abelian 

The goal of this subsection is to recall that in 2-SGp the factorisations described 
in the previous subsection can be computed, for the full image, by taking the 
cokernel of the kernel [52] or the root of the copip [29] and, for the faithful image, 
by taking the coroot of the pip [29] or the kernel of the cokernel [52]. This will 
prove that 2-SGp is 2-Puppe-exact. Let us begin by the exactness properties on 
the "left" side of the two factorisations in 2-SGp. 

273 Proposition. For each symmetric monoidal functor F: A in 2-SGp, 
Ep- A — s> ImpjF is the cokernel of the kernel of F. 

Proof. First, there is a monoidal natural transformation S: EpKp =^ 0, where 
6(A,b) ■= b: FA ^ I = EL We will prove that the functor $: Cokei Kp 
Impj F induced by the universal property of the cokernel is an equivalence. 
Let us describe Coker Kp. 

• Objects. These are the objects of A. 

• Arrows. An arrow Aq Ai is given by (A^, b, /), where A^: A, b: FN I 
in B and f : Aq N (g) Ai in A. 

• Equality. Two arrows (A^, b, /) and (A^', b', f) are equal if there exists 
n: N ^ N' such that the following diagrams commute. 




(465) 



A^' ® Ai FN' 

The functor $ maps A to A, the arrow (A^, b, f): Aq — >■ Ai is mapped to 
$(A", b, f): Aq ^ Ai in Im^iF, which is the following composite in B: 

FAq F{N ® Ai) ^FN® FAi / ® EA^ ^ EA^. (466) 

The functor $ is of course surjective. It remains to prove that it is full and 
faithful. Let g : FAq — > EAi be an arrow ofImJiF(Ao, v4i). Weset N := Aq^AI, 
b equal to the following composite: 

E{Aq®AI) ^ FAq®E{AI) ^ EAi®F{Al) ^ F{Ai®Al) ^ EI = I (467) 

and / equal to the following composite: 

Aqc^ Aq^I Aq ® {AI ® Ai) ~ {Aq ® AI) ® Ai. (468) 
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Then <l>(iV, h, /) = ^. So $ is full. 

Finally, $ is faithful, because if $(iV, 6, /) = $(A^', h\ /'), we set n equal to 
the composite 

(A^' ® Al) ®A\^N'® {Al ® AX) N' ®I^ N' . (469) 

Then n satisfies equations 465 and thus (A^, 6, /) = (A^', 6', /'). □ 
The following corollary has been proved in [52]. 

274 Corollary. In 2-SGp, every symmetric monoidal surjective functor is 
canonically the cokernel of its kernel. 

275 Proposition. For each symmetric monoidal functor F: A in 2-SGp, 
Ep : A Im^ F is the coroot of the pip of F. 

Proof. Let us describe the coroot of the pip of F. 

• Objects. These are the objects of A. 

• Arrows. These are the arrows of A. 

• Equality. Two arrows /, /' : Aq ^ A\ are equal if there exists a: I ^ I in 
A such that Fa = Ipi and / = rA^if ® o,)r^^. 

On the one hand, if / = /' in Coroot(7ri.), Ff = rpAAFf ® Fa)r^\^ = Ff, 
because Fa = Ij and thus / = /' in Im^ F. On the other hand, if Ff = Ff, we 
set a equal to the composite 

I^A;®Ao i^^ll:^ Al®Ai^ L (470) 

Then Fa = 1/, because Ff = Ff, and it is obvious that / = rAiif ® 
a)r^\ So the equality of Coroot(7rp') is equivalent to the equality of Im^ F, 
and Coroot(7rp') = Im^ F. □ 

The following corollary appears in [29]. 

276 Corollary. In 2-SGp, every full and surjective functor is canonically 
the coroot of its pip. 

Let us prove now the dual properties, i.e. that the factorisations in 2-SGp can 
also be constructed by taking a coquotient of a cokernel, namely the root of the 
copip for the full image, and the kernel of the cokernel for the faithful image. 
See [52] and [29]. 
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277 Proposition. LetF:k 



he a symmetric monoidal functor in 2-SGp. 



Then Mp: Im F — >• B zs the kernel of the cokernel of F. 
Proof. Let us first describe KerQ^. 

• Objects. These are the triples {B,A,b), where B:M, A: A and b: B ^ 
FA0I. 

• Arrows. An arrow {B, A, b) {B', A', b') is an arrow g: B ^ B' equipped 
with / : A ^ A' such that the following diagram commutes. 



B 



B' 



-^FA®I 

Ff®li 

FA' ® / 



(471) 



• Equality, {g, f) = {g', f) if and only ii g = g' . 

There is a symmetric monoidal functor (induced by the universal property of 
the kernel) $: Im^ F — KerQ^?, which maps (A, 6, 5) (where b: FA B) to 

(S, A, b), where b is the composite B ^ FA^ FA®L If (/, g) : (A, 6, B) 
(A', b\ B'), then $(/, g) = {g, /); $ preserves equality. $ is obviously an equiva- 
lence. □ 

The following corollary has been proved in [52]. 

278 Corollary, /n 2-SGp, every faithful functor is canonically the kernel of 
its cokernel. 

279 Proposition. Let F: A -^M m 2-SGp. Then Mp: ImJiF ^ M is the 
root of the copip of F. 

Proof. Root(CF) is the full sub-2-group of B whose objects are the objects B 
such that i? = J in Copip F, i.e. such that there exist A : A and g: B ^ FA ® /. 
This is thus exactly Impj F. □ 

The following corollary appears in [29]. 

280 Corollary. In 2-SGp, every full and faithful functor is canonically the 
root of its copip. 

Finally, if we combine all corollaries of this subsection with the equivalences 
of subsection 6.1.2, we get the following proposition. 

281 Proposition. 2-SGp is a 2-abelian Gpd-category. 
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We can improve this result a little. 

282 Proposition. 2-SGp is a good 2-ahelian Gpd-category. 

Proof. We prove condition 2 of Proposition 194. Let F: A — B be a fully 
faithful functor in 2-SGp. Then the homomorphism ttq-F: ttqA vtoB is an 
injection: if we have A,A': A such that FA ^ FA', then A ~ A', since F is full. 

Next, let F: A ^ B be a fully cofaithful functor (i.e. full and surjective, by 
Proposition 267). The homomorphism iViF: ttiA ttiB is surjective since, if we 
have 6: J ^ / in B, as / = FI, there exists a: I I such that h = Fa, because 



6.2 2-modules 

In this section, we will prove that the Gpd-category of 2-modules on a 2-ring M 
(one-object 2-SGp-category) form a good 2-abelian Gpd-category. These are the 
additive Gpd-functors from M to 2-SGp. This is a special case of the "module 
categories" on a "ring category" of Kapranov and Voevodsky [51]. 

More generally, we will prove that if C is (good) 2-abelian, then the Gpd- 
category of additive Gpd-functors from a preadditive Gpd-category to C is (good) 
2-abelian. 

6.2.1 Definition of the Gpd-categories of additive Gpd-functors 

We define now the additive functors, natural transformations and modifications 
between preadditive Gpd-categories . 

283 Definition. Let C, V be two preadditive Gpd-categories . A Gpd-functor 
F: C ^ V equipped with a transformation /i/j,: Ff + Fg =^ F{f + g) natural 
at / and g is additive (or is a 2-SGp-functor) if the following conditions hold: 

1. for all A,B: C, the functor Fa,b- C{A, B) V{FA,FB), equipped with 
Hfg, is monoidal symmetric; 

2. for all A,B,C: C, the natural transformation 



F is full. 



□ 



C{A,B) X C{B,C) 



FabxFbc 



^V{FA,FB) X V{FB,FC) 



comp 



comp 



(472) 



C{A,C) 



Fac 



^V{FA,FC) 



is bimonoidal. 
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These conditions can be translated in elementary terms by the following con- 
ditions: 



1. 



{Ff + Fg) + Fh^Ff+ {Fg + Fh) 



F{f + g) + Fh 



Ff + F{g + h) (473) 



t^f+g.h 



t^f,g+h 



2. 



Fi{f + g) + h)^Fif + ig + h)) 



Ff + Fg- 



Fif + g) 



F-f 



Fg + Ff 



Fig + /) 



Fg^Ff + Fg^Ff J^Elll!^ F{gJ) + F{g^f) 



{Fg^ + Fg,)Ff 
F{g, + g,)Ff- 



F{gif + g2f) 



FgFf, + FgFh 



^91+92 



:r^F{{gr + g2)f) 



^Ffl,Ff2 



Fg{Fh + Ff2) 
FgF{h + /2 



'^9.fl + f2 



,F{gh)+F{gh) 

1^9 f 1,9 f 2 

F{gh + gf2) 



^^'m2 



F{g{h + h)) 



(474) 



(475) 



(476) 



In the case where C and T) only have one object, we recover the Ann-functors 
between Ann-categories of [66] and the 2-homomorphisms between categorical 
rings of [47]. 
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284 Definition. Let F,G: C V he additive Gpd-functors between pread- 
ditive Gpd-categories. A natural transformation k: F ^ G is additive if, for all 
A,B: C, the natural transformation 



C{A,B) 



Fai 



Gab 



V{GA, GB) 



■V{FA,FB) 



I^AB 



KB°- 



(477) 



OKA 



■V{FA,GB) 



is monoidal. 

This condition amounts to the commutativity of the following diagram for all 
f.J^-.A^B. 



Kg 



KB{Fh+Fh) 



*/l + /2 



lGfi,Gf2 



{Gh + Gh)KA 



(478) 



The Gpd-category of additive Gpd-functors between two preadditive Gpd- 
categories had been introduced in [28], but without condition 2 of additive Gpd- 
functor, and without additivity conditions for the natural transformations. 



285 Definition. Let C, V be two preadditive Gpd-categories . The Gpd- 
category Add(C,'D) has as objects the additive Gpd-functors from C to P, as 
arrows the additive Gpd-natural transformations between them and as 2- arrows 
the modifications between them. 



Proof. We have to check that the composite of two additive natural transfor- 
mations is additive. The transformation which expresses the naturality oi no 9 
is the following composite, which is monoidal because all the involved trans- 
formations are monoidal, by the definition of preadditive Gpd-categories and of 
additive natural transformations. □ 
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C{A,B) 



Hab 



V{HA,HB) 



Fal 



Gal 



•IJ-dAi 



V{GA,GB) 



-OKA 



■V{GA,HB) 

~o{kaOa) 



■V{FA,FB) 



-odA 



KBO- 




■V{FA,GB)'^){KBeB)o 



(479) 



V{FA,HB) 



In the case where C has one object (is a "2-ring"), an additive Gpd-functor 
C 2-SGp is what could be called a "2-module" on C. The Gpd-category 
2-Modc := Add(C, 2-SGp) is the Gpd-category of 2-modules on C. 

Like in dimension 1, we can prove the following results, which can be found 
(modulo the above-mentioned differences in definitions) in [28]. 

286 Proposition. Let C, V be Gpd-categories . If V is preadditive, then 
[C, V] is also preadditive. 

Proof. Let us first define the structure of symmetric 2-group on the groupoid 
[C,V]{F,G). Let be e,K: F ^ G. We define 6 + k on objects by [6 + k)c := 
+ i^c and on arrows by {6 + k,)ab '■= 



C{A,B) 



■V{FA,FB) 



Gab 



Sab+i^ab 



(Obo-) 

+ (ftBO~) 




b+i^b)°- 



V{GA, GB) v{FA, GB) 



-o(6'.4+ka) 



(480) 



The associativity a and the neutrality of the identity A and p are defined point- 
wise as the corresponding transformations of V{FG,GG). These are modifica- 
tions and the axioms hold because they do in V{FG, GG). 

In the same way the modifications expressing the distributivity ^ : tiO + 
TXK ^ Tx{6 + k) and 'ipl''^ '■ ^6 + 7i6 ^ + ti)6 are defined pointwise as in T> and 
satisfy the required axioms because it is the case in T). □ 

287 Proposition. For all preadditive G'^id- categories C and V, the Gpd-cate- 
gory Add(C,P) is preadditive. 
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Proof. Everything goes as in the previous proposition. The only thing to check 
is that 6* + K is additive. This is the case, because all the transformations of the 
previous diagram are monoidal, by the definition of preadditive Gpd-categories 
and by the additivity of 6 and k. □ 

In [28], since and ip were not assumed to be monoidal, we cannot prove 
that K + ^ is additive. This explains why he does not require that the natural 
transformations between additive Gpd-functors satisfy some conditions. 



6.2.2 Limits and colimits of (additive) Gpd-functors 

The goal of this section is to prove that limits are constructed pointwise in the 
Gpd-categories of Gpd-functors (it suffices to do it for pullbacks and the zero 
object). We will check that this remains true for additive Gpd-functors. 



288 Proposition. Let C, V he Gpd-categories, F,G,H: C he Gpd-func- 
tors and a: F ^ H , (3: G ^ H he Gpd-natural transformations. If, for every 
G : C, there exist an ohject PG , arrows '-fc o,nd 5c and a 2-arrow Ec, as in the 
following diagram. 



PG- 



^FG 



Sc 



GG- 



ac 



(481) 



HG 



which form a pullhack, then there exist a Gpd-functor P: C ^ V, Gpd-natural 
transformations 7 and 5 and a modification S, as in the following diagram, which 
at an ohject G : C are defined hy diagram 481. 




(482) 



Moreover, for each diagram in [C,V] of the form of the previous diagram, if at 
each point G : C diagram 481 is a pullhack in V, then E is a pullhack in [C, V]. 

Proof. Constructions. P, 7, 6 and S are already defined on objects. 

If C C" is an arrow in C, by the universal property of the puUback, there 
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exists an arrow Pc and 2-arrows 7c and 6c such that 



PC- 



7c 



^FC 



Sc 



cc 



Fc 



Gc \ 

CC 



^HC 



Pc 



He 

HC 



PC 

Sc 

CC 

Gc 



7C 



Pc 

PC 



-^FC 



4. 



5^, 



7c' 



Fc 



(483) 



CC 



HC 



This defines P, 7 and 5 on arrows and prove that H is a modification. 

Next, if x: c ^ c' : C — > C" is a 2-arrow in C, by the universal property of the 
puUback, there exists a unique 2-arrow Px '■ Pc =^ Pc' such that 7c' o jq, (Px) = 
{Fx)'Jc ° 7c and 6c' o 6c'{Px) = {Gx)6c o 6c, which defines P on 2-arrows and 
proves that 7c and 6c are natural. 

By using again the universal property of the puUback, we get 2-arrows (p^, ^ : 
{Pc'){Pc) =^ P{c'c) and ip^\ Ipc =^ Pic satisfying conditions expressing the 
Gpd-naturality of 7 and 6. 

We check the naturality of (f^ and the Gpd-functoriality of P by using the 
fact that, for every C : C, the arrows 7c and 6c are jointly faithful. 

Universal property. For the first part of the universal property, let be the 
following diagram in [C,V]. 

Q '-^F 



(484) 



C- 



For every C : C, by the universal property of the pullback in V, there exist an 
arrow xc ■ QC PC and 2-arrows Tc : ec =^ IcXc and T'(j : r]c =^ 6cXc such 
that ScXc ° Oic'^c = Pc'^'c ° ©c- By using again the universal property of 
the pullback, we define for each C C" a 2-arrow Xc satisfying a condition 
expressing that T and T' are modifications. We check that x is a Gpd-natural 
transformation by using the fact that 7c and 6c are jointly faithful. 

For the second part of the universal property, let be 6 : 7% ^ 7x' and 
6': 6x ^ 6x' such that 2%' o aQ = jSQ' o Sx- Then by the universal property 
at each point C : C, there exists a unique : Xc =^ x'c such that 'jc'^c = ©c 
and 6cTc = Q'c- We check that T is a modification by using the fact that 7c 
and 6c are jointly faithful. □ 

289 Proposition. Let C, V he preadditive Gpd-categories , F,C, H : C ^ V 
be additive Gpd-functors and a: F ^ H , (3: C ^ H he additive Gpd-natural 
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transformations. If for every C: C, there exist an object PC, arrows 7c and 6c 
and a 2-arrow Sc, as in the following diagram, 



7C 




(485) 



which form a pullback, then there exist an additive Gpd-functor P: C V, 
additive Gpd-natural transformations 7 and 6 and a modification S, as in the 
following diagram, which, at an object C : C are defined by diagram 485. 




(486) 



Moreover, for each diagram in Add(C,X') of the form of the previous diagram, 
if at each point C: C diagram 485 is a pullback in T), then S is a pullback in 
Md{C,V). 

Proof. Constructions. Everything goes as in the proof of the previous propo- 
sition. We just need to check that P, 7 and 6 are additive. 

By the universal property of the pullback, we get, from the 2-arrows /ij^ and 
fi^g, a 2-arrow fij^: Pf + Pg =^ P{f + g) satisfying two conditions expressing 
the additivity of 7 and 6. Then //^ is natural because 7c, Sc, fi^ , /i*^, (p and ^/^ 
are. 

We check that the functor Pc,c'i equipped with /i^, is symmetric monoidal, 
and that the axioms of additive Gpd-functor hold by using the fact that 7c" and 
5ci are jointly faithful. 

Universal property. The only new thing to check with respect to the proof 
of the previous proposition is that the Gpd-natural transformation x'- Q ^ P is 
additive. We check the additivity axiom by using the fact that 7c and 6c are 
jointly faithful. □ 

The following proposition is very easy to prove. 

290 Proposition. Let C be a Gpd-category and V be a Qpd* -category with 
zero object. Then the constant Gpd-functor 0: C ^ V which maps every object 
to 0, every arrow to 1q and every 2-arrow to lig is a zero object in [C,V]. If 
moreover C and V are preadditive, then is a zero object in Add{C,V). 
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It follows from the two previous propositions that, in [C^V] (or in Md{C,V), 
if C and V are preadditive), the products (case where if is 0), the coproducts, 
the kernels (case where G is 0) and cokernels are constructed pointwise. Given 
that the pips, roots, copips and coroots can be constructed with kernels and cok- 
ernels, we can also construct them pointwise. This allows to prove the following 
corollary. 

291 Corollary. Let C and V he two Q^d- categories . Let us assume that V 
has all kernels. 

1. An arrow a: F ^ G in [C,V] is 0-faithful if and only if for every G: C, 
ac: FG ^ GG is 0- faithful m V. 

2. An arrow a: F ^ G in [C^V] is fully 0-faithful if and only if for every 
G: C, ac: FG GG is fully 0- faithful m V. 

If C and T) are preadditive, the same properties hold in Add(C,P). 

Proof. We prove point 1. The proof of point 2 is similar. Let a: F ^ G he 
a Gpd-natural transformation. Since T) has all kernels, "D has all pips and so, 
by Proposition 288, the pip of a exists (let us denote it by : ^ : P ^ F) 
and is computed pointwise. If a is 0-faithful, w = Iq, by Proposition 99. So, for 
every G : C, zuc = Iq and ac is 0-faithful, again by Proposition 99. Conversely, 
if for every G : C, wc = lo? then w = Iq and a is 0-faithful. □ 

6.2.3 [C, V] and Add(C, V) are 2-abelian if V is 

292 Proposition. 

1. Let C he a G^id- category and V he a 2-ahelian G'^id- category. Then [C^V] is 
2-ahelian; if moreover!) is good, then [C,V] is also good. 

2. Let C he a preadditive Gpd-category and V he a 2-ahelian Gpd-category. 
Then Add(C,P) is 2-ahelian; if moreover V is good, then Add(C,P) is also 
good. 

Proof. We prove point 1. Point 2 is proved in the same way, by using Propo- 
sition 289. 

First, by Proposition 288 and Proposition 290, [C,V] has a zero object, all 
finite products and coproducts, and all kernels and cokernels, because V has 
these limits. 

Next, let a: -F =^ G be a 0-faithful Gpd-natural transformation, and let 
p: G ^ Q, with T: pa ^ be the cokernel of a, which is computed pointwise. 
By Corollary 291, for every G: C, ac is 0-faithful. So, since V is 2-abelian, 
{ac, Tc) = Kerpc". Then, by Proposition 288, {a, T) = Kerp. 
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We prove in the same way that every fully 0-faithful arrow is canonically the 
root of its copip. The dual properties are proved dually. So [C, V] is 2-abelian. 

Let us assume now that D is a good 2-abelian Gpd-category. We use con- 
dition 4 of Proposition 194. Let he a: F ^ G \n [C,V]. Diagram 277 for a is 
constructed with kernels and cokernels (thus pointwise). Let us denote by 7^ the 
comparison arrow Kera =^ KervToa. Since D is a good 2-abelian Gpd-category, 
for every C: C, (7q-)c is cofaithful and thus 0-cofaithful. So, by Corollary 291, 
7q, is 0-cofaithful and thus cofaithful, since we have already proved that [C, T>] is 
2-abelian. We prove dually that Sa is faithful. □ 

In particular, this proposition shows that if R is a 2-ring (a one-object 2-SGp- 
category), the Gpd-category of 2-modules on R, which is 

2-ModK := Add(R, 2-SGp), (487) 

is 2-abelian. We will prove that the abelian category of discrete objects (or of 
connected objects) in 2-Mod]R is nothing else than the category of modules on 
7ro(M) (the ring with the same objects as R, where two objects are equal if they 
are isomorphic in R): 

Dis(2-ModK) ~ Mod,„(K). (488) 

In particular, if R is R^is (the discrete 2-ring whose ring of objects is a ring R), 
the discrete 2-modules on R are the ordinary modules on R. 

If C is a Gpd-category or a 2-SGp-category, let us recall that the we denote by 
Ho(C) the result of the application of ttq to the groupoids (or symmetric 2-groups) 
of arrows between two objects (equation 410). The category (or Ab-category) 
Ho(C) can be described in the following way. 

• Objects. These are the objects of C. 

• Arrows. These are the arrows of C. 

• Equality. Two arrows c,c': C ^ C in no{C) are equal if there exists a 
2-arrow 7: c ^ c' in C 

If C is a 2-SGp-category, the 2-arrows of the preadditive structure become equal- 
ities showing that Ho(C) is a preadditive category. 

293 Lemma. 

1. If C is a Gpd-category and V is a Set-category, then 

[CD] ~ [Ho(C),r']. (489) 

2. If C is a 2-SGp-category and V is an No-category, then 



Add(C,P) ~ Add(Ho(C),P). 



(490) 



236 



Chapter 6. Examples 



Proof. Let $: [Ho(C),'E'] [C,!)] be the Gpd-functor which maps a Gpd- 
functor F: Ho(C) V to the Gpd-functor which maps an object C to 

FC, an arrow C C" to Fc, and a 2-arrow 7 : c ^ c' to the equahty Fc = Fc' 
(because c = c' in Ho(C) and thus Fc = Fc' in the Set-category V). A Gpd- 
natural transformation a: F ^ F' is mapped to the transformation $(a) which 
takes the value ac at the point C : C. 

The Gpd-functor $ is surjective because, if G: C ^ P is a Gpd-functor, we 
can define G: Ho(C) V, which maps C to GC and C C" to Gc; G preserves 
equahty between arrows, because if c = c' in Ho(C), we have 7: c => d 'm.C which 
is mapped by G to the equahty Gc = Gc'. It is clear that = G. We easily 

check that $ is full and faithful. 

If C and V are preadditive, we must check that $ restricts to an equivalence 
between additive functors. It is obvious that the additivity of F implies the 
additivity of and that the additivity of G implies that of G. □ 

By applying the following proposition to C = M and V = 2-SGp, we get 
equation 488. 

294 Proposition. Let C be a preadditive Gpd-category and V a 2-abelian 
Gpd- category. Then 

Dis(Add(C, V)) ~ Add(Ho(C), Dis(P)). (491) 

Proof. An additive Gpd-functor F: C ^ V is discrete in Add(C, V) if the arrow 
F ^ is faithful. Since Add(C, V) is 2-abelian, this is the case if and only if it is 
0-faithful, which is the case if and only if for every C : C, the arrow FC — > is 
0-faithful, by Corollary 291. So the discrete objects in Add(C, V) are the additive 
Gpd-functors whose image lies in Dis(P). We have thus the equivalence 

Dis(Add(C, V)) ^ Add(C, Dis(P)). (492) 

The conclusion follows by the previous lemma. □ 

6.3 Baez-Crans 2- vector spaces 

The goal of this section is to study the Gpd-category of 2- vector spaces on a 
field K in the sense of Baez-Crans [4]. This is the Gpd-category of internal 
groupoids, internal functors and internal natural transformations in the category 
of vector spaces on K. More generally, we will study the Gpd-category of internal 
groupoids in any abelian category C, which is equivalent to the Gpd-category of 
chain complexes of length 1 in C, with the morphisms of chain complexes and 
the homotopies of chain complexes (which is studied in part in [40] ) . We will see 
that this Gpd-category is 2-abelian if and only if the axiom of choice holds in C. 
The problem is that the arrows which are faithful, full and cofaithful are not in 
general equivalences. 
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6.3.1 Definition 



Let us fix an abelian abelian category C. We won't work with the Gpd-category 
Gpd(C) of internal groupoids, internal functors and internal natural transforma- 
tions in C, but with the Gpd-category C^, which is equivalent. 

295 Definition. Let C be an Ab-category. The Gpd*-category is defined 
in the following way. 

1. Objects. These are the arrows Ai Aq. 



f 



2. Arrows. The arrows from Ai 
squares 



Aq to Bi Bq are the commutative 



Ao 



UO 



^Bn. 



3. 2-arrows. A2-arrowa: {ui,Uq) =^ {u[,u'q): f 
in C (see the following diagram) such that 



Ui 



(493) 



g is an arrow a: Aq ^ Bi 



(494) 



uo-Uq = ga. 

In particular, a 2-arrow {ui, uq) =^ (0, 0) is an arrow a: Aq ^ Bi such that 
^1 = Q^/ and Uq = ga, and a 2-arrow (0, 0) ^ {0,0): f ^ g is an arrow a 
such that af = and ga = 0. 

4. Composition. Composition of 1-arrows is defined componentwise: {vi,vq)o 
(mi,Mo) = {viUi,VoUo). The identity on Ai — > Aq is (l^^,!^^). For 2- 
arrows, the composite of (mi,mo) =^ {u[,Uq) =^ {u'{,Uq) is a' -|- a; the 
identity on (ui, Uq) is 0; and each 2-arrow a has —a as its inverse. It remains 
to define the horizontal composition of 2-arrows. If we have a: {ui,Uo) =^ 
{u[,Uq) and /3: {vi,vq) =^ {v[,Vq) as in the following diagram, we define 



Consequently 



P * a = v[a + Puq = (3u'q + Via. 

{vi,vo) *a = Via; 
(3 * {ui,uo) = (3uq. 



(495) 



(496) 




(497) 
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5. Zero arrows. The zero arrow between two arrows is simply the pair (0,0). 
Moreover, the arrow is a zero object. 

6.3.2 Kinds of arrows 

To each arrow (ui,uo): f ^ g m. C\ (diagram (493)) corresponds a sequence 
whose composite is 0: 

A, ^ Ao®B,^ Bo. (498) 

We will characterise the (fully) faithful, (fully) cofaithful and full morphisms 
of in terms of the exactness of this sequence. 

296 Proposition. Let {ui,Uq): f g be a morphism in C\. The following 
conditions are equivalent: 

1. [ui^Uq) is faithful; 

2. (mi,Mo) is 0-faithful; 

3. Ui and f are jointly monomorphic; 

4. (^uC) ^ monomorphism; 

ti) 

5. the sequence — > Ai > Aq © Bi is exact. 

Proof. It is clear that condition 1 implies condition 2 and that conditions 3, 4 
and 5 are equivalent. 

2^3. Let he a,(3: X ^ Ai such that uia = ui/3 and fa = f (3. Then a — (3 
is a 2-arrow (0,0) ^ (0,0): Ox ^ / and (ui,Uo) * {a — [3) = l(o,o)- Then, by 
condition 2, a — P = l(o,o) = 0, thus a = l3. 

3^1. Let be a, j3: {vi, vq) =^ {v[, v'q): x ^ f in C\ such that (ui, uq) * a = 
{ui,Uo)*p. We have thus Vi — v[ = ax = fo — fg = /a = fP, and Uia = Ui[3. 
So, by condition 3, a = /3. □ 

The discrete objects being those for which the unique arrow to is faithful, 
we get the following corollary. 

297 Corollary. Let Ai — > Aq he an object ofC\. Then f is discrete if and 
only if f is a monomorphism in C. Dually, f is connected if and only if f is an 
epimorphism in C. 

Let us turn now to fully faithful arrows. 
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298 Proposition. Let {ui,uq): f ^ g be a morphism in C\. The following 
conditions are equivalent: 

1. {ui,uq) is fully faithful; 

2. {ui,Uq) is fully 0-faithful; 

3. the square (193) is a pullback; 



Proof. It is obvious that condition 1 implies condition 2 and that conditions 3 
to 5 are equivalent, since C is abelian. 

2^3. Let he Aq ^ X ^ Bi such that uqv = g^. We have then an object 
^ X, an arrow (0, f ) : Ox — > / and a 2-arrow 7: (ui,Mo)(0,f) ^ (0,0) in 
C^. Since {ui.uq) is fully 0-faithful, there exists a unique a: X ^ Ai such that 
fa = v and uia = 7. 

3^1. Let be Xi A Xq an object of C^, arrows (fi, Vq) and {v[, v'q): x /, 
and a 2-arrow 7: (-Ui, 'Uo)('^^i) "^o) ^ ("^ii 'Wo)('^i) "^o) (i-^- 7- ^0 -^i such that 
UiVi — Uiv[ = 7X and uqVq — uqv'q = g^y). Then Aq — - Xq Bi is a rival 
of the pullback and there exists a unique a : Xq — ^ such that fa = vq — v'q 
and uia = 7. We check that Vi — v[ = ax by testing this equality with / and 
Ml, which are jointly monomorphic. □ 

We can also characterise the full arrows in C^. To do this, we use anticipa- 
tively the construction of the kernel and of the cokernel (described in diagrams 
501 and 502). 

299 Proposition. Let {ui,uq): f ^ g be a morphism in C\. The following 
conditions are equivalent: 

1. [ui, Uq) is full; 

2. (mi, Mo) is 0-full; 

3. in diagram 502, (k = qn; 

4. the square (193) is exact; 




is the kernel of {uq g); 
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Proof. It is obvious that condition 1 implies condition 2 and that conditions 4 
and 5 are equivalent, because C is abelian. 

2^3. It suffices to apply condition 2 to diagram 503. 

3^1. Let Xi A Xq and Yi Yq be two objects of C^, (ai,ao) and 
(&i,6o): X ^ f, (ci,Co) and {di,do): g ^ y he two arrows in C^, and let 
a: (ni,Uo)(ai,ao) (ui, no)(6i, 6o) and/3: (ci, Co)(ui, {di, do){ui,Uo) be 

two 2-arrows in C^. We must prove that dia + /3ao = ^Bq + Cia. 

Since a: Xq — > i?i is a 2-arrow of C^, we have mo(oo ~ ^o) = There is 
thus a factorisation a: Xq — K such that /ca = oq — &o and na = a. Dually, we 
have a factorisation (3: Q ^ Yi such that /3q = Ci — di and /3( = (3. Then, by 
condition 3, the following diagram commutes and we have the required equation. 




X.^K 



Q^Y, 



(499) 



3 <^ 5. The sequence is exact if and only if we have {( q)' ^ 
501, which is the case if and only if Ck = qn. 



in diagram 
□ 



We notice that, in C^, an arrow is fully faithful if and only if it is full and 
faithful. We can now combine the previous propositions. 



300 Corollary. Let (ui,uo): f ^ g be a morphism in C\ 
conditions are equivalent: 

1. (mi, Uq) is faithful and fully cofaithful; 

2. {ui,Uq) is faithful, full and cofaithful; 

3. (mi, Mo) is fully faithful and cofaithful; 
4- the square (493) is cartesian; 



The following 



5. the sequence 



is exact. 



By comparing the previous corollary and the following proposition, it becomes 
clear that in general is not 2-abelian, because a faithful and fully cofaithful 
arrow is not always an equivalence (which must be the case in a 2-abelian Gpd- 
category) . The equivalences correspond to the cases where the exact sequence of 
condition 5 of the previous corollary splits. 
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301 Proposition. Let (mi,mo): f ^ g be a morphism in C\. The following 
conditions are equivalent: 

1. (ui,uo) is an equivalence; 

2. there exist arrows Vi,Vo, e,ri, as in the following diagram: 



such that 



f 



A, 



VQ 



(500) 



gui = uof, 
euo = Mi?7, 



fvi = vog, 
■qvo = Vie, 



r]f + ViUi = 1a^, fr] + VoUo = lAo, 

eg + UiVi = lBi, ge + UoVo = lBo; 

3. the sequence — > Ai > Aq © Bi > Bq — > is split exact. 

Proof. To give an inverse {vi, Vq) : g ^ f and 2-arrows rj: If ^ [vi, Vq)o[ui, Uq) 
and —e: {ui,uo) o (fi,fo) =^ I5 satisfying the triangular identities amounts ex- 
actly to give the data of condition 2. 

Moreover, to give arrows Bq — ^ Aq © Bi > Ai which forming with 

sequence (498) a biproduct also amounts to give the data of condition 2. □ 



6.3.3 Construction of limits and colimits 

We will now construct the (co)kernel, (co)pip, (co)root, as well as Q, S, ttq and 
vTi in C^, and characterise the arrows which are the kernel of their cokernel and 
the root of their copip. As the characterisation of equivalences suggests, what 
we must add to (co)faithful and fully (co)faithful, to get normal (co)faithful and 
normal fully (co)faithful, is that the corresponding exact sequence split. 

First, if Ai Aq and Bi Bq are two objects of C^, their biproduct exists: 

it is computed pointwise (the object is Ai © Bi > Aq © Bq). 

Let us give now a construction of the kernel and of the cokernel (which appear 
in [40]). In the following diagram, ['^j is the kernel of {uq, g) and (C,^') is the 
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cokernel of )■ Moreover, there exists comparison arrows k' and q' makini 
the triangles commute. 



K 




(501) 



This gives the following sequence of arrows and 2-arrows. In this diagram, 
the left square is the kernel of [ui^Uq) and the right square is its cokernel. We 
can also notice that {K, k, n) is the pullback of uq and g, whereas dually (Q, q, () 
is the pushout of ui and /. 




(502) 



We can also present this in the following form. 








(503) 



It is then possible to make explicit the definition of exact sequence and the 
construction of homology. This has been done by Grandis [40]; the equivalence 
between the two constructions of homology is a form of the two-square lemma, 
as it was stated in [33]. 

Let us now construct the kernel of the cokernel of an arrow {ui,Uo). In the 
following diagram, the right square is the cokernel of {ui, uq), the right front face 
of the prism is the kernel of this cokernel, and the left front face is the comparison 
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morphism between {ui,Uo) and the kernel of its cokernel. 

q 



Bi 



Ao 



Uo 



(504) 



-^Bo: 



Bo 



Q 



302 Proposition. Let {ui,uq): f ^ g be a morphism in C\. The following 
conditions are equivalent: 

1. {ui,uq) is normal faithful; 

2. ui and f are "jointly split monomorphic" , i.e. there exist Aq Ai and 
Bi — Ai such that 

r]f + viui = Iai] (505) 



3. 



-f 



is a split monomorphism; 



4. the sequence — > A\ ^ ^ ^ > Aq © B\ is split exact. 

Proof. The morphism (mi,Mo) is normal faithful if and only if the comparison 
arrow {u\,Q: f ^ q is a.n equivalence. By Proposition 301, this is the case if 
and only if the sequence 



— >Ai 



Ml 



Ao © Bi ^ Q^O 



(506) 



is split exact, which is the case if and only if is a split monomorphism, 

since this sequence is always right exact. Condition 2 is a translation of condition 
3. □ 

The constructions of Q and S are special cases of those of the kernel and of 
the cokernel. First, fl{Ai —^Ao) is given by the following diagram. 







Keif—^A, 



(507) 



And, dually, S(Ai — * Ao) is the arrow Coker / — > 0, with qj: 0^0: / — S/. 
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So 7ri(/) is the arrow Ker / — > and vro(/) is the arrow Coker /. In the 
following diagram, the left commutative square is £/ and the right one is ry/. 



Ker/— 



-^0 







(50^ 



If 



Coker / 



From the previous proposition follows a corollary characterising the objects 
canonically equivalent to their ttq. These are not, in general, all discrete objects 
(which are the /: which are monomorphisms in C, by Corollary 297), but 
only the split ones. 

303 Corollary. Let he Ai A^ in C\. The following conditions are equiv- 
alent: 

1. Tjf is an equivalence f ~ ttq/; 

2. f is a split monomorphism in C; 

3. f is equivalent to Q ^ B for some B. 

Let us turn now to the pip and the root. Let be an arrow mq) : / — > (? in 
Ci. Its pip is the diagonal of the left square of the following diagram. 



Ker 




(509) 



Let be now a : (0, 0) ^ (0, 0) : / — > g. The root of a is the left square of the 
following diagram, where /' is induced by the fact that af = 0. 




(510) 



The following diagram describes the root of the copip of (ui, uq). The diagonal 
of the right square is its copip, the right front face of the prism is the root of the 
copip; we get Im(no g), because it is the kernel of p, which is itself the cokernel 
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of {uq g). The left front face of the prism is the comparison morphism between 
Mo) and the root of its copip. 



Coker(Mo g) 




(511) 



Im(iio g) 



304 Proposition. Let (mi,mo): f ^ g be a morphism in C^. The following 
conditions are equivalent: 

1. (ui, uq) is normal fully faithful; 

2. the square (193) is a ''split pullback" (i.e. it is a pullback and ui and f are 
"jointly split monomorphic" ) ; 



3. 



Ml 



is the kernel of {uq g) and is split; 



4. the sequence — > A\ ^ ^ > © B\ i?o is split exact. 

Proof. The morphism (ni,no) is normal fully faithful if and only if the com- 
parison arrow (mi,Mo): f ^ g' of the previous diagram is an equivalence. By 
Proposition 301, this is the case if and only if the upper sequence of the follow- 
ing diagram is split exact, which is equivalent to the lower sequence being split 
exact, because k is a monomorphism. □ 



Ai > Ao © Bi » Im(uo g) 




-^0 



(512) 



6.3.4 Characterisation of 2-abelianness of 

We say that an arrow Ai Aq in C is split [16] if there exists Aq Ai such 
that 

fgf = f and gfg = g. (513) 
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Then, a monomorphism (or an epimorphism) is split (in the usual sense) if and 
only if it is split in this sense. 

We can characterise the split arrows as objects of the Gpd*-category C\. 

305 Proposition. Let be Ai — > Aq in C\. The following conditions are equiv- 
alent: 



1. f is split; 

2. there exists Aq Ai such that fgf = f ; 

3. f is equivalent in C\ to an arrow 0; 

4- f is equivalent in to Ker/ Coker/; 

5. f is equivalent to ttq/ © tti/. 



Proof. 1 <^ 2. Clearly condition 1 implies condition 2 and, conversely, if there 
exists g such that fgf = /, then g' := gfg will be such that fg'f = f and 

g'fg' = 9'. 

4^3. This is obvious. 

3 2. If we are in the situation of condition 2 of Proposition 301, with 
g = 0, we have 



fvf = (1 - VoUo)f = f - VoUof = f - VoOUi = f. 



(514) 



2^4- We start from the situation of the following diagram, with frjf 
Vi = Ker / and uq = Coker /. 



/, 



A, f- 



Vl 



UO 



Ker/ 



-> Coker / 



(515) 



Since /(I — r]f) = 0, there is a factorisation ui: Ai Ker / such that viUi = 
1 —rjf. Dually, we have vq : Coker / — > such that t^o^o = ^~ fv- Finally, since 
Vl is a monomorphism and ViUirjf = {l — 7]f)r]f = rjf — rjf rjf = = t'lO, we have 
Ml?]/ = 0, which induces a factorisation e : Coker / Ker / such that euq = UiT]. 
It is easy to check the other conditions of condition 2 of Proposition 301, which 
shows that we have constructed an equivalence between / and Ker / Coker /. 

4 5. Condition 5 is a direct translation of condition 4, by using the 
construction of biproducts in Ci. □ 
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Remark: condition 5 has the advantage of being expressed in purely Gpd*- 
categorical terms, it has a meaning independently of the special structure of C^. 
In the context of 2-groups, Elgueta [32, Section 2.8] defines a split 2-group as a 
2-group G such that the following sequence is split exact: 

— ^ vTiG ^ G ^ TToG — > 0. (516) 

We can now give the following characterisation of the abelian categories C 
such that is 2-abelian. These are the abelian categories satisfying the Von 
Neumann axiom (condition 1), in the sense of Borceux-Rosicky [16], which is 
equivalent to the axiom of choice (condition 3) for an abelian category. Most of 
the equivalences are well-known. 

Let us assume that the axiom of choice holds in the category of sets. If C 
is Modij for a ring R, C satisfies the axiom of choice if and only if the ring R 
is semisimple (see [2, Corollary 13.10] or [44, Theorem 5.2.13]). In particular, 
this is the case for a field k. So the Baez-Crans 2-vector spaces form a 2-abelian 
Gpd*-category if we accept the axiom of choice. 

306 Theorem. Let C be an abelian category. The following conditions are 
equivalent. 

1. Every arrow in C splits. 

2. Every monomorphism in C splits. 

3. Every epimorphism in C splits. 

4. Every short exact sequence in C splits. 

5. Every object of C is projective. 

6. Every object of C is injective. 

7. is 2-abelian. 

Proof. 1 => 2,3. This is obvious. 

^ -v^ -v^ ^. This follows from the fact that a short exact sequence splits if 
and only if one of the two sides splits. 

2,3 => 1. In the factorisation / = me of / as an epimorphism followed by a 
monomorphism, m and e split, by conditions 2 and 3: ea = 1 and hm = 1, and 
by setting g := ah, we have fgf = meabme = me = f. 

4 5. This follows from the fact that an object P is projective if and only 
if every short exact sequence of the form O^A^B^P^Q splits. 

4-^6. The proof is dual. 
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7^2. By Proposition 186, if C\ is 2-abelian, every discrete object in C\ 
(i.e. every monomorphism) is equivalent to its ttq (i.e. is a split monomorphism, 
by Corollary 303). 



2,3 => 7. By Proposition 296, if an arrow (mi, uq) : f ^ g is 0-faithful, 



is a monomorphism. Then, by condition 2, {^^(j is a split monomorphism and, 
by Proposition 302, {ui,Uq) is normal faithful. We proceed in the same way to 
prove that every fully 0-faithful arrow is normal by using Propositions 298 and 
304. Dually, we prove that every 0-cofaithful arrow is normal and that every 
fully 0-cofaithful arrow is normal by using condition 3. □ 

In the case where these equivalent conditions hold, we also get that Con(C^) ~ 
Dis(C^) ^ C, because the discrete objects in are then equivalent to the arrows 
with zero domain, by Proposition 305. 

307 Proposition. If C is an ahelian category in which the axiom of choice 
holds, then is a good 2-abelian Gpd-category. 

Proof. Let {ui,uq) be an arrow in C^. We must prove that the comparison 
arrow ttq Ker(ui, Uq) Ker 7ro(ni, %) is an epimorphism (and dually, the com- 
parison arrow Coker 7ri(ni, Uq) tti Coker(ui, %) must be a monomorphism). 
Since every object in is split, by Proposition 305, we can assume that the 
domain and the codomain of {ui,Uq) are zero morphisms. 

Let us consider the following diagram. The first two rows show the arrow 
{ui,uo) and its kernel. The third row is the result of the application of ttq to 
these first two rows (ttq being simply the cokernel). So Keruo © Cokerui is 
TTo Ker(Mi, mq) and Keruo is Ker 7ro(ui, Uq); the comparison arrow is pi, which is 
an epimorphism. □ 




Ker uq® B 



Ker uq © Coker Ui ^ Aq 

pi 

Ker uq 



(517) 



6.3.5 Discretely presentable objects 

To understand why is not in general 2-abelian, we consider the case where 
C is D\s{V), for a 2-abelian Gpd-category V. We can restrict the equivalence 
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between Faith(D) and Cofaith(D) (given by the kernel and the cokernel) to the 
faithful arrows with discrete codomain and to the cofaithful arrows with discrete 
domain. By Proposition 83, a faithful arrow with discrete codomain also has a 
discrete domain and so is simply an arrow in Dis(X'). We have thus an equivalence 
between categories 

Cokcr 
Kcr 

where P'^'^ is the full sub-Gpd-category of Cofaith(P) whose objects are the co- 
faithful arrows with discrete domain; it is a category, because there is at most 
one 2-arrow between two arrows, by the discreteness of the domains and the 
cofaithfulness of the arrows. We call the objects of V^^^ the discretely presented 
objects of V, because they are the quotients of an arrow between discrete objects. 
These equivalent categories are abelian. 

In 2-SGp, a discretely presented object is a surjective symmetric monoidal 
functor A: -» A where Aq is an abelian group seen as a discrete 2-group and 
where A is a symmetric 2-group. By taking the image Impj A, we can see the 
surjective functor as being the identity at the level of objects. In other words, 
to give a discretely presented object in 2-SGp amounts to give an abelian group 
Aq and a symmetric 2-group A whose objects are those of Aq and the structure 
of symmetric 2-group is that of Aq (it is thus strictly described); this is what 
we generally call a strict symmetric 2-group. The above equivalence becomes 
the known equivalence between strict symmetric 2-groups and arrows in Ab. 
The cokernel in 2-SGp of an arrow in Ab is the "realisation" of the arrow as a 
symmetric 2-group. 

There is a forgetful functor U : V^^'^ V, which forgets the domain. This 
forgetful functor factors through two images: 

pdis ^ pdis ^ pdi^ ^ jy ^5^g^ 

The first, that the we denote by V^^, has as objects and arrows those of P*^'^ 
and as 2-arrows the arrows of V. In other words, V'^'^ can be described in the 
following way: 

a 

• objects: these are the arrows Aq^AiiiV, where Aq is discrete and a is 
cofaithful; 

• arrows: an arrow from Aq ^ A to Bq ^ B is given by arrows /o : ~^ Bq 
and f : A ^ B and a 2-arrow ip: fa ^ B/q: 

• 2-arrows: a 2-arrow (/o, (p, /) =^ (/q, (p', /') is simply a 2-arrow a: f ^ f 
in V. 
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There is no compatibility condition with ip and ip' for a (it is this condition which 
makes the 2-arrows in V^^^ unique). 

We can transfer to the other side of the equivalence 518: actually, the 
Gpd-category V^^ is equivalent to U\s{V)\. To see this, it suffices to add to 
equivalence 518 a correspondance at the level of 2-arrows: by the universal prop- 
erty of the cokernel, a homotopy in Dis(P)^ induces a natural transformation 
in and, by the universal property of the kernel, a natural transformation 
induces a homotopy. If is a field and i^dis is the field K seen as a discrete 
2-ring, we can take V := Then V^^ ~ Dis(X')^ is the Gpd-category 

of Baez-Crans 2-vector spaces on K. 

The reason for which (and thus Dis(P)^) is not in general 2-abelian is 
clear, as we will see. It is easy to check that an arrow (/o, (f, f) in Dj*^ is faithful 
[resp. fully faithful, cofaithful, fully cofaithful] if and only if / is faithful [resp. 
fully faithful, cofaithful, fully cofaithful] in V. Therefore (/o, v?, /) is fully faithful 
and cofaithful if and only if / is fully faithful and cofaithful in V, i.e. if and only 
if / is an equivalence in T>. But this does not imply in general that (/o, (p, f) is 
an equivalence in V^^, even if / has an inverse g, because, to define an inverse 
for (/o, ip, /), we also need a compatible arrow go at the level of discrete objects. 

In 2-SGp, this is simply the fact that a strict symmetric monoidal functor 
between strict symmetric 2-groups can be an equivalence without its inverse 
being strict. This is the refiection in 2-SGp'^''^ of the gap between Corollary 300 
and Proposition 301. We can use these propositions to give an example of strict 
monoidal functor which is an equivalence in 2-SGp but not in 2-SGp!^''^: the exact 
sequence 

O^Z^Z^Za^O (520) 
does not split and so, in Ab^, the corresponding cartesian square 



(521) 



is not an equivalence. If we translate this in 2-SGp'^"^ by computing the cokernels 
in 2-SGp of these arrows, we get a functor 

Coker(2 ■ -) ^ (Z2)dis (522) 

where the left 2-group has as objects the integers and where there is exactly one 
arrow from m to if they have the same parity, otherwise there is no arrow. The 
functor maps n to n mod 2. This is a strict symmetric monoidal equivalence, 
but there is no strict inverse, because for that we would need a homomorphism 
a: Z2 ^ Z such that qa = 1, which does not exist. 
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Let us turn now to the second image of the forgetful functor U, which we 
denote by 2^++, whose objects are those of P*^'*^ and whose arrows and 2-arrows 
are those of V. In other words, is the full sub-Gpd-category of T> whose 
objects are the discretely presentable objects. 

308 Proposition. LetV be a 2-abelianGpd-category. ThenVf\ is 2-abelian. 

Proof. We check that this full sub-Gpd-category of T) is stable under the limits 
which interest us. First, since is discrete, the object is discretely presentable, 
through the identity 0-^0. Next, since DisiV) is a reflective sub-Gpd-category 
of the biproduct of two discrete objects is always discrete; moreover the 
biproduct of two cofaithful arrows is always cofaithful; thus the biproduct of two 
discretely presentable objects is discretely presentable. 

Next, every subobject of a discretely presentable object is discretely pre- 

a 

sentable, because if A is a cofaithful arrow with discrete domain and 

m 

B ^ A IS a. faithful arrow, then the pullback of a along m is a cofaithful arrow 
(by the regularity of 2-abelian Gpd-categories) Bq B with discrete domain 
(which we can check by using the facts that Aq is discrete, that m is faithful, and 
that the projections of the pullback are jointly faithful). In particular, the kernel 
of an arrow between discretely presentable objects is discretely presentable. 
Finally, every quotient of a discretely presentable object is discretely pre- 

a 

sentable, because ii Aq A is a. cofaithful arrow with discrete domain and 
A ^ B is a cofaithful arrow, then Ao ^ B is a cofaithful arrow with discrete 
domain. In particular, the cokernel of an arrow between discretely presentable 
objects is discretely presentable. 

Therefore, the (fully) (co)faithful arrows in are the (fully) (co)faithful 
arrows of V between discretely presentable objects, since we can characterise 
them in terms of (co)kernel or (co)pip. And the conditions of 2-abelian Gpd- 
category hold because they do in V. □ 

Now, we wish to complete the following diagram by defining internally in 
Dis(D) a Gpd-category D\s{V)^^ equivalent to Pj^. 

D\s{Vf > D\s{V)l > D\s{V)l^ > V 

i I I (523) 

pdis > pdis ^ pdi^ ^ p 

The solution should be the analogue for chain complexes of length 1 of the 
internal anafunctors and ananatural transformations. These notions have been 
introduced by Michael Makkai [60] in the case of internal categories in Set, and 
generalised to internal categories in more general categories by Toby Bartels 
[5]. Bartels needed to use internal anafunctors to solve a problem very similar 
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to the one which interests us: he wanted to define a 2-category of 2-spaces 
as the 2-category of internal categories, internal functors and internal natural 
transformations in a category of spaces, but this 2-category has not the desired 
properties, because the internal functors which are full, faithful and surjective 
are not always equivalences. 

This suggests the following program: 

1. to define internally in any abelian category C a Gpd-category C^_,_; 

2. to check that Dis(X')^^ ~ for any 2-abehan Gpd-category V; 

3. to check that is 2-abelian. 

If everything works, this would give for each abelian category C a 2-abelian Gpd- 
category V such that C ~ D\s{V) ^ Con(X'). 



Chapter 7 

Towards Tierney theorem 



An important property of abelian categories is that a category is abelian (in 
the sense that it has a zero object, finite products and coproducts, kernels and 
cokernels, that every monomorphism is normal and every epimorphism is normal) 
if and only if it is additive and Barr-exact (Tierney equation). This is due to the 
fact that, in an additive category C with kernels, there is an equivalence between 
the category of equivalence relations in C and the category of monomorphisms in 
C and that this equivalence commutes with, on the one hand, the kernel and the 
kernel relation and, on the other hand, the cokernel and the quotient. In other 
words, there is an equivalence between the kernel-quotient system Coker H Ker 
and the kernel-quotient system Quot H KRel, allowing to translate all notions 
expressed in terms of one of these systems into notions in terms of the other. 
Here is the program to give a 2-dimensional version of this theorem: 

1. to give a 2-dimensional version of the kernel-quotient system Quot H KRel, 
with the equivalence 2-relations as congruences; 

2. to prove that equivalence 2-relations in a 2-SGp-category C with all the 
necessary limits are equivalent to refiexive 2-relations in C and that the 
latter are equivalent to faithful arrows in C, these equivalences commuting 
with the appropriate kernels; then the kernel-quotient system Coker H Ker 
will be equivalent to the system Quot H 2-KRel; 

3. to use this equivalence to translate the conditions expressed in terms of 
the system Coker H Ker into conditions expressed in terms of the other 
kernel-quotient system. 

We must do the same three stages for a non-pointed version of the kernel-quotient 
system Coroot H Pip. 

The last two stages are in progress, but the first stage is already completed. 
Here is a summary of this stage. 
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Ross Street has defined a notion of exactness for 2-categories [70] . This notion 
does not work as such for Gpd-categories because in Gpd not every congruence 
(in the sense of Street) is the kernel of its quotient. The problem is that the ap- 
propriate congruences for 2-categories are in some way order 2-relations, whereas 
the appropriate congruences for Gpd-categories are equivalence 2-relations. 

309 Definition. Let C be a Gpd-category and A, B be objects of C. A 2- 
relation R : A — t-^ B is a jointly faithful span A^R^B. 

Toby Bartels [5] defines 2-relations as being jointly fully faithful spans, which 
is not general enough for kernel 2-relations to be 2-relations. The full faithfulness 
allows him to define in a simplified way the equivalence 2-relations, since in this 
case the arrows r, t, s of the following definition are unique and the 2-arrows vq, 
Vi, a and 7 necessarily exist. For a 2-relation C R C, let us denote the 
puUback of di and d^ hj ip : dipo =^ dopi, where R R^ R, and let us 
denote the pullback of pi and pohy : 

Pm Poqi, where R^ R^ ^ 



i?2 



310 Definition. Let C be a Gpd-category with all puUbacks. An equivalence 
2-relation on C : C is a 2-relation C R C equipped with arrows r, t, s 
and 2-arrows po, pi,TQ,Ti,aQ,ai, as in the following diagrams. 



(524) 




(525) 



such that there exist 2-arrows 



{lR,rdi) (rdo,lR) 

R > i?2 < R 




(526) 



R^ >R^ 




and 



R > i?^ 




(527) 
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satisfying the following conditions: 

1. doVo = donoOTo{lR,rdi); 

2. diVo = pidi o diTTi o ri(l/j, rdi); 

3. dovi = podo o doTiQ o To{rdo, 1r); 

4. diVi = diTVi o Ti{rdQ, 1r); 

5. rfoVTo'^ o doTiQ o ro(po, %) o doa = Togo o c^ottq o ro(tgo,P2); 

6. Tigi o diTTi o Ti{po,tqi) o dia = (iivrf^ o divri o ri(tgo,P2); 

7. poc^o o c?o7 = c^oVTo o ro(li?, s); 

8. pido o (ii7 = (7i o diTTi o ri(l/j, s). 

Thanks to the faithfulness, the 2- arrows vo, fi, a and 7 are unique and we 
do not need to ask that they satisfy coherence conditions. In a Set-category seen 
as a locally discrete Gpd-category, an equivalence 2- relation is nothing else than 
an internal groupoid. 

311 Definition. Let C be a Gpd-category and {R,dQ,di, . . .) be an equiva- 
lence 2-relation. A quotient of R consists of an arrow q: C ^ Q and a 2-arrow 
^ : qdo =^ qdi, such that the following conditions hold: 




(528) 



PO 

pi 



R 



di 



do 



R 



R 



PO 
2 




Pi 



R- 



do 



^^0 



1 do 



^R 



U Q 



R- 



di \ /I 

c 



di 

c 

di \ q 



R 



c 



(529) 



(530) 



and such that 
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1. for every other pair {q',C,') satisfying the same conditions, there exists a 
factorisation q" : Q — > Q' with a 2-arrow x '■ q"q => q' such that xdi o q"i = 

i' ° xdo; 

2. for every pair u,v: Q ^ Y and for every 2-arrow j3 : uq ^ vq such that 

Q C 

¥ Y R 

Q 






c 








R 




C 



C 





Q 
¥ 
Q 




(531) 



Y 




there exists a unique a: u ^ v such that (3 = aq. 



Actually condition 530 follows from the others and can be removed. The 
quotient is thus the codescent object [56] of the diagram of the equivalence 2- 
relation. 

If A — > i? is an arrow in a Gpd-category C, we construct its kernel 2-relation 
by taking the puUback of / with itself: 



(532) 



Then the universal property of the puUback induces arrows r, t, s and the asso- 
ciated 2-arrows, as well as 2-arrows vq, Vi, a and 7 satisfying the conditions of 
the definition of equivalence 2-relation. 

In a Gpd-category with all kernel 2- relations and quotients of equivalence 2- 
relations, the quotient is left adjoint to the kernel 2-relation and they form a 
kernel-quotient system. In Gpd, every equivalence 2-relation is canonically the 
kernel 2-relation of its quotient, and every surjective functor is canonically the 
quotient of its kernel 2-relation (see [31]). 
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